T TLE 
PHYSICAL REVIEW 


cA journal of experimental and theoretical physics established by E. L. Nichols in 1893 





Seconp Series, Vor. 98, No. 3 


MAY 1, 1955 





Measurement of Scattering Cross Sections for Low-Energy Neutron Resonances 


C. SHEER AND J. Moore 
Columbia University, New York, New York 
(Received August 23, 1954; revised manuscript received December 14, 1954) 


The thick-target method for the measurement of the ratio of total to scattering cross section for low- 
energy neutrons as a function of energy has been extended to include semi-thick targets. A family of cali- 
bration curves has been developed by means of which the measured scattered count may be interpreted in 


terms of (¢;/o;) in the range 0-1. 


The 5.19-ev and 16.6-ev levels of silver have been investigated by this method. The data agree very well 
with a Breit-Wigner shape over a wide range centered at the resonance, although slight deviations can be 
noted at distance >~10I away from resonance. The scattering measurements yield three independent 
ratios between various groups of the Breit-Wigner parameters. These ratios may be used together with 
transmission data to calculate the parameters. The results obtained for silver are for the 5.19-ev level: 
T=0.128 ev, T,=0.0155 ev, ox=22 200 barns, Ry-1=0.66 barn; for the 16.6-ev level: T=0.110 ev, 
T,=0.039 ev, c= 7300 barns, Ryo=1.10 barn}; ¢,(normal element) = 5.90 barns. 





I. INTRODUCTION 


LOW neutron resonances have been studied exten- 
sively in recent years. These studies'-® have been 
carried out chiefly by measurement of neutron trans- 
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mission as a function of energy, and provide such quan- 
tities as the resonance energy, level spacing, and in 
many cases, reasonably accurate values of the level 
strength. In some cases, such as the Cd resonance!:.* 
at 0.176 ev, where the capture process is predominant, 
and the fast neutron resonance in sulfur* at 108 kev, 
where scattering is predominant, good experimental 
evidence has been provided for the validity of the 
Breit-Wigner resonance equations. Recently, a method 
has been developed for measuring the ratio of scattering 
to total cross section as a function of energy, which is 
particularly applicable to resonances wherein. both the 
capture and scattering processes are appreciable. This 
situation is characteristic of a large number of low- 
energy resonances of the medium and heavy elements. 
The 4.91-ev resonance in gold has been studied® in 


2 A. W. Merrison and E. R. Wiblin, Proc. Roy. Soc. (London) 
A215, 278 (1952). 
1. B. Borst, Phys. Rev. 90, 859 (1953). 
% Foote, Landon, and Sailor, Phys. Rev. 92, 657 (1953). 
(198 ee Havens, and Rainwater, Phys. Rev. 92, 702 
( 26 A. W. McReynolds and E. Andersen, Phys. Rev. 93, 195 
1954). 
27H. H. Landon and V. Sailor, Phys. Rev. 93, 1030 (1954). 
28 Sailor, Landon, and Foote, Phys. Rev. 93, 1292 (1954). 
® Seidl, Hughes, Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954). 
9B. N. Brockhouse, Can. J. Phys. 31, 432 (1953). 
31 Adair, Bockelman, and Peterson, Phys. Rev. 76, 308 (1949). 
% J. Tittman and C. Sheer, Phys. Rev. 83, 746 (1951). 


565 





566 


detail by this method. Brockhouse® has used a similar 
method to study the strong capture levels in cadmium, 
rhodium, indium, and several rare earth elements, all 
at relatively low energies. It has been shown by these 
investigations that this type of measurement provides 
an additional means of evaluating the resonance level 
parameters; in particular, the spin of the compound 
nucleus. 

The method consists of counting the neutrons scat- 
tered from a thick target of the element under inves- 
tigation, utilizing a slow neutron spectrometer for 
energy determination. Although thin targets (in the 
sense of near unity transmission) have the advantage 
that the measured scattered count may be interpreted 
directly in terms of scattering cross section, they have 
the disadvantage of low counting rate and limited 
energy range near a resonance over which the trans- 
mission is near unity. In addition, the data generally 
require resolution and Doppler corrections. On the 
other hand, a thick target possesses none of these dif- 
ficulties. A target which is thick in the wings of a 
resonance will be more so in the region of the peak, 
while the counting rate is many-fold higher. Also reso- 
lution and Doppler effects are much less important. One 
difficulty that exists in the use of thick targets when the 
percentage of scattering is not negligible, is the inter- 
pretation of scattered counts in terms of cross section. 
This is not available directly for thick targets because 
the scattered count contains an appreciable percentage 
of multiply scattered neutrons. Furthermore, calculation 
of the relationship between scattered count and target 
cross section involves a prohibitive amount of laborious 
numerical integration. The problem has therefore been 
resolved® empiricially in the following way: 

The scattered count from a thick sample of the 
unknown target (1) is measured as a function of 
energy, together with that from a carbon reference 
target (,), alternating the targets in successive cycles. 
By taking the ratio V,/N., the data are made inde- 
pendent of incident neutron flux and variation of 
counter efficiency. It is then easy to show that 


N»/Ne=¥ f;(0,a,)(os/01)8, (1) 


where o, and o; are the scattering and total cross 
sections respectively of the unknown target, and /;(6,a,) 
are functions of geometry and the relative thickness, 
(a,), of the unknown target. (a-=no,a, where n 
=number of atoms per cm*, and a=thickness in cm.) 
Calling this ratio F, we see that, aside from geometrical 
considerations, F depends in general upon the relative 
thickness and the ratio o,/o;. If, however, the thickness 
of the target is such as to satisfy the criteria: 7(=neu- 
tron transmission) <~0.1, and ¢,/o:<~0.5, over the 
range of measurement, the target can be considered 
“infinitely thick.” The functional dependence upon 
energy of the coefficients of (¢,/o:) in Eq. (1) then 
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disappears, and we may write: 


F => g3(0)(o2/0)’, (2) 


7=1 


where g;(0) are functions of geometry alone and are 
independent of the properties of the scattering nuclei. 
F then becomes a function of o,/o; alone and it is 
possible to determine this function empirically by 
measuring the scattered count from a standard target, 
satisfying the thickness criteria, for which the ratio 
a,/o, as a function of energy is already known. The 
resulting curve (Fig. 6, reference 32) may then be used 
to determine o,/a; from the scattered count data taken 
with any infinitely thick target. 

Many resonances exist, however, for which the afore- 
mentioned technique would not be valid, owing to the 
impossibility of satisfying the criteria for infinite thick- 
ness over the range of measurement. The present paper 
is concerned with an extension of the method to include 
moderately thick targets, thus widening the scope of 
this type of measurement. Of particular value is the 
extension of the range of valid measurement further 
into the wings of the resonances, especially in the case 
of weak levels. In addition, procedures for analyzing 
the measured data to determine level parameters are 
also presented. These will be exemplified by the two 
lowest levels of silver, at 5.19 ev and 16.60 ev, respec- 
tively. 

II. EXTENSION OF THE METHOD 


From Eq. (1), the counting-rate ratio can be seen to 
be a function of both the relative thickness and of o,/o; 
whenever the target does not satisfy the criteria for 
infinite thickness. It follows, therefore, that the cali- 
bration in terms of a standard target for noninfinitely 
thick targets is valid only when the relative thickness 
is the same for both. When this condition prevails, the 
comparison is valid for any value of o,/o;. However, 
because of the energy dependence of a,, which in general 
will not be the same for the unknown as for the standard, 
the comparison would be valid at only one value of the J 
energy. This suggests the use of a family of calibration 
curves, each valid for a different value of a,. Such a 
family of curves could be developed from measurements 
taken on a series of standard targets of varying thick- 
nesses covering a sufficiently wide range of a, and a 
range of o,/o; from 0 to 1. Actually, only a range of 
o,/o;, between 0.5 and 1 need be considered since for 
a,/0:<0.5, it is always possible to satisfy the criterion 
T<1 for targets of reasonable physical dimensions and 
therefore use the calibration curve obtained previously. 

This procedure for extending the method to targets 
of any thickness and ¢,/o:>0.5 has one difficulty. Its 
use presumes a prior knowledge of a, and therefore of 
o; as a function of energy. For most of the known reso- 
nances, this is not a serious objection since it is possible 
to determine with reasonable accuracy the values of o 
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Fic. 1. Experimental curves of scattered count ratios vs energy used to construct the family of 
calibration curves for semi-thick targets (¢;/0:>0.5; see Fig. 3). The standard targets consist of four 
thicknesses each of nickel-boron and bismuth-boron mixtures. 


in the wings of the resonance from transmission meas- 
urements. For the region in the vicinity of resonance 
where resolution effects are considerable and o; cannot 
be determined, the target usually satisfies the thick- 
target criteria for which the knowledge of a, is not 
needed. 

A series of eight standard targets were used to 
determine the calibration curves. Four of these con- 
sisted of a mixture of nickel and boron and the re- 
maining four ‘of bismuth and boron. These materials 
were chosen because their cross sections are slowly 
varying functions of energy in the range of interest 
(1-100 ev). The targets were fabricated by thorough 
mixing of the finely divided powders (<400 mesh), the 
Ni-B mixture consisting of 99.688 percent Ni and 
0.312 percent B,%* whereas the Bi-B mixture consisted 
of 99.540 percent Bi and 0.460 percent B. The thickness 
for each set varied from ~5 to 20 g/cm?. The propor- 
tions were calculated to give a range of variation for 
o./o1 from 0.45 to 0.99. The thickness range was chosen 
so as to cover values of relative thickness from about 
0.2 to 4.0. The lower limit was dictated by counting-rate 

| considerations and the upper limit by the fact that for 
a,>~4, the target satisfies the criteria for a thick 
target. The mixtures were canned in welded aluminum 
containers of the appropriate shape. 

The apparatus used has already been adequately 
described. The scattering measurements for these 
targets were taken in the usual manner, except that 
the B" background target was used as a backing for 
each target measured. This was done because the 
targets involved were no longer infinitely thick and it 


% The boron was in the form of microcrystalline powder pre- 
pared by the Cooper Metallurgical Associates, Cleveland, Ohio. 


became necessary to prevent background neutrons 
which were scattered from the walls of the chamber 
from passing through the target to the counters. Such 
neutrons would result in an erroneous background 
count. This technique was subsequently used for all 
semi-thick targets. The total count from each target 
was high enough to assure virtually negligible statistical 
error (<1.0 percent) at each energy. Residual errors 
were due to random fluctuations in the detection and 
measuring equipment. The results of this measurement 
are shown in Fig. 1 wherein the ratio of scattered counts 
of each standard target to that of the carbon reference 
target (F) is plotted vs energy. 

The values of a, and o,/o; for the standard targets 
were determined experimentally from transmission 
data, shown in Fig. 2. The total cross section for these 
mixtures can be evaluated directly from the trans- 
mission measurements, since they are linear functions 
of energy in this region (1/v) and resolution effects do 
not enter. The straight lines represent least square fits 
to the experimental points. The percentages of scat- 
tering and hence, the values of o,/o; at each energy, are 
determined from the slopes and intercepts of these lines. 

The final calibration curves are obtained from the 
experimental data in the following manner. For a par- 
ticular value of o,/o;, the time of flight at which one 
of the standard samples has this value of o,/o; is deter- 
mined. The four values of F for the four thicknesses of 
the appropriate samples are obtained for this time of 
flight from the data in Fig. 1. The values of a, for the 
four samples are obtained from the data in Fig. 2 and 
the known thickness of the sample. This procedure is 
repeated for the second sample and the function F is 
then plotted against a, forthe"particular value of o,/c; 
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Fic. 2. Curves of relative thickness vs time of flight obtained from transmission of the nickel-boron 
and bismuth-boron mixtures used for the standard targets. Target thicknesses: Ni-B—3.701 g/cm*; 


Bi-B—13.98 g/cm. 


selected. The resultant curves, for values of o,/o¢ 
ranging from 0.50 to 1.0 in steps of 0.05, are shown in 
Fig. 3. This is the family of calibration curves used in 
these experiments for semi-thick targets. 

It should be noted that, of the eleven curves ex- 
hibited, only the upper four have eight experimental 
points, corresponding to the four thicknesses of each 
standard sample. The rest have only four, except for 
the lowest (¢,/0:=0.50) for which a point located on 
the extreme right was obtained from the calibration 
curve for infinitely thick targets which is valid for 
o;/0.=0.50. The value of F for this point may be asso- 
ciated with any value of a, down to a value where 
exp(—a,)~0.1. In order to obtain experimental points 
to complete the set of curves in the region of higher a, 
for o,/o; between 0.55 and 0.80 it would have been 
necessary to run additional standard targets. For the 
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sake of economy in cyclotron time, the remainder of 
the points were obtained by extrapolation from existing 
data. The method of extrapolation is shown in Fig. 4 
where values of F vs o,/o; are plotted for fixed values 
of a,. These curves were obtained from Fig. 3 in regions 
where experimental points determine the shape of the 
curves. The curves of o,/o; vs F in Fig. 4 are nearly 
linear on a semilog plot below about o,/a:=0.80, so 
that selection of points between 0.50 and 0.80 to fill in F 
the calibration curves is simple. Only points from this f 
linear region were required to complete the set in Fig. 3. 

The validity of the new set of calibration curves was F 
checked by using some of the experimental points in 
the curve of o,/o; vs energy for the 4.91-ev gold reso- 
nance previously reported. This curve is shown in Fig. 5 
where in the solid line represents the theoretical Breit- 
Wigner curve for the level, using parameters determined 


a= no, o———> 


Fic. 3. Calibration curves for neutron scattering from semi-thick targets (0.5<o,/o:<1.0). The points 
used to construct these curves were taken from the following sources: @ nickel-boron standard targets; 
© bismuth-boron standard targets; * extrapolated points from curves of Fig. 4; @ calibration curve for 


infinitely thick targets (Fig. 6, reference 32). 
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by fitting the experimental data (open circles). As may 
be seen, a good fit to the dispersion formula is ob- 
tained in the range for which o,/o,<0.5. However, on 
the left are five points for which ¢,/¢,>0.5, for which 
the calibration curve for infinitely thick targets is not 
valid, and for which it was consequently predicted that 
they would fall below the theoretical curve, as shown 
in the figure. The calibration curves of Fig. 3 were then 
used to determine o,/o; from the original data for these 
points. The resulting values of o,/o; (black dots) now 
fall on the theoretical curve, which, since this is an 
isolated level, tends to confirm the validity of the new 
calibration curves. It is significant that four of these 
five points required the use of the new curves in the 
region where it was filled in by extrapolation. 

The shape of the curves in Fig. 3 indicates that, for 
a,>~2.0 and o,/o:<~0.9, the conversion of F to 
g,/0, is insensitive to the value of a,. Consequently, for 
most applications only a very rough knowledge of a; is 
required in advance. In the region where the curves 
slope more rapidly (high o,/o; and low a,), for which 
more accurate values of a, are needed, the curves are 
» generally used only for the wings of the resonance 
» where such values of o; are available from transmission 
/ measurements. In the rare cases where this is not so 
» (weak resonances having high I’,/T), a trial and error 
» procedure may be used. Using transmission data as a 

guide, one may guess values of o; in this region as a 
| first approximation to be successively refined by curve- 
fitting. 

III. DOPPLER EFFECT 


Since the ratio o,/o; is the quantity measured in these 
experiments and since Doppler effect should broaden 
the resonant peaks of o, and o; in the same manner, the 
effect on their ratio is expected to be small. This was 
tested by applying Doppler correction* to the Breit- 
Wigner equations for capture and scattering, including 
in the latter Doppler broadening of the interference 
term. The approximations involved in this computation 
are the assumption of a Maxwellian gas model for the 
target and the neglect of the factor (E)/E)* in the 
capture cross section, which is very nearly unity in the 
range investigated. Neither approximation leads to 
appreciable error. 

= Since this effect would be most noticeable in cases 
like the Ag 16.6-ev level, where the ratio of natural to 
Doppler width appears to be relatively low, the param- 
eters of this level as determined below were used to make 
a computation of o,/o:, with and without Doppler 
correction. The results are shown in Fig. 6. The solid 
line represents the theoretical Breit-Wigner curve of 
c./o, without Doppler correction. The effect of the 
correction is indicated by the dashed line. The deviation 
of the latter from the uncorrected curve is small, and 
extends over a very limited region near resonance. It 
arises mainly from the fact that the Doppler effect 


*“H. Bethe, Revs. Modern Phys. 9, 140 (1937). 
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Fic. 4. Semilog plot of F vs o,/o; used to obtain points to 
complete the calibration curves of Fig. 3. These points (crosses) 
were interpolated on the above curves which were first drawn on 
the remaining points. The latter were obtained from the following 
sources: O points from scattering data of Fig. 1; O points from 
slight extrapolation of curves of Fig. 1; A point from calibration 
curve for infinitely thick targets. 


flattens the region of the peaks very close to resonance, 
so that in this region o,/o; would remain more constant 
than it would for the sharp resonance peaks of the 
natural level. The deviation is too small to affect the 
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Fic. 5. Portion of curve of o;/o; vs energy for the gold 4.91-ev 
resonance” measured previously. The open circles represent the 
experimental points using the calibration curve for infinitely thick 
targets, valid for 0<o./e1<0.5. The black circles represent the 
same data using the calibration curves of Fig. 3. The solid curve 
is a theoretical Breit-Wigner curve with parameters adjusted for 
the best fit. 
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Fic. 6. Doppler effect on o,/o; in vicinity of the silver 16.6-ev 
resonance. Dashed curve is corrected, whereas solid line is uncor- 
rected, for Doppler effect. 


evaluation of resonance parameters from the data and 
would in any case be hidden by the effects of instrument 
resolution. As far as the present measurements are con- 
cerned, therefore, it is significant only insofar as it 
affects the recoil energy-loss correction,**:** in a small 
region near resonance, where this correction is deter- 
mined by a Doppler broadened curve of total cross 
section. The net effect is therefore to reduce the mag- 
nitude of the correction. 


IV. SCATTERING MEASUREMENTS ON SILVER 


The experimental procedures followed in the scat- 
tering measurements on the two lowest resonances of 
silver were essentially the same as that established for 
the gold measurements.” The only difference is the use 
of a B” target as a backing for the silver and carbon 
targets in addition to its use as a background target. 
This was done to avoid erroneous background measure- 
ments, since part of the curves for both resonances 
extended to the semithick region. The silver target was 
a slab 4 in.X6 in. and 1} in. thick, having the smaller 
surfaces bevelled at 45° so as to present an area of 
4 in.X4 in. to the beam with uniform slant thickness 
of 2.12 in. The effective target thickness in the direction 
of the beam was 57 g/cm?. 


35 This correction was originally calculated (see reference 32) 
for the gold scattering data on the assumption of a stationary free- 
atom model for the target. Brockhouse and Hurst (see reference 
36) have worked out the correction more carefully taking into 
account thermal motion of the target atoms, both bound and free. 
Because of the neglect of this motion, Brockhouse (see reference 
30) estimated that some of the parameters reported by Tittman 
and Sheer for the gold resonance would be in error by about 
10 percent. Accordingly, the present authors calculated the 
energy loss correction for this case (as well as the silver 5.19-ev 
level) using the improved method, and found the difference to be 
negligible. The reasons for this are that the correction is reduced 
by instrument resolution in addition to Doppler broadening, and 
that it is significant for such a small region relative to the range 
of measurement that the experimental points involved can be 
omitted without materially affecting the results of the curve- 
fitting process. 

6 B. N. Brockhouse and D. G, Hurst, Phys. Rev. 88, 542 (1952). 
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The 5.19-ev resonance was measured with instrument 
resolution widths of 6.15, 3.8, 3.1, and 2.4 microseconds 
per meter, full width at the base of the resolution tri- 
angle. No change in the curve was noted for resolution 
widths of 3.8 microseconds per meter or less, indicating 
that the curve is completely resolved under these con- 
ditions. The 16.6-ev resonance was studied with a 2.4 
microseconds per meter resolution. The curve for this 
level is not quite resolved. Resonances below about 10 
ev are completely resolved with resolution widths of 
2.4 microseconds per meter and nearly so up to about 
30 ev. Since this width represents the lowest that can 
be used with the present apparatus, consistent with 
reasonable running time, it was not feasible to resolve 
this level. 


V. ANALYSIS OF THE DATA 


The experimental curves of o,/o; vs energy in the 
region of a resonance provide information which, when 
used in conjunction with transmission data, permits the 
evaluation of all of the resonance constants. All of 
these except J may, in principle at least, be evaluated 
by a curve-fitting process from the transmission data 
(o, vs energy) alone. The advantage of using thick f 
target scattering data in curve-fitting is that, for the 
same percentage error in the measurements, a curve of F 
a,/o, vs E is inherently capable of providing more 
accurate values for some of the parameters than a curve 
of o; vs E. 

The Breit-Wigner one-level dispersion formulas form 
the basis for the analysis. These will be used in the 
following form: 


ool (Eo/E)* 
°° 4(E— Ey)?4T? 
| X+Y(E-Ey) 
 4(E—Ey)?-+T? 


Ts=Op 





where Eo=energy of exact resonance, o-o=capture 
cross section at resonance, [=I',+I'y=total level § 
width, [,=neutron width, [,=width for radiative 
capture, X=4rGyAoT,2, Y=16eG ATR, op=40GsR 
+41G,'R”, =total potential scattering cross section, 
G,, G,'=spin weight factors for the resonant and non- 
resonant spin states of the compound nucleus, respec- 
gively, R, R’=effective nuclear radii for the resonant 
and non-resonant spin states. 

Equations (4) and (5) are for monoisotopic targets. 
When more than one isotope is present, the cross section 
for an element containing k isotopes is given by 


No=N101+Ne2+ ++ ++ NOK, 


where o1---o,=cross sections for the individual iso- 
topes, 71:--m,=number of atoms of each isotope per 
cm? of target, 2=number of atoms of all kinds per cm’ 
of target, «=cross section of the natural element. Thus, 
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we may write 


k 
Co= 2. Gri, 


i=1 


where G;;=,/n= isotopic fraction. 

In the case of silver, there are two isotopes of nearly 
equal abundance: Ag’, for which G;=0.5135, and 
Ag, for which G;=0.4865. Furthermore, the 5.19-ev 
resonance is known" to occur in Ag™ whereas the 
16.6-ev resonance occurs in Ag'®’, In all of the subse- 
quent discussion, the subscript “1” will be used to 
refer to Ag’ and hence to the 5.19-ev resonance, while 
the subscript ‘‘2” will refer to Ag'’ and the 16.6-ev 
resonance. Since the two resonances occur in different 
isotopes, there is no possibility of interference between 
the levels, and the cross sections for natural silver will 
be given by 


Gri (ocol™)1(Eo1/E) vr Gre(o col") 2(Eo2/E)* 
A(E—En)4+T2 4(E—Eq)?+T2 


(6) 





is Xi+ Yi(E— Eni) | X2+V2(E— Eo) 
a i . 
4(E-— En)?+T? 4(E— Eo2)?+T'2? 





| The potential scattering for natural silver consists of 
four components, two each for the resonant and non- 
resonant spin states for each isotope. The factors Gn 
and Grz in Eq. (6) will be omitted in the subsequent 
discussion, and the quantities (¢-01)1/(ocol)2 will be 
assumed to be multiplied by the approximate isotope 
factor. The subscripts will also be omitted in other 
cases where there is no chance of ambiguity. 

The quantities involving the level parameters which 
may be obtained directly from the measured curve of 
o,/o1, When the resonance is completely resolved, are 
the following ratios: T,/I', ocol?/op, and Y/oy. The 
ratio X/oy is easily shown to be obtainable from the 
first two of these. The evaluation of all of the Breit- 
Wigner parameters of the level from these quantities 
requires the independent knowledge of three additional 
| data. A convenient choice for these three quantities 
consists of the resonance energy, Eo, the spin weight 
factor, Gy, and any one of the quantities oI, op, X, 
or Y. For most of the strong, low energy resonances, 
this auxiliary information may be obtained from trans- 
mission measurements, particularly those taken on 
recently developed high resolution neutron spectrom- 
eters. In particular, the resonance energy has been 
measured for a large number of resonances with high 
precision. Also values of the level strength (cyl) for 
a number of resonances, as determined by independent 
investigators have shown a high degree of consistency. 
Finally, the spin weight factor, Gy, can be determined 
with the aid of high resolution measurements of the 
peak total cross section. The scattering data yield the 
quantity [',/I’ directly. This is equal to the value of 
o,/o, at resonance. Thus, using the relation o=4arGyAc? 
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X (I',./I) one may calculate two alternative values of oi 
corresponding to the two possible values of G;. Com- 
parison of the values so calculated with those obtained 
by transmission measurements often enables a unique 
choice of G; to be made, which is consistent with both 
the scattering and transmission data. In particular, if 
the experimental value of 1 lies definitely between the 
two calculated values, the smaller value is at once ruled 
out since measured values of oo are always less than 
the true value owing to resolution and Doppler effects. 
This method of determining G, is especially good where 
the resonance occurs in an isotope of small nuclear spin 
for which the alternative values of oo are far apart. 

When £o, Gz, and cI? are known, the remainder of 
the level parameters may be determined by analysis of 
the measured curve of o,/o; vs energy as described in 
the previous paper on gold. However, the curve-fitting 
process may be simplified by replacing o,/o; with o,/o- 
via the relation o,/a-= (a,/01)/(1—o2/o1). If we divide 
Eq. (5) by Eq. (4) and multiply through by (Eo/E)}, 
we obtain: 


(o., Oe) (E,/E)= (40p/ocol™) (E—Ep)? 
+ (V/o00?)(E—Eo) + (X+e,I")/ocol?. (8) 


Equation (8) represents a parabola in the form 
y=ax2+bx+c, where y=(c./oc)(Eo/E)', x=E-—Ep, 
a= 40,/e01", b= Y/oeol™, and c= (X+o,I?)/ocol 
=X/aol?+o,/o-0. Since generally o,>Ko.0, we may 
write for the constant term of the parabola: c= X/o oI”. 
Thus, after the experimental values of o,/o; have been 
converted into (¢,/a-) (Eo/E)', a quadratic least-squares 
fit to these on an E—£) scale is performed. This yields 
the numerical values of a, 6, and ¢ for the parabola 
which best fits the data in the range of measurement. 

Having determined the constants a, 6, and ¢, the 
Breit-Wigner parameters may then be calculated from 
the value of the level strength with the aid of Eqs. (4) 
and (5) and the following relations: 


T/T =c/(c+1); cool? =onl?(1—T,/T) ; 
X=c(ceol"); Y=b(ccol™) ; op=40(o-01"). (9) 


5.19-ev Resonance of Silver 


The above analysis was carried out on the scattering 
data for the 5.19-ev level of silver on the assumption 
that this is an isolated resonance in the range of 
measurement (0.7 to 9.0 ev). The result of the least 
squares fit is shown by the dashed line parabola of 
Fig. 7. Inspection shows that although the experi- 
mental points appear to fit this curve well in the wings, 
they are consistently below the curve in the region of 
the minimum, close to resonance. Since this effect could 
be caused by the contribution of higher energy reso- 
nances, and possibly a level of negative energy near 
zero, the procedure was repeated using a more restricted 
range close to resonance; (below the horizontal dashed 
line in Fig. 7). The results are shown by the solid-line 
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Fic. 7. Parabolic curves of (¢/0-)(Eo/E)t as a function of E— Eo 
for the silver 5.19-ev level. The solid curve represents a least- 
squares fit to the data below the horizontal dashed line, while the 
dashed curve is the fit to all the data. 


parabola of Fig. 7. This curve appears to fit the data well 
near the minimum but not in the wings. Since the dis- 
torting effects of other levels (see discussion below) 
should be negligible near resonance, the constants of 
this parabola were used to calculate the level parameters 


TABLE I. Table of parameters for the 5.19-ev and 16.6-ev 
resonances of silver. Quantities marked with an asterisk represent 
auxiliary data from other measurements. Values are for the normal 
element except where noted. 








Eo *5.193 ev *16.60 
ool *366 b-ev? 90 b-ev? 
A 1 0 


r,/T 0.121+0.007 0.350.05 


r 

lr, 

op 

X 

¢ 

R 

T0 

op (isotope) 
R’ 


0.128+-0.016 ev 
0.0155+-0.0022 ev 
5.90+0.37 b 
44.4343.17 b-ev? 
37.80+2.59 b-ev? 
0.66+10 barn? 
22 200 b 
*4.64b 
0.42 barn? 


0.110.013 ev 

0.039-+-0.006 ev 

5.90+0.37 b 
31.5+4.1 b-ev? 
31.6+3.8 b-ev? 

1.10+0.11 barn? 
7300 b 

7.09 b 

0.65 barn? 








in accordance with the relations (9). These are: 


a=0.0734+0.0040; 6=0.1175+0.0071; 
c=0.1381+0.0088. 


Values of 366+10 b-ev? for oI? and 5.1930.005 ey 
for Eo were used for the computation of the level 
parameters. These represent the results of the most 
recent measurements*” at Brookhaven and agree re- 
markably well with independent measurements of 
other investigators.” 8.9 The choice of a value for J 
was relatively easy in this case since, of the two alter- 
native values of oo calculated with the aid of the first 
of Eqs. (9), the one corresponding to J=0 was con- 
siderably lower than the peak cross section as measured 
directly in transmission experiments. The choice of J=0 
is therefore ruled out, and J was taken to be 1. 

A list of parameters calculated on the above basis is 
shown in the first column of Table I. The calculation of 
R’, the effective radius for the nonresonant spin-state, 
required the knowledge of an additional independent 
datum. This arises from the existence of two isotopes 
in silver, only one of which is responsible for the reso- 
nance. Although in the above analysis, the second term F 
on the right of Eq. (6) and the third on the right of Eq. F 
(7) were assumed negligible, the constant term in Eq. F 
(7) oy, now contains an additional component. It should F 
be written 

op=4rgiRP+4rg’Ri?+Gr0 po, (10) 


where @ 2 is the contribution of the nonresonant isotope 
(Ag’®’) to the potential scattering of the element. Since 
the scattering measurement fixes only Rj, in addition to 
ap, the potential scattering of either Ag or Ag” 
must be known. If o2 is known, Ri’ may be determined 
from Eq. (10). If op: is known, R;’ may be determined 
from the relation: Gnopi:=4rgiR?+4rg1'R1”. 

The assumption may be made that the contributions 
to the total potential scattering of the two spin-states 
of Ag" are in the proportion of their respective spin 
weight factors. This is equivalent to assuming equal 
nuclear radii for the two spin-states (Ri=R,’). From§ 
this assumption we obtain o71=5.47 b and o2=6.31 b. 

The assumption that the nuclear radii for the two 
spin-states are equal, is, however, open to question, 
since the corresponding quantities were found to differ 
in the case of the 4.9-ev level® in gold, and in sodium 
and cobalt®* as well. An independent measurement of 
the isotopic potential scattering would be preferable. 
Such a measurement has been made by Hibdon and 
Muehlhause® who determined both op; and ogy: by 
counting neutrons scattered from thin foils of normal 
and enriched silver, using cadmium and thick silver 
filters to remove both thermal and resonance neutrons 
from the beam. They obtained the values op1:= 4.64 b; 
o,2= 7.91 b. Using the value of op; as the independent 

37 R. E. Wood (to be published). 


88 C. O. Muehlhause, Phys. Rev. 79, 1002 (1950). 
8 C. O. Muehlhause (private communication). 





MEASUREMENT OF SCATTERING CROSS SECTIONS 


datum yields R;/=0.42 b. The same value of op: may 
be used together with the value of o, obtained from 
the present measurements to calculate a2 by Eq. (10) 
as a check on over-all consistency. When this is done, 
a value of op2=7.09 b. is obtained which is ~10 percent 
lower than the measured value of 7.91 b. On the other 
hand, using op2=7.91 as the independent datum yields 
p= 3.78 b which is slightly less than 47g,R,’ as deter- 
mined from the scattering data. This would require R’ 
to be essentially zero within the accuracy of the 
measurements. These results are summarized in Table II. 

A curve of o,/o; vs energy based on the parameters 
given in the first column of Table I is shown in Fig. 8. 
The range of analysis is indicated by the vertical 
dashed lines marked A and B. The slight deviations of 
the data from a true Breit-Wigner single-level shape 
can be noted in the high- and low-energy regions, 
although it is not as apparent here as when plotted in 
the parabolic form of Fig. 7. 


16.6-ev Resonance of Silver 


The analysis of the 16.6-ev resonance was compli- 
' cated by two factors: (1) The strong level at 5.19 ev 


4. F) contributes appreciably to the experimental curve near 


| the 16.6-ev level. (2) The experimental curve for this 
| level is not completely resolved. The former difficulty 
requires the use of all terms in Eqs. (6) and (7), and 


merely increases the computational labor since the 
parameters for the 5.19-ev level are available. The latter 
precludes the parabola method of analysis discussed 
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TasBLe II. Values of isotopic potential scattering and non- 
resonant spin state nuclear radius computed from several assumed 
independent data together with the value of a» (potential scat- 
tering of the element=5.90 b) derived from the present experi- 
ment. 








Computed from assumed datum 


op1= 5.47 b; op2=6.31 b; 
Ry,’ =0.66 barn? 

op2=7.09 b; Ri’ =0.42 barn? 
op1=3.78 b; Ri'=0 


Assumed as the independent datum 


Ri= Ry’ 





op1= 4.64 b 
ope=7.91 b 








above. A trial and error procedure was therefore 
adopted for this level. 

In the first trial analysis a value of 23 for oI? was 
used, which was obtained from the transmission measure- 
ments“ of Merrison and Wiblin.” This appeared to agree 
with an early rough value of 25 obtained at Columbia.* 
The procedure used was as follows: Using oxI'?= 23, a 
value of I',/I!’ was assumed which gives ool, I’, and 
r',. Using for Re the values op2/4z, the constants X> 
and Y» were calculated and a curve of o,/o, vs energy 
computed from Eqs. (6) and (7). This curve, however, 
could not be compared directly to the experimental 
curve since the latter is not completely resolved. There- 
fore, the calculated curve is translated into a curve of 
scattered counts (F) vs energy by means of the calibra- 
tion curves. This resulted in the curve that would have 
been measured with perfect resolution if the assumed 
parameters had been correct. In order to make a com- 
parison to the measured data, a resolution function 


i. NEUTRON ENERGY IN ELECTRON VOLTS 
3 © 70 50 30—| 20 Ke) + 
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Fic. 8. Curve of o,/o1 vs energy for the 5.19-ev level of silver. Solid line represents theoretical Breit-Wigner curve using param- 
eters obtained by a least-squares fit of the data in the range AB. 


“ After the analysis of this level was completed, the paper by Seidl et al. (see reference 29) was published reporting a value of 31 
b-ev’. This value would not alter significantly the results of the ensuing analysis. 
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Fic. 9. Calculated scattering curves for the 16.6-ev level of silver on the basis of o oI'?= 23. The solid line and 
dashed curves were calculated with T’,/[f=0.5 and 0.05 respectively. The thin lines represent the theoretical 
curves, and the heavy lines are the result of applying the resolution function shown, and which should be 


compared to the experimental points (crosses). 


appropriate to the apparatus must be applied to the 
calculated F vs energy curve. Since the resolution 
function is known only approximately, the results of 
fitting such a curve to experimental data are neces- 
sarily less accurate than if the experimental curve were 
completely resolved. Fortunately, the present case is 
one in which the data are only slightly altered by reso- 
lution effects, so that the uncertainties in the shape and 
width of the resolution function are not too important. 

A series of such curves were computed for values of 
r’,,/T ranging from 0.05 and 0.5. Two of these, corrected 
for resolution, are shown in Fig. 9 for the choices of 
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Fic. 10. Scattering curves for the 16.6-ev level of silver calculated 
on the basis of ',/f=0.40 for four values of oI. 


I,,/T, 0.05 and 0.5. The crosses represent the. experi- 
mental points without the correction for recoil energy 
loss. However, this correction will materially affect 
only points near resonance. Points lying above about 
19 microseconds per meter will be practically unaffected. 
Nevertheless, Fig. 9 indicates marked disagreement 
between the experimental data and the curves calcu- 
lated on the basis of ooI= 23 for a wide range of I’,,/T 
throughout the range of measurement. Furthermore, 
the disagreement could not be eliminated by varying 
either the resolution function or the value of Re. It was 
tentatively concluded, therefore, that the available 


values of oI were inconsistent with the present data. § 


A wide range of both oI? and I’,,/T were then in- 
vestigated and plotted in various combinations. In each 
case, the resolution function was applied to the calcu- 
lated curve and the results compared to the data. It 
was found impossible to match the shape of the experi- 
mental curve unless a value of I’,,/I'~0.4 was used. 
Figure 10 shows a set of four calculated curves for which 
T,/T=0.4 and opl?=23, 50, 100, and 150 respec- 
tively. It is interesting to note that when I’,/T is close 
to 0.5 the curve of o,/o; vs energy is sensitive to the 
quantity ool in the wings of a resonance. Figure 10 
shows this effect to be strongest for the 16.6-ev reso- 
nance in the region between 18 and 23 microseconds per 
meter, where resolution effects and the energy loss 
corrections are unimportant. Consequently, the match 
in this region was used as the basis for the tentative 
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Fic. 11. Scattering curve for the 16.6-ev level of silver gon the best fit to the experimental data. 
Parameters used were oI?=90 b-ev’, I',/[=0.35, ¢>=5.90 b. The thin line represents the calculated curve 
while the heavy line is the result of applyi ing the resolutior function. 


choice of ool. The values ',/[!=0.4 and oI?=100 
were used to complete the first trial analysis. 

With these parameters as a starting point, the fit was 
successively refined by trial and error. The best fit was 
obtained for the values T,/T=0.35, oml?=90 b-ev’, 
X,=31.5 b-ev?, and Y2=31.6 b-ev?. A curve based on 
these parameters is shown in Fig. 11. All corrections 
have been applied to the data. The thin line represents 
the calculated curve and the heavy line is the result of 
applying the resolution function. The latter matches 
the experimental points fairly closely except for the 
point on the left, where the effect of the next level 
(31 ev) would be expected to become noticeable. In 
order to check the sensitivity of this analysis, par- 
ticularly in view of the comparatively high values of 
r’,/T and cyl obtained, a series of curves were plotted 
in which these quantities were varied and the results 
compared to the experimental data. This is shown by 
the three curves of Fig. 12. They indicate that an uncer- 
tainty ~+15 percent should be assigned to the above 
values of ',/T and oyI”. 

Since no independent measurement of o; for this 
level could be found providing a value intermediate 
between the two possible values indicated by the 
present results, no definite assignment of J could be 
made. However, a tentative choice was made with the 
aid of a measurement of the resonance absorption 
integral. This quantity, denoted by a, has been 


measured by Harris é? a/.,!’ and is given by 
La= (4/2)4rh0? (GT /Eo)T,/T (1—-T,/T). 


Using the value 2,=80.6 b, reported by these inves- 
tigators, and I,,/!=0.35 from the present analysis, one 
obtains GyI'=0.023. Inserting the values ’,/T=0.35 
and oyI?= 90 b-ev? into the relation 


ool?= Ario’g (r o/T)T?, 


one obtains G,T?=0.003. From these two figures 
G ;=0.18 is obtained, which is more consistent with 
} (J=0) than with ? (J=1). Accordingly, a tentative 
assignment of J=0 was made for the spin state of Ag! 
responsible for this resonance. 

The second column of Table I contains a list of the 
level parameters based on the above evaluation. 


DISCUSSION 


It appears to be characteristic of the type of cross 
section measurement described in this paper that it 
leads to values of the peak total cross section in general 
higher than those obtained from other measurements. 
When the thick-target scattering technique was first 
used to study the gold 4.91-ev level, the resulting 
value for o1 (24 600 b) required by the choice J =1,"'” 

“1 In view of the recent transmission measurement, the values 
J=1, originally chosen for Au'®’, must be ruled out. The value 
J=2, as reported by Wood (reference 42), appears to be the cor- 


rect choice. 
4 R. E. Wood, Phys. Rev. 95, 644(A) (1954). 
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appeared to be in agreement with other measurements 
of ow~25 000 b, (mainly from self-indication experi- 
ments). Since then more refined transmission measure- 
ments have placed oo for gold at 31 000 b,?”.” and more 
recently at 37000 b.* A similar‘situation exists with 
regard to the silver 5.19-ev level. Early measurements 
by Coster ef al.“ as corrected by Groendijk" yielded 
o:= 8800 b for this resonance in the element. Selove” 
obtained 12 000 b, Seidl e a/.* 14000 b, Draper and 
Baker* 16000 b, and Wood*’ 16500 b. This upward 
trend in the values reported for this parameter has 
paralleled the concomitant improvement in resolution 
with which the measurements were made. Consideration 
of the existing discrepancy in oz should therefore take 
cognizance of the basic difference between the two 
types of experiments as regards the importance of reso- 
lution as well as Doppler effect. The thick-target scat- 
tering experiment measures o,/o; which is a slowly 
varying function of energy near resonance, and for 
which the data can be completely resolved. Also the 
results of Sec. III above indicate that the Doppler 
effect does not distort the.experimental curve measur- 
ably. On the other hand, experiments which measure 
a, alone (or a, alone) are faced with the difficulty of 
determining a sharply peaked function that may vary 
over several orders of magnitude in an extremely 
narrow energy range near resonance. Evaluation of peak 
cross sections would therefore require accurate reso- 
48 Wood, Landon, and Sailor (to be published). 


44 Coster, DeVries, and Diemer, Physica 10, 281 (1943). 
45 J. E. Draper and C. P. Baker, Phys. Rev. 95, 644(A) (1954). 
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lution and Doppler corrections. In fact, the only case 
where agreement has been reached between the results 
of thick-target scattering and transmission experiments 
is the scattering measurement by Brockhouse* of the 
0.176-ev cadmium resonance. In this case the scattering 
measurement indicated that the accepted value of ow 
for this resonance was too low, and provided the incen- 
tive for a careful measurement of the resonance by 
transmission which raised the value to substantial 
agreement with the scattering experiment. The energy 
of this resonance is so low, however, that resolution and 
Doppler corrections are virtually negligible. 

The high resolution of the most recent transmission 
measurements have reduced the discrepancy in oy to 
~10 percent for the gold 4.91-ev resonance and ~27 
percent for the silver 5.19-ev resonance. In the latter 
case this represents a sufficiently wide difference that 
it is doubtful whether further improvement in resolu- 
tion would close the gap. In fact, the Doppler correction 
is now considerably greater than the resolution cor- 
rection in the latest total cross section measurements at 
~5 ev. Since the Doppler correction would be greater 
for silver than for gold, it is possible that a refinement 
in this correction would serve to reduce the existing 
discrepancies to the range of experimental error. How- 
ever, the theoretical basis for such a refinement is not 
clear at the present time. 

In the case of the potential scattering, which does 
not involve the resonant parameters, the results of the 
present measurement in silver are in good agreement 
with values reported by other investigators. Hibdon 
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Fic. 12 Scattering curves for the 16.6-ev level of silver in which the quantities [',/[’ and o I are varied 
by +20 percent and the results compared with the “best fit” curve of Fig. 11. (The resolution function 
shown has been applied to all calculated curves.) Curve A shows a +20 percent variation in oI? with 
I’,,/T held constant. Curve B shows a +20 percent variation in [',/f with oI? constant. Curve C shows 
a simultaneous +20 percent variation in both T,/T and o,I”. 
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Fic. 13. Parabolic curves analogous to Fig. 7 for the gold 
4.91-ev level. 


and Muehlhause® obtained the values o,(element) 
= 6.50 b, ¢,(107)=7.91 b, and o,(109)=4.64 b. More 
recently, Wood*’ obtained o,(element) =6.0 b, o,(107) 
=7.3 b, and o,(109)=4.7 b. These results compare 
favorably with those listed in Table I. 

The results of the present scattering measurements 
on the 16.6-ev level of silver seem to indicate that the 
percentage of resonant scattering and the level strength 
are considerably higher than that obtained from trans- 
mission measurements.*-2-? The value I',/[!'=0.35 as 
determined herein, may be subject to doubt since the 
scattering data for this level were not completely re- 
solved. The disagreement in oI? however, by a ratio 
of 3 to 1 constitutes a serious discrepancy because this 
quantity is insensitive to resolution and Doppler effects 
when determined by transmission. Therefore improve- 
ments in experimental technique would not be expected 
to raise its value significantly. On the other hand the 
results shown in Fig. 10 indicate that it would be very 
unlikely to correlate the scattering results with a value 


of oI below about 60 b-ev’, especially in the region 
where there are no appreciable corrections to the data, 
(18 to 23 usec/m). This would still leave a discrepancy 
~2 to 1. No conclusions can therefore be drawn for this 
resonance from the present work, except to say that the 
preliminary results indicate more scattering and a 
stronger level than reported by other investigators, and 
that the probable value of J for the level is 0. It is con- 
ceivable that higher levels have affected the scattering 
data more than anticipated. In this respect a thick-target 
scattering experiment using a target of isotopic Ag” 
would be highly desirable. This would remove both 
neighboring levels in the case of the 16.6-ev resonance. 
Because of material requirements such an experiment 
would be feasible only with an intense neutron beam 
of small cross section. 

An interesting possibility arises in connection with 
the apparent distortion from a true Breit-Wigner shape 
noted in the case of the Ag 5.19-ev level (see Fig. 8). 
As previously mentioned in the text, this was originally 
assumed to be due to other levels including a possible 
negative level near zero energy. As a check on this idea 
the same type of analysis was performed on the scat- 
tering data for the gold 4.91-ev level, the results of 
which are shown in Fig. 13. The deviation from a 


parabolic shape is even more pronounced in this case 


than for the silver. Since this is an isolated level it would 
be difficult to ascribe the distortion to other levels. The 
possibility exists that this effect arises from the neglect 
of second-order terms in the Breit-Wigner formula. 
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Energy measurements have been made by means of a scintillation spectrometer of the gamma rays pro- 
duced by bombarding several elements with 4.5-Mev neutrons. The following gamma rays have been found 
(energies in Mev): B: 0.70, 2.20; F: 1.34, 6.10; Al: 0.84, 1.02, 2.27, 3.10; Fe: 0.85, 1.20, 1.73, 2.05, 2.50, 
3.52; Zr: 0.92, 2.20, 3.23; Pb: 0.79, 1.36, 2.70. These energy values can be used to determine accurate values 
of the nuclear energy levels for those elements where the level scheme has been determined uniquely by 
observations on the scattered neutron energy spectrum. 





INTRODUCTION 


STUDY of the inelastic scattering of mono- 

energetic neutrons can yield information about 
the compound and target nuclei.’ This field has been 
studied very little by means of direct neutron measure- 
ments due to the experimental difficulties inherent in 
fast-neutron detection. Inelastic scattering also may be 
studied by means of the de-excitation gamma rays 
emitted by the residual nucleus. A good reference list 
pertaining to these two methods may be found in a 
| paper by Kiehn and Goodman.’ 
| The discrete energy levels excited in the residual 
' nucleus by neutron inelastic scattering can be deter- 
» mined from the energy spectrum of the scattered 
neutrons. At present, such measurements are limited 
by poor energy resolution but, within these limits, 
they do yield unambiguous level schemes as well as 
rough determinations of cross sections. Energy measure- 
ments of the de-excitation gamma rays can be made 
which are more accurate than the correspending neu- 
tron measurements. By the proper fitting of these 
observed gamma rays to the level scheme determined 
from the scattered neutron spectrum more accurate 
energy-level values are obtained than can be derived 
from the neutron data alone. 

The results of some de-excitation gamma-ray meas- 
urements are reported here in conjunction with the 
neutron work in the following paper by Jennings e¢ al. 
Because of the rapidity with which gamma-ray data 
are accumulated, the results are reported here for 
several elements for which the photographic plate 
work has not been completed. 


EXPERIMENTAL METHOD 


Neutrons from the H?(d,n)He’ reaction were used to 
bombard a scatterer as shown in Fig. 1. 1.7-Mev deu- 
terons from the electrostatic generator were incident 
on the 0.1-mil nickel foil which separated the deuterium 
gas from the main vacuum system. The deuteron beam 


* Assisted by a joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1 Feshbach, Peaslee, and Weisskopf, Phys. Rev. 71, 145 (1947); 
B. T. Feld, Phys. Rev. 75, 1115 (1949); W. Hauser and H. Fesh- 
bach, Phys. Rev. 87, 366 el 952). 

?R. M. Kiehn and C. Goodman, Phys. Rev. 95, 989 (1954). 


suffered an energy loss of 340 kev and 75 kev in the 
foil and gas respectively. The neutrons incident on the 
scatterer had a calculated mean energy of 4.48 Mev 
with an energy spread of 110 kev. All scatterers had the 
dimensions shown in Fig. 1 except for boron where a 
3 in. i.d.X5 in. 0.d.X1 in. ring of ByC was used. 

A 1} in. diameterX1 in. NaI(TI) crystal (shielded 
from direct neutrons and background gamma rays by 
a lead shadow cone) detected the de-excitation gamma 
rays. Pulses from the 6292 photomultiplier were ampli- 
fied and fed into a Los Alamos ten-channel analyzer.* 
The spectrometer operated with a resolution of 8 
percent at 1.38 Mev and was calibrated with gamma 
rays from Cs'87, Co™, Na”, and the C”(d,p)C'™ reaction. 

A current integrator measured the charge, Q, de- 
livered to the deuterium gas target. This integrator was 
checked against a Hanson long counter to insure that 
the number of neutrons produced per Q count was a 
constant. 


RESULTS 


Table I gives a summary of the data obtained with 
the observed gamma-ray energies listed for each ele- 
ment studied. No reliable energy measurements could 
be made below 500 kev because of the large background 
of small pulses due to neutron interactions in the Nal. 
From a group of separate measurements on the 0.85, 
1.20, and 1.73 Mev gamma rays from Fe, it appeared 
that the average deviation of a single energy measure- 
ment was about 2.5 percent for well resolved peaks. 
Although each gamma-ray energy reported here is an 
average of several independent determinations, the 
uncertainty reported is that of a single measurement 
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Fic. 1. Experimental arrangement of scintillation counter and 
scatterer for gamma-ray detection. 


3C. W. Johnstone, Nucleonics 11, No. 1, 36 (1953). 
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Taste I. Gamma rays produced by 4.5-Mev neutrons. 








Element Gamma-ray energies (Mev) 





B 2.20+-0.06 Mev 
Also weak indication at 700 kev 
: None 
F 1.34+0.03 Mev 
6.10+.0.15 Mev (charged particle reaction) 
0.84+-0.02 
1.02+-0.03 
2.27+40.06 
3.10+0.08 
0.85+-0.02 
1.20+0.03 
1.73+0.04 
2 30 ycnot clearly resolved) 
2.50 y 
3.5240.09 
0.92+0.02 (not inel. scat. ?) 
2.20+-0.06 
3.2340.08 
0.79+-0.02 
1.36 (not clearly resolved) 
2.70+0.07 








(2.5 percent) in order to include estimated systematic 
errors. 

Typical spectra are shown in Figs. 2-4. The observed 
gamma-ray spectrum in each case was found to be 
superimposed on an approximately exponential back- 
ground which is assumed to arise from neutron inter- 
action in the Nal. Since no correct background can be 
determined experimentally, an arbitrarily chosen back- 
ground was used in making peak-height measurements 
for spectrum analysis. The expected peak-height ratios 
for the pair, “escape-one,” and total absorption peaks 
for a given gamma ray were based on the observed 
spectrometer response to gamma rays of 2.76, 3.08, and 
6.13 Mev. 

Carbon 


Since it is known‘ that C” has no levels below 4.43 
Mev, this element was used as a scatterer to determine 
the nature of the spectrometer response to those 
direct neutrons and background gamma rays which 
penetrated the lead cone and those neutrons elastically 
scattered into the spectrometer. The carbon pulse- 
height spectrum gives a qualitative idea of the shape of 
the background to be expected for other elements. 
However, it cannot be used as a quantitative correction 
because of the unique scattering characteristics of each 
element. 

In addition to the annihilation peak at 0.51 Mev, 
small peaks were observed at 0.82, 1.05, 1.20, and 2.74 
Mev in the pulse-height spectrum for carbon. These 
probably arise from neutron interaction in the Nal 
spectrometer and should be present for all scatterers. 


Iron 


The pulse-height spectrum for Fe shown in Fig. 2 
exhibits very prominent photopeaks at 0.85, 1.20, and 


( 4 eae and T. Lauritsen, Revs. Modern Phys. 24, 321 
1952). 
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1.73 Mev followed by four peaks at higher energies, 
The 0.85- and 1.20-Mev peaks are not those observed 
with carbon since they have a characteristic photopeak 
shape and are much too intense. The result of sub- 
tracting an arbitrary background is shown in Fig. 3 
from which the following assignments are made. 

The 3.52-Mev peak is assigned as the total absorption 
peak for a 3.52-Mev gamma ray with its “escape- 
one” and pair peaks lying at 2.98 and 2.50 Mev re- 
spectively. However, the peak at 2.50 Mev is too in- 
tense to be only the pair peak for the 3.52-Mev gamma 
ray, so the excess intensity is assigned to the total ab- 
sorption peak of a 2.50-Mev gamma ray having its 
“escape-one” and pair peaks at 2.00 and 1.52 Mev 
respectively. Again the peak at 2.05 Mev is too large 
to be only the “escape-one” peak of the 2.50-Mev 
gamma ray, and the excess intensity is assigned as the 
total absorption peak of a 2.05-Mev gamma ray. Thus 
the small peak at about 1.05 Mev is the pair peak for 
the 2.05-Mev gamma ray and the 1.5-Mev peak is the 
“escape-one” peak of the 2.05-Mev gamma ray plus 
the pair peak for the 2.50-Mev gamma ray. Thus all 
of the peaks are accounted for by the gamma rays 
listed in Table I. 


Boron 


This element was studied in the form of B,C encased 
in paper. A single gamma ray of 2.20 Mev is clearly 
evident with this scatterer. Those peaks observed with 
carbon are present as well as a very weak peak at 700 
kev. This is probably not due to a ground-state transi- 
tion since 1.3-Mev neutrons from the T(p,m)He? re- 
action produced no evidence of this 700-kev peak. 
Because of’ its weak intensity this 700-kev peak is 
considered a questionable assignment. 


Fluorine 


A Teflon scatterer was used for this element and the 
observed pulse-height spectra are shown in Fig. 4. In 
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Fic. 2. Gamma-ray spectrum observed with an Fe scatterer. 
The dashed line shown is an arbitrarily chosen background from 
which relative peak-height measurements can be made. The in- 
tegrated beam current per point is shown for each curve. 
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addition to the annihilation peak, the small peaks at 
0.88 and 2.63 Mev are assigned as those observed with 
the carbon scatterer. A strong photopeak at 1.34 Mev 
is assigned to F. It is energetically impossible to pro- 
duce the 6.1-Mev gamma ray evident in Fig. 4 by the 
inelastic scattering of 4.5-Mev neutrons. This gamma 
ray is assigned to the F'8(n,a)N'® reaction which, by 
8 emission, leads to the 6.13-Mev level in O'*. 


Aluminum 


This was a complex spectrum which could be ac- 
counted for by an annihilation peak and gamma rays 
of 0.84, 1.02, 2.27, and 3.10 Mev. The peaks at 0.84 
and 1.02 Mev were assigned to Al despite the fact that 
peaks were observed with carbon at these energies. 
This assignment was made because these peaks found 
with Al were more intense and more more character- 
istically photopeak-shapéd than were those observed 
with carbon. 

Zirconium 


The analysis of the spectrum yielded gamma-ray 
' energies of 0.92, 2.20, and 3.23 Mev with the 920-kev 
gamma ray being the most intense. 


Lead 


' The spectrum for Pb shows an annihilation peak and 
| a peak at 0.79 Mev which, on the basis of intensity, can 
_ be distinguished from the 0.82-Mev peak observed with 
carbon. In addition to these, a poorly resolved peak at 
1.36 Mev and a group of three peaks due to a 2.70-Mev 
gamma ray are observed. The 2.70-Mev peak is not 
confused with the 2.74-Mev peak seen with carbon 
because it has characteristic ‘‘escape-one” and pair 
peaks associated with it while the carbon peak did not. 


DISCUSSION 


Some of the gamma rays in Table I agree well with 
previous work?:> done at lower neutron energies. No 
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Fic. 3. The gamma-ray spectrum for Fe after the background 
shown in Fig. 2 has been subtracted. The upper curve is the 


400 Q data and the lower curve is the 150 Q data. 


5R. B. Day, Phys. Rev. 89, 908 (1953); Garrett, Hereford, and 
Sloope, Phys. Rev. 92, 1507 (1953). 
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Fic. 4. Gamma-ray spectrum observed with a Teflon scatterer. 
The integrated beam current per point is shown for each curve. 
The inset shows the high-energy end of the spectrum taken with 
the amplifier gain reduced by a factor of two. 


evidence was found for the 1.4-Mev gamma ray previ- 
ously reported?:> for Fe. Using isotopically enriched 
scatterers, Sinclair® has shown that the 1.4-Mev gamma 
ray is from Fe and, in a normal sample of iron, is 
about four times less intense than the 1.20-Mev gamma 
ray for 4.4-Mev incident neutrons. Thus, for neutron 
energies above about 3.0 Mev it is likely that the 1.4- 
Mev gamma ray will be hidden in the Compton edge 
of the 1.73-Mev gamma ray. 

Because of neutron multiple scattering in the thick 
scatterers used and the possibility of cascade transi- 
tions, no estimates of cross sections could be made. 
For those cases where the scattered neutron energy 
spectrum has been observed, the fitting of these gamma- 
ray energies to the level scheme determined by the 
neutron data should give accurate values for the energy 
levels. Such is the case for Fe. Photographic plate 
measurements were made in this laboratory and are 
reported in the following paper where Fig. 5 shows the 
level scheme for Fe. Excellent agreement is found over 
the energy interval common to both experiments. No 
transition assignment is shown for the 3.52-Mev gamma 
ray since there are no correlating neutron data. The 
2.50-Mev gamma-ray transition is assigned on the 
basis of a Co®® decay scheme.’ If the 3.52-Mev gamma 
ray is due to a cascade transition through the 850-kev 
level, the excitation of a 4.37-Mev level by neutrons of 
4,53-Mev maximum energy would be required. Some 
gamma-ray yield data taken in this laboratory for the 
850-kev level in Fe indicate that this is not unreasonable. 

It must be emphasized that the gamma rays observed 
here are not necessarily from neutron inelastic scatter- 
ing. As a point of illustration, the 6.1-Mev gamma ray 
in F certainly is not produced by the inelastic scattering 


6 R. M. Sinclair (private communication). 
( 7 Sakai, Dick, Anderson, and Kurbatov, Phys. Rev. 95, 101 
1954). 
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of 4.5-Mev neutrons. The origin of this gamma ray was 
recognized only on the basis of energetics. It is entirely 
possible that other charged-particle reactions exist 
which lead to radiation of less than 4.5 Mev and these 
gamma rays would be confused with those due to inelas- 
tic scattering. 

Neither the y-y coincidence technique nor gamma-ray 
threshold measurements can rule out the possibility of 
a given gamma ray being produced by a charged- 
particle reaction. The n-y coincidence technique should 
determine if a given gamma ray is due to inelastic 
scattering but it will not give a unique assignment of the 
transition involved. Thus the necessity of observing the 
scattered neutron energy spectrum is clearly evident. 

Preliminary work in this laboratory has indicated 
that the 920-kev gamma ray in Zr is not due to neutron 
inelastic scattering. Threshold measurements for the 
production of this gamma ray indicate that if it were 
due to inelastic scattering it could come only from the 
excitation of a level at about 920 kev in Zr. However 
the photographic plate method and the method of 
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Eliot et al.® fail to reveal the presence of a neutron 
group corresponding to a level at 920 kev in Zr. Both 
methods however detect the 850-kev level in Fe. Since 
gamma-ray yield data taken here indicate that the 
cross sections for the production of the 920-kev gamma 
ray in Zr and the 850-kev gamma ray in Fe are ap- 
proximately equal, the neutron spectrum measure- 
ments should have revealed the 920-kev level in Zr if 
this were a case of inelastic scattering. Therefore it 
seems likely that the 920-kev gamma ray in Zr is due 
to an unidentified charged-particle reaction. Further 
work is being done on this problem. 

On this basis it seems evident that unless gamma-ray 
data such as reported here are correlated with direct 
neutron measurements there is no assurance that the 
observed gamma rays are from inelastic scattering only, 
nor can transitions be assigned uniquely. 

The author gratefully acknowledges many helpful 
discussions with Dr. W. S. Emmerich and the authors 


of the following paper. 


8 Eliot, Hicks, Beghian, and Halban, Phys. Rev. 94, 144 (1954). 
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R. L. HELLENS, Westinghouse Atomic Power Division, Pittsburgh, Pennsylvania 
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The results of photographic measurements of the neutron spectrum from the scattering at 90° of 4.4-Mev 
neutrons by iron have been combined with measurements of the energies of de-excitation gamma rays from 
the same process, as reported in the preceding paper, to give values for the energy levels excited in Fe5*. 
The (do/dQ)90° for the various processes have been estimated from the areas under the peaks in the histo- 
gram. The energy levels and corresponding (do/dQ)90° for Fe* are: elastic 0.076+0.02 barn/sterad; in- 
elastic 0.85+-0.02 Mev, 0.036+0.010 barn/sterad ; 2.050.036 Mev, 0.021--0.007 barn/sterad; 2.58-+0.054 
Mev, 0.012+-0.006 barn/sterad, 2.90 Mev. 0.020+-0.013 barn/sterad. Similar measurements on carbon re- 
sulted in a (do/dQ),0° for the elastic process of 0.061+-0.016 barn/sterad. 


INTRODUCTION 


MEASUREMENT of the neutron spectrum from 

the inelastic scattering of 4.4-Mev neutrons by 

Fe®® has been made by using the proton-recoil photo- 
graphic plate technique. Such a measurement should, 
in principle, provide a direct means of determining the 
energy levels in the Fe®® nucleus excited by the (n,n’) 
process and a measure of the cross sections for their 
production. However, because of the limitations of the 
photographic method, the results give only approxi- 
mate locations of the energy levels in Fe®*. The energies 
of the de-excitation gamma rays accompanying in- 
elastic scattering can be measured with greater accuracy 
* Assisted by the joint program of the Office of Naval Research 


and U. S. Atomic Energy Commission. 
+ Now at the University of Wisconsin. 


by using a Nal scintillation spectrometer, but the 
results do not indicate unique energy levels because of 
the existence of gamma-ray cascade processes. How- 
ever, with the approximate location of the energy levels 
in a given nucleus determined from the neutron spec- 
trum, it is likely that the gamma-ray cascade structure 
may be established and the levels accurately located 
by proper combination of the measured gamma-ray 
energies. The energies of the gamma rays associated 
with the inelastic scattering of 4.4-Mev neutrons by 
Fe®® are reported, among others, in the accompanying 
paper by G. L. Griffith. The gamma-ray energies thus 
measured are combined to give more accurate energy 
level values than are possible from the neutron data 
alone. 
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RIGHT ANGLE COLLIMATOR 


Stelson and Preston! measured the inelastic scatter- 
ing from Fe*® at 1.8-Mev neutron energy by the photo- 
graphic method and found a level at 0.850 Mev also 
reported here. Other investigators have photographi- 
cally studied inelastic neutron scattering at 14 Mev? 
and at 3.7 Mev.? Measurements of nonelastic cross 
sections for these processes have been reported using 
various types of subtractive processes. As there is very 
little information available on the neutron spectra from 
the inelastic process, no detailed comparison with the 
gamma-ray measurements has hitherto been possible. 


EXPERIMENTAL METHODS 


Neutrons at 4.4 Mev with an energy spread of 100 
kev were produced by bombarding a deuterium gas 
target with 1.3-Mev deuterons from the electrostatic 
generator, and the neutron yield from this source was 
determined by a “Hanson long counter” and calibrated 
Ra-Be source. To minimize room scattering of neutrons, 
all experiments were carried out in the center of a 
17 ftX15 ftX15 ft sheet aluminum shed attached to 
the electrostatic generator building. 

Standard proton-recoil photographic techniques® 
were used to measure the neutron spectrum from in- 
elastic scattering. An exposure geometry similar to 
that of Stelson and Preston? was first used to study the 
spectrum from Fe'®. The results from the measure- 

1P. H. Stelson and W. M. Preston, Phys. Rev. 86, 132 (1952). 

2 E. R. Graves and L. Rosen, Phys. Rev. 89, 343 (1953). B. G. 
Whitmore, Phys. Rev. 92, 654 (1953). 

3 C. E. Mandeville and C. P. Swann, Phys. Rev. 84, 214 (1951). 


‘Taylor, Lénsjo, and Bonner, Phys. Rev. 94, 807(A) (1954). 
5 L. Rosen, Nucleonics 11, No. 7 (1953). 


ments of plates so exposed were not inconsistent with 
those reported here but the details of possible group 
structure in the low-energy region were obscured by a 
high background condition. By making use of a larger 
source-scatterer angle, as shown in Fig. 1, the number 
of scattered neutrons at the photographic plate was 
increased with no apparent increase in background. 
The scatterer, in this exposure geometry, takes the 
form of a thin elliptical plate set at 45° to the neutron 
forward direction and the thickness of the scatterer 
plates was chosen to give approximately an equal 
number of scatterer atoms. The iron scatterer was 6.4 
mm thick and had an estimated multiple to single 
scattering ratio of about 12 percent. The carbon scat- 
terer, where no inelastic scattering was expected, was 
1.27 cm thick and had an estimated multiple to single 
elastic scattering ratio of 20 percent. 

Ilford C-2, 200-micron plates were exposed in this 
geometry and the resulting proton tracks were measured 
by a plate reading group at Brown University, Provi- 
dence, Rhode Island under the direction of Dr. Russell 
A. Peck, Jr. All tracks with n-p angles up to 15° and 
with equivalent neutron energies above 1 Mev were 
measured. The necessary angular corrections to the 
track length and calculation of the equivalent neutron 
energy were performed by an IBM computer. In order 
to be able to make a more realistic estimate of the 
errors in cross-section measurements derived from 
photographic data, a study was made of the variations 
in number of tracks accepted in similarly exposed 
plates by the various plate readers. At the energy of 
the elastic peak this variation was less than 20 percent 
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Fic. 2. Background. Results from exposure of plates in ge- 
ometry of Fig. 1 without scatterer. 80 microampere-hours of 
integrated current on deuterium target. Histogram obtained by 
scanning 139 mm? of emulsion. Background averaged as shown 
by line. 


but the variation increased with decreasing neutron 
energy to about 50 percent at 1.5 Mev. 

The results of these measurements are given in 
Figs. 2, 3, and 4 in the form of 50-kev interval histo- 
grams in which the unit of bar height has been corrected 
for the n-p cross section so that the histogram is pro- 
portional to the number of neutrons incident. 

‘ The background spectrum resulting from measure- 
ment of plates exposed in this geometry without the 
scatterer is given in the histogram of Fig. 2. This back- 
ground has been averaged as shown by the solid line 
and is normalized to the same neutron exposure and 
volume of emulsion scanned as the exposure with the 
scatterer in place. The normalized background is then 
subtracted to give the results due to the scatterer alone. 


RESULTS 


The first excited state in C” is known to be at 4.43 
Mey,* so that no inelastic scattering is expected at the 
bombarding energy used. The neutron spectrum from 
carbon shown in Fig. 3 is of interest largely as a test of 
the experimental method. The elastic peak appears at 
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Fic. 3. Carbon. Neutron spectrum from plates exposed to 
carbon scatterer. 80 wa-hr integrated current on deuterium target. 
Histogram obtained by scanning 91.8 mm! of emulsion. Averaged 
background of Fig. 2, normalized to same exposure and volume 
scanned, has been subtracted. Histogram corrected for (n-p) 
cross section. 730 tracks were measured from plates exposed to 
the scattering from carbon. 


( s 4) Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
1951). 
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Fic. 4. Iron. Neutron spectrum from plates exposed to iron 
scatterer. 45.6 ywa-hr integrated current on deuterium target. 
Histogram obtained by scanning 410 mm? of emulsion. Averaged 
background of Fig. 2, normalized to same exposure and volume 
of emulsion, has been subtracted. Histogram corrected for (n-p) 
cross section. 1869 tracks were measured from plates exposed to 
scattering from iron. 


3.7 Mev as expected from the 15 percent loss in neutron 
energy due to the momentum transfer in the neutron- 
carbon collision at 90°, and is broadened because of the 
geometrical conditions of the exposure. The slight 
asymmetry of the peak and the neutrons found just 
below 3.4 Mev are believed to be the result of multiple 
elastic scattering. The elastic differential cross section 
at 90° estimated from the area under the elastic peak 
is given in Table I. No gamma rays were found by 
G. L. Griffith from the inelastic scattering from carbon 
at 4.5 Mev. 

The neutron spectrum from iron is shown in Fig. 4. 
Because of the high relative abundance of Fe*® in 
normal iron (91.52 percent), it is assumed that these 
neutron groups are due to this isotope alone. The 
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Fic. 5. Energy levels in Fe®. 





SCATTERING OF 4.4-MEV NEUTRONS 


neutron energies in the spectrum, the corresponding 
level energies, and the differential cross sections at 90° 
are given in Table I. 

The errors in cross-section estimates are due mainly 
to uncertainties in the plate measurement process 
already discussed, and to an uncertainty of about 10 
percent in the number of hydrogen atoms in the scanned 
volume of emulsion. Other errors in neutron source 
strength, geometry, etc., are probably small in 
comparison. 

The total cross sections for the various processes 
may be approximated by assuming isotropic angular 
distribution for all inelastic processes and making use 
of measured’ elastic angular distributions at nearby 
neutron energies. The sum of the total cross sections 
of the detailed processes may be compared with the 
transmission cross section measured at 4.4 Mev. The 
total elastic cross section for carbon is found to be 
2.03+0.5 barns and may be compared with a measured 
transmission cross section of 1.8 barns.* The sum of the 
total elastic and inelastic cross sections for iron is 
4.4+1.2 barns while the transmission cross section as 

measured by Nereson and Darden’ is 3.7 barns. 


DISCUSSION 


With a knowledge of the approximate energies of the 
levels in Fe** from the neutron spectrum measurement, 
it is possible to fit the gamma-ray energies reported by 
Griffith into a consistent energy level scheme as shown 
in Table II. The assumption made by Elliott and 
Deutsch, Metzger and Todd," and Sakai ef al. from 
the study of the decay of Mn* and Co® to Fe®, that all 
strong gamma rays cascade through a level at 0.85 


TABLE I. Neutron scattering from carbon and iron, 
photographic results. 








Cross section 
experimental 
(do/d2) 9° 
barns/sterad 


Neutron Level 
energy energy 
Level Mev Mev 


Remarks 





Carbon 


0.0610.016 


Iron 
0.076-+-0.020 
0.036+0.010 
0.021+-0.007 
0.012+0.006 
0.020+0.013 


Elastic 


Elastic 

Inelastic 1 
Inelastic 2 
Inelastic 3 


Inelastic 4 doubtful 








™ The angular distribution of elastic scattering of 4.1-Mev neu- 
trons by iron and carbon has been measured by Walt and Beyster 
private communication). 

® Neutron Cross Sections, Atomic Energy Commission Report 
tye (U. S. Government Printing Office, Washington, 

°N. Nereson and S. Darden, Phys. Rev. 89, 775 (1952). 

L. G. Elliott and M Deutsch, Phys. Rev. 64, 321 (1943). 

FR. Metzger and W. B. Todd, Phys. Rev. 92, 904 (1953). 
uss Dick, Anderson, and Kurbatov, Phys. Rev. 95, 101 
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TaBLe II. Gamma rays from iron and the energy levels in Fe. 








Level energies in Fe**, Mev 


0.85+0.02 
2.05+0.036 
2.58+0.054 
2.90 

3.35 doubtful 
4.37 doubtful 


Gamma-ray energies, Mev 


0.85+-0.02 
1.20+0.03 
1.73+0.04 

2.05 {ioctution 
2.50 \doubtful 
3.52+0.09 











Mev, applies here and accounts for four of the gamma- 
ray energies observed. If the two remaining gamma rays 
at 2.50 and 3.52 Mev are also in cascade with the 0.85- 
Mev level, the energy levels involved are so high that 
the accompanying neutrons would not be observed in 
this experiment. The energy level scheme from Fe** by 
inelastic neutron scattering studies and the levels ob- 
served by the decay of Mn** and Co* to Fe®* are shown 
in Fig. 5. Although it is observed that the levels in 
Fe®® from Mn* are not the same as those from Co**, the 
inelastic process appears to excite all possible levels. 
The agreement is quite good for the low-energy levels 
but is doubtful for levels above 3 Mev. 

The present experimental cross section for elastic 
scattering may be compared to the theory of average 
cross sections developed by Feshbach, Porter, and 
Weisskopf." The calculation carried out with a po- 
tential of 

Vo(i+i¢) = —40(1+70.05) Mev, 


and a radius of 5.6X10—" cm gave a (do/dQ)s9° for the 
shape elastic scattering from Fe of 0.0904 barn as 
compared to the experimental elastic cross section of 
0.076+0.02 barn. The inelastic cross sections may be 
calculated according to Hauser and Feshbach." Pre- 
liminary attempts with transmission coefficients taken 
from Blatt and Weisskopf'® yielded values incompatible 
with the experiments. Calculations making use of 
transmission coefficients of the Feshbach, Porter, and 
Weisskopf model are being deferred until more experi- 
ence has been gained with the numerical constants Vo 
and ¢ from elastic scattering experiments. 
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Deuteron-helium elastic scattering cross sections have been measured from Ez=0.28 to 4.62 Mev. A reso- 
nance at Ez=1.070 Mev and '~35 kev was observed at 9 angles from 90° to 173.6° c.m. This resonance 
corresponds to the previously observed 2.187-Mev state of Li®. No scattering anomaly was observed at the 
deuteron energy corresponding to the known 3.58-Mev level of Li®. This negative result is consistent with 
an assignment of J=0+, T=1 to this state. A very broad scattering anomaly is observed from about 3 Mev 
to 4.62 Mev. Most of the cross section measurements are good to 3 percent or better in absolute magnitude. 





I. INTRODUCTION 


ITHIUM-6 is the simplest nucleus in which the 
coupling of two /-nucleons may be investi- 
gated. Previous experiments have indicated excited 
levels at 2.187 Mev! (J=3+, T=0)? and 3.58 Mev 
(J=0+, T=1).3 In order to obtain further information 
on the Li® levels, He*(d,d)He* differential cross sections 
have been measured from E;=0.28 to 4.62 Mev. This 
range of deuteron bombarding energies corresponds to 
a range of excitation in Li® of 1.66 to 4.55 Mev. 


II. EXPERIMENTAL ARRANGEMENTS 


An electrostatic generator was used to provide a beam 
of deuterons. The beam energy was both monochro- 
matized and measured to +0.05 percent by a 90° 
cylindrical electrostatic analyzer. After passing through 
this analyzer the beam was collimated to a half-angle of 
12 min by two 1.5-mm circulat apertures. It then 
entered a differentially pumped helium chamber in 
which the scattered deuterons were detected at variable 
angles by two proportional counters. The target thick- 
ness was always less than 3 kev. Except for minor 
changes, the scattering chamber and associated equip- 
ment have been described elsewhere in more detail.** 

Since the energy of back-scattered deuterons is only 
1/9 of the incident deuteron energy, observation of the 
back-scattered deuterons is difficult at low bombarding 
energies. The large scattering angles are, however, most 
important for detecting and interpreting nuclear scat- 
tering anomalies. After considerable effort the problem 
of quantitatively detecting the low-energy back-scat- 
tered deuterons was solved by using 1000-A nickel foils® 
to separate the chamber gas from the counter gas. The 
thin nickel foil was mounted on a cylindrical surface of 


* Work supported by the U. S. Atomic Energy Commission 
and the Wisconsin Alumni Research Foundation. 

tT Now at Oak Ridge National Laboratory, Oak Ridge, Ten- 
nessee. 

t Now at Duke University, Durham, North Carolina. 

1 Browne, Williamson, Craig, and Donahue, Phys. Rev. 83, 
179 (1951). 

? Lauritsen, Huus, and Nilsson, Phys. Rev. 92, 1501 (1953). 

3R. B. Day and R. L. Walker, Phys. Rev. 85, 582 (1952). 

4 Jackson, Galonsky, Eppling, Hill, Goldberg, and Cameron, 
Phys. Rev. 89, 365 (1953). 

5 J. R. Cameron, Phys. Rev. 90, 839 (1953). 

6S. Bashkin and G. Goldhaber, Rev. Sci. Instr. 22, 112 (1951). 


a 0.4-cm radius of curvature and the pressure differ- 
ential between counter and chamber always kept posi- 
tive. Under these circumstances foils would sometimes 
stand 2 cm Hg differential over an opening 1.50.35 cm’. 

Below Ea=1.2 Mev, data were taken with two 
counters simultaneously. One counter—used for the 
back angles—had a very thin (1000-A nickel) foil so 
as to pass the low energy, back scattered deuterons. 
The other counter—used for laboratory angles less than 
90°—had a thicker (5000-A nickel) foil to stop the 
recoil a particles. Above 1.2 Mev the counter gas was 
changed from propane to a 2 percent mixture of COs in 
argon in order to decrease the sensitivity of the counters 
to neutrons. Satisfactory pulse height distributions 
with A-CO> gas fillings were not achieved for the counter 
with the thick foil although the other counter behaved 
satisfactorily. Hence all of the data above 1.2 Mev 
were taken with one counter. Since there was not time 
to change foils frequently, and it was the back angle 
data that were chiefly desired, the counter foil was kept 
thin and the appearance of the recoil a particle group 
at laboratory angles less than 90° was unavoidable. 

Proper choice of observational angles can be of con- 
siderable help in the analysis and interpretation of the 
data. Thus when sin*®.1<1, the contribution to the 
cross section of deuterons that have undergone a spin 
reorientation in the scattering process is negligible. 
Also, since all Legendre polynomials have maximum 
amplitude at 180°, observation at the back angle is 
advantageous for detecting resonances. The largest 
angle permitted by the geometry of the scattering 
chamber corresponded to 173.6° in the c.m. system 
and therefore sin’.m,=0.0123. The other angles of 
observations were chosen to give c.m. angles near the 
zeros of various low-order Legendre polynomials. 


III. EXPERIMENTAL RESULTS 


The measured deuteron-helium differential cross sec- 
tions in the center-of-mass system are plotted in 
Figs. 1, 2, and 3 against the deuteron bombarding 
energy. For the closely spaced points in Fig. 1 the energy 
difference between neighboring points is 3 kev. Except 
for the large peak at 1.07 Mev in Fig. 1 where, for the 
sake of clarity, the experimental points have been 
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Fic. 1. The center-of-mass differential cross section for elastic scattering of deuterons by helium. All data 
for laboratory deuteron energies above 0.68 Mev are at 173.6°. The c.m. angles for the lower energy points are 
indicated. Dashed curves are Rutherford cross sections; solid curves below Ez=1 Mev are Rutherford plus /=0 
wave; solid lines connecting points of 1.07-Mev resonance are only for visual aid. Solid points at 131.2° include 
a charge loss correction; the open circles are the raw data. 


connected by solid lines, all curves—solid, dotted, 
dashed, and dot-dashed—in Figs. 1, 2, and 3 are curves 
corresponding to a phase-shift analysis which is dis- 
cussed in an accompanying paper.’ 

The cross sections were computed from the observed 
number of scattered deuterons, Y; the number of 
deuterons incident on the target, V; the number of 
target helium nuclei/cm*, ~; a geometry factor of the 
counter slit system, G*; and the laboratory and center- 
of-mass scattering angles, 61.) and 4¢.m, by means of the 
following relation: 


do Y sin’@,ap 
(=) = ——(sin®jap) | cosh.) 
dQ7 om, NG sin*@..m. 


The first angular factor expresses the variation of 
target thickness with angle and the second, the varia- 
tion with angle of the ratio of laboratory to center-of- 
mass solid-angle elements. To a first approximation G is 

7A. Galonsky and M. T. McEllistrem, following paper, Phys. 


Rev. 98, 590 (1955). 
we McGruer, and Findley, Phys. Rev. 90, 899 


independent of angle. However, the finite dimensions 
of the rectangular slits introduce a one percent variation 
in G over the angular range investigated. 

The deuteron bombarding energy corresponding to 
the previously reported 3.58-Mev excited state’ in Li® is 
3.15 Mev. Figure 1 shows no sign of a resonance at this 
energy. Conservation of angular momentum and con- 
servation of isobaric spin would each forbid a state of 
J=0+, T=1 from appearing in the deuteron-helium 
scattering. 


Iv. ACCURACY OF THE CROSS SECTIONS 


The accuracy of the cross sections is limited in most 
cases by the uncertainty in Y. The statistical uncer- 
tainty in Y was generally about 2 percent, although 
individual values varied from 0.2 percent at the reso- 
nance peaks to as much as 5 percent at resonance 
minima where the counting rate was low. 

Three discriminator-scalers were used for each pro- 


9 Breit, Thaxton, and Eisenbud, Phys. Rev. 55, 1036 (1939); 
H. R. Worthington, Ph.D. thesis, University of Wisconsin, 1952 
(unpublished) has specialized for rectangular slits the expression 
given by Breit, e¢ al. 
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Fic. 2. The Ez= 1.07-Mev resonance for various center-of-mass angles. The solid curves are from the phase shift analysis 
of the accompanying paper by Galonsky and McEllistrem and indicate that the level of Li® involved has even parity 


and J=3. é 

portional counter. In this manner information on the 
pulse height spread of the counter pulses was obtained 
continuously. The spread in pulse height generally 
caused less than 2 percent difference in the counting 
rates of two scalers triggered at 1/3 and 2/3 the average 
height of the group. Most of this difference usually 
disappeared after subtraction of background. The 
straggling of the a particle group (see Sec. II) is the 
major source of error in the data in Fig. 3 at the center- 
of-mass angles 90.1° and 109.9°. 


TABLE I. Summary of cross section uncertainties 
(total rms uncertainty in percent). 








(a) 

Energy (Mev) 
C.m. angle : j .07 1.2-3.1 3.1-3.8 3.8-4.62 
90° 
104.5° 
109.9° 
131.2° 
142.1° 
173.6° 





1.8 


(b) 
Energy (Mev) 
C.m. angle a i 88 3.17 3.31 


90° . . 4.6 
109.9° I A 1 











Background corrections were generally 1 percent and 
were always less than 4 percent except for the 4.32-Mev 
point at 90° where the background was 10 percent. 
A sufficient number of background counts was taken 
that the uncertainty in final cross sections from this 
cause was less than 1 percent, in most cases about 0.2 
percent. 

The target gas was U. S. Bureau of Mines Grade A 
Helium. Before entering the scattering chamber the 
helium was passed through a liquid-air trap. Gas 
samples from the chamber were analyzed on a Con- 
solidated-Nier model 21-201 mass spectrometer and 
found to contain less than 0.2 percent air. With the 
helium flow shut off direct pressure measurements with 
the oil manometer gave a residual pressure of 0.002 cm 
oil. Since the usual helium pressure was 10 cm oil, this 
corresponds to an air leakage contamination of 0.02 
percent. An identical result was obtained from a com- 
parison of the scattering yields of protons at 90° lab 
when the chamber was filled with air and then with 
hydrogen. As the deuteron-air cross sections are not 
known, no correction could be made for the small air 
impurity. An uncertainty in Y of 0.3 percent is assigned 
from this source. 

The uncertainties in m and G are quite small: 0.1 
percent and 0.2 percent respectively. 
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phase shift analysis of Galonsky 
and McEllistrem in which over- 
lapping 2+ and 1* resonances have 
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to higher energy correspond to ex- 
treme assumptions about the width 
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The scattering angles, 6.5, were measured to an 
accuracy of +0.05°. An error of 0.05° in 4), introduces 
a 0.4 percent error into do/dQ at the back angle, 
173.6° c.m., and smaller errors at the other angles. 

The uncertainty in NV due to the measurement of the 
deuteron charge collected is 1 percent. (The current 
integrator used for this measurement was not operated 
at its maximum accuracy, which is about 0.01 percent.) 
For energies below ~0.6 Mev there is additional un- 
certainty in V because of rather large corrections made 
for scattering and charge neutralization of the incident 
beam in the collector cup foil. 

Deuterons scattered in the foil by more than 17.5° 
miss the collector cup. The percentage of deuterons 
lost by single scattering in the foil (2500-A nickel) is 
0.12/(E;E;) percent, where E; and E; are the deuteron 
energies before entering and after leaving the foil. The 
percentage of deuterons lost through multiple scattering 
is less than 0.1 percent.” 

The data of Hall" were used to find the percentage of 
neutral deuterons in the collected beam. At low energies 
charge neutralization is a very strong function of the 
energy. Since the equilibrium ratio of neutral to charged 
deuterons is determined by Ey, the accuracy of the cor- 
rection made depends upon the uncertainty in the foil 
thickness. The manufacturer’s value, 2500-A, was used 
in the calculations, although some carbon buildup on 
the collector cup foil undoubtedly occurred. 

Corrections for scattering and charge neutralization 
have been applied to the 131.2° and 142.1° data in 
Fig. 1. Both the uncorrected (open circles) and cor- 

10 Calculated by graphical method of W. C. Dickinson and D. C. 


Dodder, Rev. Sci. Instr. 24, 428 (1953). 
1 Theodore Hall, Phys. Rev. 79, 504 (1950). 


. .. os 
E, -LAB (MEV) 


rected (solid circles) data for the lowest energies 
(131.2° data) have been plotted. 

As an over-all check on the accuracy of the deuteron- 
helium cross sections the proton-proton scattering cross 
section was measured at 54.94° lab, for a proton bom- 
barding energy of 2.433 Mev. For this measurement the 
current integrator was operated at 0.2 percent accuracy. 
The cross section obtained is 0.7 percent less than the 
value obtained by Worthington, McGruer, and Findley.® 
The estimated rms uncertainty in our value is 0.5 
percent; in that of Worthington ef al., 0.2 percent. 

Representative values of the rms percentage uncer- 
tainties in the cross sections are summarized in Tables 
I(a) and I(b). The five blank positions in Table I(b) 
correspond to energies and angles where the recoil 
alpha particles had sufficient energy to penetrate the 
counter foil but were still so low in energy that their 
straggling made it impossible to count the deuteron 
pulses. The cross sections plotted for these five points in 
Fig. 3 were obtained by interpolation with higher angles 
where the recoil alphas could not enter the counter and 
lower angles where they entered as a clean group. 


TABLE II. Energies for peak cross sections on 1.07-Mev resonance. 








0 E (peak), Mev 


1.084--0.001 
1.066-0.002 
1.071+0.002 
1.070-+-0.002 
1.074+0.002 
1.076-0.003 
1.074+0.002 
1.0730.001 
1.073+0.001 





(dip) 











590 GALONSKY, DOUGLAS, HAEBERLI, McELLISTREM, AND RICHARDS 


The uncertainties in the cross sections over the 1.07 


Because of interference effects, the deuteron energy As 
Mev resonance at 125.2°, 131.2°, 140.7°, 149.5°, and _ for the peak yield should be different at different angles. for 
167.7° have not been included in Table I(a) because of In fact the variation is a sensitive test for the phase cal 
a possible systematic error in these data. These data shift analysis of the accompanying paper.’ Table II ph 
were taken with a 1000-A counter foil whose copper lists for the 1.07-Mev resonance the energies for the lev 
backing had not been completely and uniformly re- peak cross sections at various angles. (At 90° where no “ 
moved. No other data were taken with this foil. Com- peak occurs the energy of the dip is given.) wh 
parison data at 109.9° taken with a completely copper- the 
stripped foil indicated that 9 percent of the foil area V. COMPARISON WITH OTHER CROSS-SECTION thi 
was opaque to the scattered deuterons. This correction MEASUREMENTS me 
has been applied to the data at the five angles and the In a recent experiment performed by Lauritsen, an, 
energies mentioned above. It is possible that these Huus, and Nilsson? the deuteron-helium differential the 
corrections should be more than 9 percent because the cross sections were measured to 10-20 percent accuracy act 
scattered deuteron energies are lower at these angles at 90°, 120°, and 156° c.m. from Ez=1.0 to 1.2 Mev. 
than at 109.9° and less copper is required to stop the Their 90° data agree with ours to within their experi- cot 
deuterons. The deuteron energies at which the reso- mental errors. Plots of the cross sections as functions of the 
nance peaks occur are not affected by this error. angle show a similar agreement for their 120° and fac 
The cylindrical analyzer was calibrated in terms of 156° data. pal 
the Li’(p,m)Be’ threshold (assumed equal to 1.8816 The solid points in Fig. 3 are interpolated from the dat 
Mev+0.05 percent!”). Corrections were applied for the data of Blair et al." They are in agreement with the lig 
loss of energy in the helium between the cylindrical open points, which were obtained in the present experi- 
analyzer and the center of the scattering chamber, for ment. The uncertainties in Blair’s data are about 3 I 
beam-induced current on the analyzer plates, and for percent. ] 
the relativistic mass increase. On the 1.07-Mev reso- An interpretation of these cross sections in terms of spe 
nance the total correction varied from 3 to 6 kev. parameters of the energy states of Li® is given in an by 
2 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 ae aal . 
(1952), bottom of p. 334. 13 Blair, Freier, Lampi, and Sleator, Phys. Rev. 75, 1678 (1949). dif 
3k 
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Energy Levels of Li® from the Deuteron-Helium Differential Cross Sections* io 
A. Gatonskyt AND M. T. McELLisTrREM fer 
University of Wisconsin, Madison, Wisconsin D« 
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lon 
The deuteron-helium differential cross sections presented in the preceding paper have been analyzed in I 
terms of a dispersion formalism to classify energy levels of Li’. A level at E,=2.185 Mev is confirmed to be (Ay 
a single particle, 3+, T=0 level. The broad anomaly extending from 3 Mev to the limit of observation, 4.62 
Mev, cannot be analyzed in terms of a single level. Instead, it has been fitted with two single-particle levels, a Be 
2+ level at E,=4.53 Mev in Li and a 1* level at 5.40.5 Mev. The 1+ level cannot be located more ac- lL-v: 
curately because only the tail is visible at the bombarding energies available. All of the other two-level for 
combinations have been ruled out. The assignments, (3+, 2+, 1+), and locations of the levels cor 
agree with an intermediate coupling model which is close to the L—S extreme. In the neighborhood ; 
of and above the 3* resonance the usual hard-sphere phase shifts, which are always negative, cannot be used mn, 
for the P-wave. This result may indicate odd-parity states above the presently investigated energy region. ; 
For the other partial waves, hard-sphere phase shifts corresponding to radii anywhere from 3 to 5X10~* gre 
cm were satisfactory, provided the reduced width of the ground state of Li® was simultaneously varied from wh 
the Wigner limit to very small values. ren 
I, INTRODUCTION part-way by fitting the cross sections with a small 4 
HE differential cross sections presented in the number of parameters. These parameters should then 
preceding paper are empirical facts of the deu- be significant numbers to be derived by any specific 
teron-helium system for which a nuclear theory must nuclear theory. Reaction cross sections can always be : 
account. It is, however, possible to meet the theory described in terms of parameters of quasi-stationary inv 
sat ea rc states of the compound nucleus, such as angular mo- ant 
in a rte gah: Soe tag anes ve taal Commission and menta, parities, resonance energies, and level widths.!” tad 
t Now at Oak Ridge National Laboratory, Oak Ridge, 1E. P. Wigner and L. Eisenbud, Phys. Rev. 72, 29 (1947). cier 


Tennessee. 


2 T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952) 





ENERGY LEVELS OF Li® 


As the total number of levels is infinite, the dispersion 
formalism is of practical use only if the cross section 
can be represented in terms of a few neighboring levels 
plus a slowly varying contribution from all distant 
levels. This latter contribution can be represented by 
an additional parameter, the interaction distance, 
which must be approximately the sum of the radii of 
the interacting particles. The dispersion formalism in 
this “one-level” approximation and as applied to 
measured cross sections gives definite values for the 
angular momenta, parities, and resonance energies of 
the compound states; the reduced widths and inter- 
action distances are less uniquely determined. 

In Li® one may expect to find ten states just from the 
coupling of the two p-shell nucleons. The coupling of 
these nucleons might be expected to be a dominant 
factor for some of the first few states, since the alpha- 
particle core has no low-lying excited states. The present 
data will be shown to support this view and to shed 
light on the nature of the coupling at low excitation. 


II. KINEMATICS OF THE SCATTERING PROCESS 


In Appendix I, the general partial wave expansion is 
specialized for the case of elastic scattering of spin-one 
by spin-zero particles. 

The result of the expansion in Appendix I is that the 
differential cross section is of the form 


do 
sD] A || Bl sin 1C*+|]"}+sin |Z, 


where k=yv/h and 6 is the c.m. scattering angle. A and 
B arise from scatterings with no change of spin mag- 
netic quantum number, m,, and therefore involve inter- 
ference with Rutherford scattering amplitudes; C and 
D come from m, changing by +1 and £ corresponds to 
m, changing by +2. Hence no interference with Cou- 
lomb scattering is included in terms of C, D, and E. 

Most of the complexity of the resulting formula 
(Appendix I) is due to the “large” channel spin S. 
Because S=1 it is possible to excite a given J by two 
l-values and still conserve parity. On a 3+ resonance, 
for example, there are four possible situations: D-waves 
coming in and going out ; G-waves in and out; D-waves 
in, G-waves out; and G-waves in, D-waves out. 

The sin@ factors multiplying C, D, and E provide a 
great simplification for scattering angles near 180° 
where sind > 0. This result is made plausible if it is 
remembered that I is perpendicular to the beam axis 
for a particle either ingoing or outgoing along that axis. 
Thus, for 180° scattering, m,=0 and m,=my. 


III. SINGLE-LEVEL APPROXIMATION 


The quantities A, B, C, D, and E (see Appendix I) 
involve vector sums of Coulomb amplitude and/or 
amplitudes from all partial waves. The Coulomb ampli- 
tudes and angles are, of course, well known; all coeffi- 
cients of the partial wave amplitudes are also well 
known (e.g., Legendre polynomials and derivatives) 
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except for the elements Uj’ of the collision matrix. 
All the nuclear physics is buried in the collision matrix. 
The measured cross sections must, therefore, be used to 
determine the Uj’, or what is equivalent, the phase 
shifts of the various partial waves. This phase shift 
analysis may be done empirically with the aid of 
modern computing machines. For example, Haeberli 
and Galonsky have used the method of Fermi and 
Metropolis* to analyze some proton-neon cross-section 
data.4 The computing machine available, an IBM-CPC 
Model I, was so slow and the scattering formula of 
Appendix I so complicated that the method was 
abandoned for the deuteron-helium work. Instead, the 
simplifications that arise from the dispersion formalism 
were put in from the start of the analysis. 

According to the single-level approximation! the 
elements, U7, of the collision matrix are®.®: 


U,,1'=exp[2i(¢.+6")], (J=) 
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U; ra ( 
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Lert! ]— [gizetl+2 | for J=/+1 


—1,2 
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a 
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jee 
and tan@;= — (F/G). 


3 Fermi, Metropolis, and Alei, Phys. Rev. 95, 1581 (1954). 

4 Haeberli, Douglas, Galonsky, and Goldberg, Phys. Rev. 91, 
438(A) (1953). 

5R. G. Sachs, Nuclear Theory (Addison-Wesley Press, Cam- 
bridge, 1953), pp. 300 ff. 

6 It is assumed that elastic scattering is the only reaction occur- 
ring so that the total width, Ty, is the elastic scattering width. 
Capture with the subsequent emission of a y ray is always ener- 
getically possible, but the electromagnetic interaction is so much 
weaker than the nuclear interaction that this process can well be 
neglected. The binding energy of the deuteron is such that the 
He‘(d,pn)He! reaction is possible for deuteron bombarding en- 
ergies above 3.346 Mev. The cross section is expected to be low 
near threshold. J. C. Allred e¢ al., Phys. Rev. 82, 786 (1951) find 
the total cross section at 10.3 Mev to be 30 percent of the elastic 
cross section. In the present experiment the reaction would not 
have been observed because of the low proton energies possible in 
the energy range investigated. At 4.2-Mev deuteron energy the 
maximum proton energy is only 0.12 Mev at 90° Lab. 
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The parameters Ej, y,,7, and a are to be determined 
by fitting the experimental cross sections. E, is the 
characteristic energy of the state X, of the compound 
nucleus, Li® in this case. Because the value of E) de- 
pends both upon a somewhat arbitrary boundary con- 
dition, and upon the interaction distance a, Ep is taken 
as the more significant parameter. 

yf is the reduced width of X, leading to the decay 
of the Li® state into a deuteron and an a particle with 
relative orbital angular momentum, /. [',,;, which is 
proportional to the probability for this decay, is the 
product of the purely nuclear probability, y,, 7, with 
an inhibiting Coulomb and centrifugal barrier factor, 
1/A?,’ and a momentum factor, k. Clearly it is y.,7 
rather than I’,,; which is the more fundamental quan- 
tity for nuclear theory. A consequence of the single- 
level approximation is that the net effect on the cross 
section of the infinitude of distant levels can be repre- 
sented in the collision matrix as a slowly varying phase 
shift, ¢:, which shall hereafter be referred to as a 
“potential” phase shift to distinguish it from the BY", 
the resonant phase shifts. Although the “potential” 
phase shifts, ¢;, actually express the effect of the other 
(distant) levels, they cannot be considered as simply 
the algebraic sum of the very many and very small 
resonant phase shifts of these levels. Such a sum could 
give only positive phase shifts whereas the approxima- 
tion listed for ¢; (i-e., tan¢:= — (F/Gi)_) always gives 
a negative phase shift and is mathematically equivalent 
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Fic. 1. Deuteron-helium scattering data over 1.07-Mev reso- 
nance at 173.6° (c.m.). Curves (dotted, dashed and dot-dashed) 
are theoretical fits to the data for different assumed distances a. 
For a=3.5X10—* cm sufficient ground state resonant S-wave was 
added to the hard-sphere S-wave to make the resultant S-vector 
equal to that for hard-sphere alone with a=5.0X10-" cm. 


7A?=F2+G, where F; and G; are the unbound regular and 
irregular solutions of the Schrédinger equation. A7*, g:, and ¢; may 
be calculated with the aid of Coulomb wave-function tables: 
I. Bloch e¢ al., Revs. Modern Phys. 23, 147 (1951) and Tables of 
Coulomb Wave Functions, National Bureau of Standards Applied 
Mathematics Series (17) (U. S. Government Printing Office, 
Washington, 1952). 
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to the phase shifts for scattering by a hard sphere of 
radius, a.8 Teichman and Wigner® have pointed out 
that @ may vary as a function of / and energy as a 
consequence of considering specifically only a finite 
number of the levels of the system. As the number of 
neighboring levels which are specifically considered is 
increased one might hope that a fixed a might be a good 
approximation over quite an energy range. This pro- 
cedure, which has had rather considerable success in 
other charged particle experiments,’ is also used in this 
analysis. 

F,, Gi, and the quantities derived from them also de- 
pend on a. The values of »,7? extracted from the data 
can be quite sensitive to the choice of a through the 
strong dependence of A? on a for high /-values and/or 
low energies. 


IV. QUALITATIVE AIDS TO LEVEL CLASSIFICATION 


Parity assignments may sometimes be made un- 
ambiguously simply from the qualitative behavior of a 
scattering anomaly. 

For example, at energies below Eg by several 
times the level width, one can assume that the scat- 
tering results only from the “potential” phase shifts 
and Rutherford scattering.” Hence U;,;'=U;,;'"=U), 
Ui 1-251 =Ui1, y2''=0, and 


2] |°+|B 9} 
dQ 3k 


1 (U,-—1)|? 
=—|R+¥ (21-41) Pree —— 
RP? i 24 


which is a smoothly varying function of energy. As we 
approach the energy region affected by the resonance, 
this formula is no longer adequate, and we must return 
to formula (2) of the Appendix. If the angle of observa- 
tion is 90° in the c.m. system and a resonance involving 
odd / occurs, then A and B will continue to vary 
smoothly over the resonance just as if the resonance 


8 Nowhere in the single-level dispersion formalism is an actual 
hard sphere potential presumed to exist. However, one can under- 
stand why the effect of the distant levels is equivalent to a hard 
sphere potential by the following considerations. A set of internal 
wave functions, X, associated with the states of the compound 
nucleus is a complete set. (Reference 5, p. 291.) At the energy of 
the isolated resonance the wave function of the reacting particles 
(in this case the alpha+-deuteron wave function) matches at the 
nuclear surface the X) (or linear combination of X}’s) associated 
with the resonant state. This particular X) is orthogonal to all of 
the others because of the completeness. The deuteron+-alpha 
function is also orthogonal to them because it matches that par- 
ticular X,. If all the states were distant, the deuteron+-alpha 
function would be orthogonal to all of the internal functions and 
would, therefore, vanish at the surface. The same vanishing is 
produced by a hard sphere potential. 

® »+He—C. L. Critchfield and D. C. Dodder, Phys. Rev. 76, 
602 (1949); +C2—H. L. Jackson and A. I. Galonsky, Phys. 
Rev. 89, 370 (1953); a+C2—R. W. Hill, Phys. Rev. 90, 845 
(1953), and J. Bittner and R. D. Moffat, Phys. Rev. 96, 374 
(1954); a+0%—J. R. Cameron, Phys. Rev. 90, 839 (1953); and 
a+Ne—E. Goldberg e? al., Phys. Rev. 93, 799 (1954). 

10 The argument to be presented will still hold if tails of other 
levels involving only even /’s are included. 
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Fic. 2. Deuteron-helium scattering data over 1.07-Mev reso- 
nance at 90° (c.m.). Curves (dotted, dashed and dot-dashed) are 
theoretical fits to the data for different assumed interaction dis- 
tances a. For a2=3.5X10-" cm sufficient ground-state resonant 
S-wave was added to the hard-sphere S-wave to make the re- 
sultant S-vector equal to that for hard-sphere alone with 
a=5.0X10-* cm. : 


had not been present because P;=0 at 90° for all odd /. 
While P’”’ also vanishes at 90° for all odd J, P;’ does 
not. Thus, |C|? and | D|? will not be zero and hence will 
contribute to the cross section on the resonance. But 
their contribution cannot interfere with the smooth 
contribution of |A|? and |B|?—they can only add to 
the cross section. Hence, a dip (interference) in the 
90° cross section means the resonance involves even /.!! 
Similar qualitative assignments can be extended to 
behavior at other angles for which various P; vanish. 
The Wigner limit on reduced widths, yy, ?S$h?/uya, 
likewise limits the / values which have to be considered 
since the penetrability, 1/A?, decreases monotonically 
with increasing /. Hence, for a given observed width, 
there exists a highest / consistent with the Wigner limit. 


V. ANALYSIS OF THE DEUTERON-HELIUM 
CROSS SECTIONS 

Although there is no a priori reason to assume the 
collision matrix is diagonal in /,” it was possible to fit 
the deuteron-helium cross sections by using only one 
| !-value for each resonance. In this case U;” = exp(2%6,”), 

where 6;,7=¢,+87", and a simpler version™ of Eq. (2) 
could be used for most of the calculations. The graphical 
method of analysis'*-5 in which the U;’ are treated as 
vectors and circles in the complex plane has been used 
here. 

A. 1.07-Mev Resonance 


The open circles in Figs. 1 and 2 are experimental 
points taken from the preceding paper. The pronounced 
dip at 90° establishes the parity of the 1.07-Mev 
resonance as even. (See Sec. IV.) For a=6.2X 10-8 cm, 


1 Not all even / resonances, however, have dips at 90°. 

2 When there is a large decrease in penetrability from / to /+2, 
the importance of the corresponding nondiagonal term will, of 
course, be greatly reduced. 

8 Lauritsen, Huus, and Nilsson, Phys. Rev. 92, 1501 (1953). 

“R. A. Laubenstein and M. J. W. Laubenstein, Phys. Rev. 
84, 18 (1951). 

15H. L. Jackson and A. Galonsky, Phys. Rev. 84, 410 (1951). 
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which is a generous estimate for the sum of the con- 
ventional deuteron and a-particle radii, the maximum 
width consistent with the Wigner Jimit for an /=4 
resonance at 1.07 Mev is less than 1 kev, whereas the 
observed width is 35 kev. For smaller values of a the 
maximum width for /=4 is even less than 1 kev. Hence, 
the resonance must involve /-values less than 4. Be- 
cause of the even parity only /=0 and /=2 need be 
considered. 

The 1+ circles for /=0, /=2, or any combination of 0 
and 2 are much too small to produce the large peak 
observed at the back angle, 173.6°. The same is true 
for 2+. In addition, a 2+ resonance would produce a 
peak rather than a dip at 90°. The only remaining 
possible assignment is 3*. 

The back angle (173.6° c.m.) and 90° (c.m.) are the 
most convenient angles for extracting phase shifts be- 
cause sin?@ is small (0.0123) at 173.6° and because at 
90° P:;= P//'=0 for odd / and P;/=0 for even 1. 

Since D and higher angular momentum potential 
phase shifts are negligible, since there is no P-wave 
scattering at 90°, and since the level is certainly 3+, 
the 90° data can be used to uniquely fix the S-wave 
phase shift and the resonance parameters 7,” and £). 
When the S-wave phase shift and resonance parameters 
are fixed, then the back-angle data can be used to deter- 
mine the P-wave phase shifts. The fit at intermediate 
angles (Fig. 2 of preceding paper) serves as a check on 
the total phase shift analysis. 

When the above procedure was followed, the re- 
quired P-wave phase shift had to be near zero or slightly 
positive in the neighborhood of the 1.07-Mev resonance. 
From Fig. 3 we see that P-wave hard-sphere phase 
shifts are negative and in magnitude from 2° to 10° for 
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Fic. 3. S, P, and D hard-sphere phase shifts for different inter- 
action distances a. Also, the P phase shift (dashed curve) used in 
the calculations of final theoretical fit to deuteron-helium scatter- 
ing data. 
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Fic. 4. The resonant phase shifts used in the final calculations 
of the theoretical fit to the data. ‘‘y* small” and ‘‘y* large’ corre- 


spond to extreme assumptions for the size of the reduced width 
of the 1* level. 


reasonable interaction radii (3 to 6X10-" cm). It is, 
therefore, apparent!® that the P-wave phase shift finally 
employed does not correspond to hard sphere scattering. 

Corroborative evidence on the P-wave phase shift 
comes from a consideration of the ordering of the peak 
resonance cross section with angle. Since the 3+ reso- 
nance is a D-resonance and P2(cos125.2°)=0, there is 
no interference between resonant and non-resonant 
scattering at 125.2°. Hence, the energy of the peak in 
the 125.2° data is the resonant energy, Er, where 
B=90°. As the back angle peak occurs at slightly 
higher energy (3+2 kev) than does the 125.2° peak 
(see Table II, preceding paper), 823 must be >90° at 
the back angle peak. With a negative P-wave phase 
shift, however, this peak would occur for B.?<90°. 
Thus the ordering with angle of the peak cross section 
actually requires a small positive P-wave phase shift; 
however, to simplify the calculations a zero P-wave 
was used. The significance of the anomalous P-wave 
phase shift will be discussed later. 

The S-wave phase shift extracted from the 90° data 
does correspond to a hard sphere potential of radius 
approximately 5X10- cm. However, the same re- 
sultant S-wave phase shift can be produced by a com- 
bination of the S-wave tail from the bound" (ground) 


16 4—2° P-wave phase shift causes a 30 percent discrepancy in 
cross section at the back angle on the high side of the 1.07-Mev 
resonance. (See dot-dashed curve of Fig. 1.) 

7 The phase shifts resulting from a bound state are determined 
from the usual resonance formula once the constants 7)? and Ey 
are fixed. [A useful approximate formula for g; for negative en- 
ergies is given by R. G. Thomas, Phys. Rev. 88, 1109 (1952). ] 
The known binding energy of Li® against deuteron+e-particle 
breakup, 1.477 Mev, provides one condition on these constants. 
The second condition was obtained by requiring that the ground- 
state phase shift at 1.07 Mev be just right to make up the differ- 
ence between the hard-sphere S-wave phase shift and that needed 
to fit the 90° data. When a=3.5X10-" cm, the parameters re- 


state of Li® and a smaller hard sphere radius. The 
ground state of Li® is known to be 1+. The very small 
quadrupole moment'® of Li® and the value of the mag- 
netic moment of Li® suggest" that the ground state is 
almost pure S state. 

A lower limit of ~3X10-" cm for the hard-sphere 
radius results from assuming a reduced width equal to 
the Wigner limit for the ground state of Li®. Conversely, 
a very small reduced width of the ground state of Li® 
requires the large 5X 10-* cm hard-sphere radius. 

Figure 2 illustrates this latitude in variation of the 
hard-sphere radius for which it is possible to com- 
pensate by adjusting the ground-state reduced width. 
It will be noted that the interaction distance @ cannot 
be chosen appreciably larger than 5X 10—* cm nor less 
than ~3X10-" cm.” Figure 1 shows the similar situa- 
tion at the back angle where P-wave potential phases 
should also contribute. The 30 percent or more dis- 
crepancy for Ez>1.1 Mev should be noted when hard- 
sphere P-wave phase shifts are employed. However, the 
excellent fit shown by the solid curves in Fig. 2, pre- 
ceding paper, can be obtained at all angles if the P-wave 
phase shift is made zero or slightly positive. These 
curves were calculated for the resonant phase shifts 
shown in Fig. 4. The hard-sphere potential phase shifts, 
(Fig. 3) corresponding to a=3.5X10— cm were used 
except for the P-wave which was zero. 


B. High-Energy Anomaly 


The high-energy anomaly (Fig. 3, preceding paper) 
has a slight minimum around 4 Mev at 90°. The dashed 
curve in the figure was calculated from Rutherford and 
hard-sphere scattering and the tails of the ground and 
3+ states with a=3.5X10-* cm, but no other level was 
assumed. It is seen that the effect of the level is to 
reduce the cross section from what it would have been 
in the absence of that level. This interference at 90° 
again can occur only for an even parity level. 

Although the width (as measured from the back 
angle data) is much greater than that of the 1.07-Mev 
resonance, the energy, and thus the penetration are 
also much greater. The net result is that again the 
resonance must involve /-values less than 4, and be- 
cause of the parity only /=0 and /=2 need be con- 
sidered. In terms of J and parity, the possible choices 
are 1+, 2+, and 3+. 

However, the 1* circles are much too small to pro- 


sulting from these two conditions are y,)?=6.85X10—% Mev-cm 
(c.m.) and E,=—5.62 Mev (lab). The energy dependence of the 
ground state phase shift, Bo!, calculated with the above param- 
eters, is illustrated in Fig. 4. 

18 N. A. Schuster and G. E. Pake, Phys. Rev. 81, 157 (1951). 

19 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(J. Wiley and Sons, New York, 1952), p. 251, Table 5.1. 

Tt is also interesting that the lower permissible interaction 
radius (3X10-% cm) corresponds very closely to the sum of the 
directly measured radii of the deuteron (1.50.2 107 cm) and 
the alpha particle (1.4--0.2X10-" cm). The measurements are 
by McIntyre and Hofstadter and by Hofstadter, McAllister, and 
Wiener, Phys. Rev. 96, 854(A) (1954). 
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duce the observed back-angle peak cross section at 
4.62 Mev. 

The 2+ and 3+ circles are big enough for the back- 
angle peak if some flexibility is given to the choice of 
P-wave. Since the P-wave does not enter at 90°, this 
is an excellent testing angle for 2+ and 3+. The dotted 
and dot-dashed curves (Fig. 3, preceding paper), how- 
ever, show that neither 2+ nor 3+ will fit the data. It 
must be concluded that no single level can account for 
these cross sections. _ 

In the absence of higher energy data one would 
not conclude from Jooking at the cross-section curves 
that there is more than one level present. However, if 
further attempts are to be made to fit the data, the next 
simplest assumption is that two levels are involved. At 
least one level must be broad and, therefore, excited 
by /S$2. The other level cannot be very sharp because 
it would then have been seen as a separate resonance. 
The single-level possibilities considered above gave a 
poor fit to the data over an energy range of at least 0.5 
Mev. Thus any additional level brought in must be 
capable of influencing the cross section over at least 
0.5 Mev extent. As the width of an /=3 resonance at 4 
Mev must be less than 100 kev, there is certainly no 
loss of generality in requiring that /<4 for both 
resonances. 

With this restriction there are 36 possible two-level 
combinations. Most of them can be ruled out very 
easily. The 36 combinations are presented in the array 
in Fig. 5. Each row and each column are labelled with a 
J and parity. The box in the 3+ row and 2* column has 
the statement ‘too high at back angle.” This means 
that the combination (3+, 2+) produces much too high 
a cross section at the back angle. The other state- 
ments have similar meanings. The 14 combinations of 
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Fic. 5. Array of 36 two-level combinations possible for the 
high-energy anomaly (/<4 for excitation of both levels) with 
arguments against 34 of them. The combination (3+, 1+) was 
eliminated by detailed calculation. Only (2*, 1+) fitted the data. 
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Fic. 6. Calculated cross sections at 90° (c.m.) for the possible 
combination (3+, 1-) for the high-energy anomaly. (5:7 =8;7+¢1.) 
Curves are calculated for a given 6;! as a function of 62%. Cross- 
hatched area corresponds to range of cross sections allowed by 
experimental measurement plus limits of errors at 4.0 Mev. Inset 
is a similar set of calculated curves and measurement range for 
4.62 Mev at 173.6° (c.m.). 


two odd parity levels are all ruled out by the same 
reason—that they cannot produce a dip at 90°. The 
word “Single” appears in the diagonal elements of the 
array where the two levels have the same J and parity. 
These combinations are forbidden for the same reason 
as a single level of the same J and parity, i.e., the maxi- 
mum contribution for a given partial wave occurs for a 
given phase shift, 5,’, independent of whether that 
phase shift is produced by one or a dozen levels. In 
the case of m levels of the same J and parity the reso- 
nant phase shifts merely traverse all phase angles 
times. Of the other statements only that for 3+ with 
0-, 1-, and 2- requires explanation. For illustration 
(3+, 1-) will be discussed in some detail. The arguments 
against (3+, 0-) and (3+, 2-) are similar. 

Each curve in Fig. 6 gives the calculated cross section 
at 90°, 4 Mev as a function of the 3* phase shift, 6:°, 
for a particular value of the 1~ phase shift, 6’. The 
experimental cross section is 0.050 barn/sterad, with 
an uncertainty indicated by the cross-hatching. The 
insert gives the same information for the back angle 
at 4.62 Mev. The insert also shows that 6;!<20° at 
4.62 Mev, with 6,3~80°. These phase shifts must be 
smaller at 4 Mev, but it will be assumed that the 1- 
resonance is so broad that 6,! is constant at 20° all the 
way from 4 to 4.62 Mev. Although this is certainly 
impossible and even weakens the argument, it does 
make it easier to follow. For small 6,' to fit the 90° 
cross section, 5:3 must be ~30° at 4 Mev. The Ruther- 
ford and “potential” vectors change so little from 4 to 
4.3 Mev that except for the change in the factor (1/k?), 
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the calculated curves for 4.3 Mev at 90° are essentially 
the same as those in Fig. 6 for 4 Mev at 90°. The change 
in (1/k*) shifts the curves down by 7} percent. Hence, 
if the extreme value of 6;'=20° is assumed then 6,° 
must vary from 30° at 4 Mev to 80° at 4.62 Mev, and 
the 90° cross section then follows the 6,'=20° curve 
from 4 Mev (62=30°) to 4.62 Mev (6.2=80°). Such 
phase shifts imply a deep minimum in the 90° cross 
section beyond 4 Mev, whereas the data (Fig. 3, pre- 
ceding paper) indicate a slight rise. Thus at 4.3 Mev 
5.2 would be ~60° and hence da/d2(90°) =0.030—73 
percent, which is only half the experimental value. A 
more realistic choice of phase shifts would have made 
this discrepancy even greater. Thus, while 3+ and 1- 
phase shifts can be chosen to fit the 90° data at 4 Mev 
and the back-angle data at 4.62 Mev, there is no set of 
phases consistent with the required energy dependence 
that will fit the 90° data beyond 4 Mev. 

Investigation of the combination (3+, 1+) was com- 
plicated by the possibility of both S-wave and D-wave 
excitation of the 1* level, making a qualitative or semi- 
quantitative analysis indecisive. Detailed calculations 
have shown, however, that all of the data cannot be 
fitted by (3+, 1+). Since the 1.07-Mev resonance is also 
3+, it was necessary to use a two-level formula in calcu- 
lating the 3+ phase shifts. This formula is included 
for reference” : 

k/A? 





tanB,7 = 
V2" 
Mi. 





yr ge | 
( .s :) —-(g:+l) 
Eu—-E Exy—E a 


Of course, one would not expect two broad levels of the 
same J and parity so close together (2.2 and 4.5 Mev 
excitation in Li®). 

With the one remaining two-level combination, 
(2+, 1+), there was no difficulty in obtaining a fit to 
the data. The solid curves in Fig. 3, preceding paper, 
were calculated for the resonant phase shifts shown in 
Fig. 4. The hard sphere potential phase shifts (Fig. 3) 
corresponding to a= 3.5X 10—" cm were used except for 
the P-wave, which was modified as indicated by the 
dashed curve in Fig. 3. 

In Fig. 4 it will be noted that Bo! and 6;* do not 
increase monotonically with energy as is ordinarily 
expected for a resonant phase shift. However, if one 
recalls that tan§,7=ky,?/[(Er—E)A?], then it is 


Taste I. Li level parameters determined for a=3.5X10-8 cm- 
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21R. K. Adair (private communication). 
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apparent that under certain conditions the penetration 
factor, A;-*, may increase faster with energy than 
Er—E. Thus, 8,’ may recede from 180° for a while as 
the energy increases beyond the resonant energy. 
Eventually for large E, Ai-*— constant and, hence, 
Br’ — 180°. 

The level parameters corresponding to the resonant 
phase shifts of Fig. 4 are displayed in Table I. Here, 
as for the lower energy data, the parameters were deter- 
mined from the 90° and back angle data only. The 
P-wave was at first taken to be zero and then adjusted 
to the values in Fig. 4 in order to improve the fit at 
125.2° where P2(cos#)=0. Excitation of the 1+ level 
was assumed to be entirely by D-waves. The possi- 
bility of some S-wave excitation was not examined 
except for the case of 100 percent S-wave and no D- 
wave, and this case gives too low a peak at the back 
angle. 

Although the calculated curves are somewhat outside 
of the experimental uncertainties at some energies and 
angles, there are quite a few parameters whose variation 
might improve the general agreement. In particular, 
the tendency for some of the curves to fall too low might 
be rectified by the use of a larger interaction distance. 
This would increase the D-wave penetrability and, thus, 
allow larger 2+ and 1+ phase shifts. At 3 and 3.5 Mev 
an additional 1.8° of 6.2 would remove the discrepancy 
at the back angle. 

Only the beginning of the 1* resonance can be seen 
at the deuteron bombarding energies available in this 
experiment. At 4.3 Mev, which was the highest energy 
for all angles but the back angle, 62! is only 18.4°. 
Although the level assignment made on the basis of the 
tail of the resonance is believed reliable, there is great 
latitude in the choice of y)? and Ey. The phase shifts 
produced by the two extreme values of y,” are given in 
Fig. 4. The value of Ey, for a given reduced width was 
determined by the requirement that the phase shift at 
4.3 Mev be 18.4°. The cross sections at 90°, 125.2°, and 
173.6° have been calculated up to 6 Mev for the two 
limiting sets of parameters and are indicated by the 
two solid curves for each of these angles in Fig. 3, 
preceding paper. If the assumption of no S-wave ex- 
citation of the 1+ level is true, and if there are no addi- 
tional levels up to 6 Mev, then the experimental points 
should lie between the two sets of curves. 


VI. COMPARISON WITH OTHER WORK 


The assignment 3+ to the ZE,=1.07-Mev resonance 
confirms the work of Lauritsen, Huus, and Nilsson.” 
Their 3+ assignment was based on He‘(d,d)Het dif- 
ferential cross section measurements at 90°, 120°, and 
156° c.m. from 1.0 to 1.2 Mev. For the resonant energy 
they obtained Er=1.070+0.002 Mev, which agrees 
with our value here. All of the curves they calculated 
at their back angle (156° c.m.) were too low around 1.2 
Mev. Since they used hard-sphere P-wave phase shifts, 
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the discrepancy is corroborative evidence against using 
negative P-wave phase shifts in this energy region. 
After our phase-shift analysis was completed, we 
learned of recent unpublished work of Allen, Almquist, 
and Bigham” who have investigated the levels of Li® 
and He® by means of reactions Li’(He’,«)Li® and 
Li’(t,a)He®. Comparison of levels in He® and Li® permit 
assigning isobaric spin 7=1 to the levels of Li® which 
they observe at 3.56+0.06, 5.31+0.07, and 6.63+0.08- 
Mev excitation. In addition they see levels in Li® at 
2.2, 4.30+0.2, ~5.5 Mev, and 7.40+0.08 Mev which 
they believe to be T=0 levels. It is only these latter 
levels (7=0) which can influence the deuteron alpha 
scattering if isobaric spin is a good quantum number. 
Their levels at 2.2, 4.30+0.2, and 5.5 Mev in general 
agree within the assigned uncertainties with the levels 
obtained from the present phase-shift analysis at 2.185 
+0.003, 4.520.08, and 5.3+0.5-Mev excitation. 


VII. CONCLUSIONS 
1. Anomalous P-Wave 


The large departure of the empirically adjusted P- 
» wave phase from that calculated on hard-sphere scatter- 
) tering may most simply be interpreted in terms of 
| positive phase shifts from one or more P-wave reso- 
) nances which lie beyond the presently investigated 
» energy range. Such low-lying odd-parity levels could 


not arise from the usually assumed ()? configuration 
of the independent-particle model. However, as Wigner 
has so strongly emphasized, the symmetry properties 
of the nuclear wave functions for interchange of par- 
tices require that configurations which give the 
strongest binding also give the strongest repulsion. 
Hence the splitting between the high and low terms of 
the (p)? configuration is expected to be very great 
(contrasted to the atomic case). Therefore, it should 
not be surprising that the low space-symmetric terms 
of the (s,p) or (d,p) configurations will overlap the 
higher terms of the (p)? configuration. Higher-energy 
scattering data are, however, needed to locate and 
= characterize the states producing the anomalous P- 
wave phase shifts here observed. 


2. Reduced Widths 


The reduced width measures the overlap of the in- 
ternal wave function of the compound nucleus, Li‘, 
with the deuteron++alpha wave function at the nuclear 
surface. If, in a certain state of Li®, the two wave 
functions are identical, then the overlap is complete 
and the reduced width has its maximum value. Such a 
state is called a single-particle state, the single particles 
being in this case the deuteron and the alpha particle. 

All three of the levels observed in this experiment 
have reduced widths of the same order of magnitude 
as $h?/ua, suggesting a high degree of pure single- 


®K. W. Allen (private communication). 
*E. Wigner, Phys. Rev. 51, 947 (1937). 
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particleness in the wave functions for these three 
states. It is not possible to measure 7” very accurately 
because only the product of +” and the penetrability is 
directly observed. The penetrability is a sensitive func- 
tion of the interaction distance, which was not too well 
fixed by this experiment. 

The parameters listed in Table I are those used for 
the solid curves in Figs. 2 and 3, preceding paper. The 
interaction distance was a2=3.5X10-" cm. If a=5.0 
X10-" cm had been used, the values of y?/(3h?/ua) 
would have been about half as big as those listed, the 
values of E, somewhat smaller, but the Ep, of course, 
would be unchanged. 


3. Li’ Levels and Intermediate Coupling 


All of the known levels of Li® are plotted in the two 
central columns of Fig. 7. The 3+, 2+, and 1+, T=0 
levels are the levels investigated in this experiment. 
The deuteron bombarding energy corresponding to 
3.58-Mev excitation in Li® is 3.15 Mev. Figure 1, pre- 
ceding paper, shows no sign of a resonance at this 
energy even though the energy steps were 3 kev. This 
absence of a resonance is consistent with the assign- 
ment 0+, T=1. The T=1 levels at 5.31+0.07 and 
6.63+0.08 Mev and the 7.40+0.08 Mev T=0 level 
have been observed by Allen e¢ al. at Liverpool.” 

The left- and right-hand columns of Fig. 7 contain the 
levels predicted by Inglis™.?® with a rather simple 
intermediate coupling calculation on the two #-shell 
nucleons in Li®. 

Since only the 3+, T=0 and 0+, T=1 levels were 
used in fixing the constants, a comparison between 
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Fic. 7. Central two columns are experimental observations of 
this and other experiments. Columns labeled ‘Intermediate 
coupling” are from calculations of Inglis (see references 24 and 25) 
with an intermediate coupling model near the L—S extreme. 


%D. R. Inglis, Phys. Rev. 87, 915 (1952). 
25D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 
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theory and experiment can be made with the other 
observed levels. The rather satisfactory agreement 
found for the lowest levels lends support to an inter- 
mediate coupling model rather near the pure L—S 
extreme. The presence of a T=1 level at 6.63 and a 
T=0 level at 7.40 Mev as reported by Allen, ef al., 
however, cannot be accounted for in terms of the ()? 
configuration. These levels may belong to the higher 
configurations postulated in Sec. IV to account for the 
anomalous P-wave phase shift. 


4. Li® Levels and the Tensor Force 


A major deficiency of the intermediate coupling 
method is that it provides no understanding of the 
origin of the spin-orbit force. A more fundamental 
approach has been made by Feingold,?* who calculated 
the splitting in L—S coupling between the ground state 
and the 0+, T=1 state by the tensor force, a force 
which is already necessary to explain the quadrupole 
moment of the deuteron. Although the splitting is in 
the right direction, the magnitude is only half the ob- 
served value. 

More extensive calculations of the tensor force split- 
ting in Li® have recently been made by Lyons.’ These 
calculations include the splitting of the four D levels 
as well as the two S levels. The agreement with experi- 
ment is again only qualitative. 
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APPENDIX I 


A general partial wave expansion of the differential 
cross section is given by Sachs”: 


do 


TT 
—) =—/F i 2]4-1)3 
(=) -Zeerern 


2 


iR, 
XK ebilartan) (Y— 1). Vu™ (0) +—Sco . (1) 
/t 


The notation has been changed slightly to agree with 
that used in previous analyses. Sachs uses 7 and p, 
instead of a; and R,. These quantities are simply re- 
lated as follows: 


aj=2 (m— no) 
R,=rie'p,. 


© A. M. Feingold, Ph.D. thesis, Princeton University, 1952 
(unpublished). 

27 A. M. Feingold (to be published). 

28 See reference 5, p. 287. A factor 7 was inadvertently omitted 
from the Rutherford term in Sachs’ equation (10-11). 
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The quantities appearing in (1) are defined as follows: 
(do/dQ) «= differential cross section per unit solid 
angle in the center-of-mass system for incident and out- 
going particles whose identities and spin orientations 
are denoted by o and o’. k,= wave number of relative 
motion for incident waves=yuv/h, where yu is the re- 
duced mass and 2 is the relative velocity of the two 
particles. /=quantum number of the wave of orbital 
angular momentum /h. a,;=Coulomb phase shift=2 
arctan (n+7/2+---+7/l) except that ao=0. 9=22'é/ 
hv, where z and z’ are the atomic numbers of the two 
particles. (7 is not one of Sach’s 7.) U=collision matrix. 
VY,’ (c’)=spherical harmonic of the outgoing wave. It 
is given by 


Fem (o)=(—aynerno| 





+1 (— eel 
de (I'+|m’|)! 


dl” Py (cost) 
Xsin!”’ Bei’ e—_——_—_. t 
d(cos6)!™'| 


1 d'(x2—1)! 
ihe, 
24! = dx! 


and @ and ¢ are the center-of-mass polar and azimuthal 
angles of observation with respect to the incident beam — 
direction. R,=Rutherford amplitude of the incident & 
wave= —4n csc?(6/2) exp[in In cos?(6/2) ]. 5o0°= Kron- 
ecker delta. s denotes / and m as well as o. 

As given in (1), the U-matrix is in an (S,/,ms,m)) 
representation. Transforming to an (S,/,J,m,) repre- 
sentation with the aid of the Clebesch-Gordan coefi- 
cients” and specializing to the case of elastic scattering 
of spin 1 with spin 0 particles, we find from Eq. (1) the 
partial cross sections, (do/dw)ms, ms, where msg and 
ms give the incident and scattered spin orientations 
with respect to the incident beam axis: 


dco do 
w=) (=) =148, 
dQS 43,41 dQ/ -1,-1 
do 
#(—) =a, 
dQF o, 


0 
Re (=) Rk 
sin’é \dQ 410 sin’? 


do IC |? 
= 
RB do k? /do |D|? 
a gee ee : 
R? /do R? (do | E|? 
“Se Me ig 2 


2 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, London, 1951), p. 76. 
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In the usual case, where the beam is unpolarized and 
the three possible values of ms, are indistinguishable, 
a sum over ms =0,+1 for each mg and then an 
average over ms=0, +1 is performed. The result is: 


d 
se =| A+ |BI*+sin8{|C|*+| DI} +sin {| 21%, 
0 


where 
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Gamma Radiation from Polonium Neutron Sources 


R. J. BREEN* AND M. R. HERtTzf 
Mound Laboratoryt, Monsanto Chemical Company, Miamisburg, Ohio 
(Received December 2, 1954) 


A NalI(T]) crystal scintillation spectrometer was used to investigate the gamma spectrum from Po-alpha 
bombardment of Li, Be, B, F, Na, Mg, and Al. The principal gamma energies observed were: Li, 0.483 Mev; 
Be, 4.45 Mev; B, 2.36 and 3.68 Mev; F, 1.28 and 1.51 Mev; Na, 1.83 and 2.57 Mev; Mg, 1.30, 1.82, and 
2.97 Mev; Al, 1.25, 2.28, and 3.55 Mev. The probable origin of the gammas is discussed. 


INTRODUCTION 


RIOR to discovery of the neutron, gamma radia- 

tion had been observed as a result of the action of 
alpha particles on some light nuclei.!:? Subsequent in- 
vestigation established the existence of gamma radia- 
tion, in addition to neutron emission, from the bom- 
bardment of Li, Be, B, F, Na, Mg, and Al by 
alpha particles.* 

During preparation of neutron sources by mixture of 
Po" with various target materials, gamma radiation 
was observed in addition to that expected from the Po. 
An investigation of the energy and origin of this radia- 


* Present address: College of St. Thomas, St. Paul, Minnesota, 
t Present address: Goodyear Atomic Corporation, Portsmouth. 
0. 
t Mound Laboratory is operated by Monsanto Chemical Com- 
pany for the U. S. Atomic Energy Commission. 
'W. Bothe and H. Becker, Z. Physik 66, 289 (1930). 
*H. C. Webster, Proc. Roy. Soc. (London) A136, 428 (1932). 
*H. Slatis, Arkiv Mat. Astron. Fysik 35A,"No. 31, 11(1948). 


tion would be of assistance in studies of neutron spectra 
and of efficiency of neutron production by polonium 
neutron sources. 

An investigation of the gamma spectrum from 
polonium neutron sources was conducted with a NaI(T!) 
single-crystal scintillation spectrometer. Data are pre- 
sented for Po-Li, Po-Be, Po-B, Po-CaF2, Po-Na, Po-Mg, 
and Po-Al neutron sources. 


EXPERIMENTAL PROCEDURE 


The detecting portion of the spectrometer consists of 
a Harshaw-mounted NalI(T1) crystal 1.5 inches in 
diameter by 1 inch thick, coupled through a Lucite 
light-pipe to an RCA 5819 photomultiplier tube. Pulses 
from the phototube are amplified by an Atomic Instru- 
ment Company Model 205-B preamplifier and a Model 
204-B linear amplifier, with an added input delay line 
for pulse shaping. The high-level output of the linear 
amplifier is coupled to an Atomic Instrument Company 
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Fic. 1. Schematic diagram of single-crystal 
scintillation spectrometer. 


Model 510 single-channel pulse-height analyzer. Output 
pulses from the analyzer are counted by a conventional 
scaling circuit. High voltage (800 v) is supplied to the 
phototube by an Atomic Instrument Company Model 
326 high-voltage supply. A block diagram of the 
arrangement is shown in Fig. 1. 

Excellent stability was obtained by placing the 
equipment in a cabinet rack with a large exhaust fan 
arranged to provide adequate ventilation. Results were 
reproducible over a period of several weeks with 
negligible change in gain or high-voltage settings. 
Linearity of the equipment was checked by determin- 
ing the positions of the photoelectric peaks for Hg™*, 
0.280 Mev; Cs'87, 0.665 Mev; Po”, 0.800 Mev; Co, 
1.17 and 1.33 Mev; and the 4.45-Mev energy level of 
C® excited in alpha bombardment of Be. 

Gamma energies could be determined with less than 
two percent error up to an energy of 4.5 Mev. With 
the analyzer set for a channel width of 1 volt, resolu- 
tions of approximately 16 percent for Hg” and 10 
percent for Po#° were obtained. ‘With complex gamma 
spectra, resolution for lower-energy gamma radiation 
was considerably reduced because of scattering from 
higher-energy gamma radiation. 
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To determine the gamma spectrum, counting rates 
were observed for one-volt-wide channels at intervals 
of one volt in pulse height. Results were plotted as 
counts per second per channel vs pulse height in volts, 
The gamma emitters were positioned on the axis of the 
tube and crystal at such a distance that the integral 
counting rate over the entire pulse-height range would 
be less than 10000 counts per second. In most cases 
a total count per channel of at least 5000 was obtained, 
although this was reduced to 2000 counts when the 
counting rate was less than 10 counts per second. Back- 
grounds were negligible in all cases. 

The gamma emitters consisted of an intimate mix- 
ture of the Po” alpha emitter and the target material. 
For Po-Li, Po-Be, Po-Na, Po-Mg, and Po-Al neutron 
sources, the Po was volatilized into an empty nickel 
container; the pure target material was added, after 
which the container was closed and coated with nickel 
by the decompositon of nickel carbonyl. After sealing 
the container was heated to 600°C to distribute the Po 
throughout the target material. For the F and BFE 
sources, HF and HCI acid solutions of Po, respectively, 


TaBLE I. Neutron emission and Curie value for neutron sources. 








Neutron emission 
(neutrons/second) 


Po210 
(Curies) 


2.57 





1.06X 10® 
0.86X 10° 
7.72X 108 
2.03 X 10° 
1.34 105 
1.79X 105 
2.07 X 105 








were poured over the target material and evaporated 
so that the Po was left in intimate contact with the 
target material. This was then placed in the container 
and sealed as described above. Neutron emission and 
Curie values for the several neutron sources are listed 
in Table I. 


RESULTS AND DISCUSSION 


The gamma spectrum obtained for Po” is shown in 
Fig. 2. The only nuclear gamma observed from Po, of 
energy 0.800 Mev, is shown as a photoelectric peak. The 
slight rise at 0.53 Mev is principally the maximum of 
the Compton distribution for the 0.800-Mev gamma, 
but probably includes a 0.48-Mev gamma from neutron 
capture by B in the glass of the photomultiplier tube.‘ 
The peak at 0.19 Mev is interpreted as the result of 
secondary Compton gammas from 0.800-Mev gammas 
scattered outside the crystal. The peak at about 80 kev 
is in good agreement with the energy of the K x-ray 
of Pb”, 

The positions of the peaks in the following neutron 
source curves (Figs. 3-9) were calculated relative to 


4 Grace, Lemme, and Halban, Proc. Phys. Soc. (London) A65, 
457 (1952). 
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the 0.800-Mev peak from Po. A summary of the re- 
actions, reaction energies, thresholds, and observed 
gamma energies is shown in Table II. The reaction 
energies were calculated from mass values of Segré.® 


Po-Li Sources 


Po-alpha bombardment of Li may result in neutrons 
from the Li’(a,n)B" reaction and protons from the 
Li’(a,p)Be” and Li®(a,p)Be® reactions. The threshold 
for Li®(a,2) B® is too large for this reaction to occur with 
Po alphas. Since Li® constitutes only 7.5 percent of the 
total target material, it is not expected to be the source 
of a significant portion of the total radiation. In fact, 
Shepherd et al.® investigated a RaC’(Z.=7.7 Mev)-Li 
source for protons and obtained a negative result, 
which would leave neutrons from the bombardment of 
Li’ as the only particle radiation. 
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Fic. 3. Gamma spectrum of Po-Li sources. 


The gamma spectrum from the Po-Li source is shown 
in Fig. 3. A single gamma of energy 0.483 Mev was 
observed. This corresponds to a gamma of 0.462 Mev 
observed by Siegbahn and Slitis’ from the excitation 
of the Li? nucleus by inelastic scattering of the alpha 
particle and that of 0.48 Mev observed by Speh® from 
the same process. In addition, Hornyak et al. observed 
a gamma of 0.476 Mev from inelastic scattering of 
protons by Li.? Gammas of 1.5 and 0.4 Mev observed 


*E. Segré, Editor, Experimental Nuclear Physics (John Wiley 
and Sons, Inc., New York, 1953), vol. I. 

‘Shepherd, Haxby, and Hill, Phys. Rev. 52, 674 (1937). 

"K. Siegbahn and H. Slatis, Arkiv Mat. Astron. Fysik 344A, 
No. 14, 1 (1947). 

°K. C. Speh, Phys. Rev. 50, 689 (1936). 
aspornyak, Lauritsen, and Rasmussen, Phys. Rev. 76, 731 
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Fic. 4. Gamma spectrum of Po-Be sources. 


by Speh from Po-alpha bombardment of Li were not 
observed in this work. 


Po-Be Sources 


Neutrons are produced by a Po-Be source from the 
reaction Be%(a,nv)C”. Crussard and Gorodetzky,'° 
Giegerl and Broda," Bjerge,!? and Stuhlinger® have 
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Fic. 5. Gamma spectrum of Po-B sources. 


10 J Crussard and S. Gorodetzky, Compt. rend. 205, 1060 
1937). 

1 E. Giegerl and E. Broda, Nature 167, 399 (1951). 

2 T. Bjerge, Proc. Roy. Soc. (London) A164, 243 (1938). 

18 E, Stuhlinger, Z. Physik 114, 185 (1939). 
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Fic. 6. Gamma spectrum of Po-CaF-? sources. 


detected a neutron group of about 0.1 Mev which they 
suggest as arising from the reaction Be*(a,m)3a. This 
process begins at an alpha energy of about 4.8 Mev"; 
no gamma radiation has been detected in coincidence 
with these neutrons. The large threshold energy pre- 
vents proton emission from Po-alpha bombardment 
of Be. 

The gamma spectrum obtained from the Po-Be 
source is shown in Fig. 4. A single gamma was observed 
with an energy of 4.45 Mev, an average of the photo- 
electric peak at 4.42 Mev and the pair peaks at 3.93 
and 3.48 Mev (adding 0.51 and 1.02 Mev respectively 
to these last two values). This agrees with a gamma 
from the excited state of C” found by Bell and Jordan“ 
at 4.44 Mev, Terrell'® at 4.45 Mev, Artenov and Vlasov'® 
at 4.37 Mev, and Harries and Davies" at 4.4 Mev. In 
addition to this gamma energy, Pringle et al.'* found 
indications of a gamma of 7.2 Mev, and neutron spec- 
trum work by Guier ef al.!® and Guier and Roberts” 
indicated a neutron group leaving the C” nucleus in an 
excited state between 7 and 8 Mev; no trace of a gamma 
higher than 4.45 Mev was found in the experiments 
described herein. 

Po-B Sources 


Both neutrons and protons are energetically possible 
from Po-alpha bombardment of B” and B". Natural 
boron contains about 19 percent B". 

The gamma spectrum obtained from the Po-B source 


“4 P, R. Bell and W. H. Jordan, Phys. Rev. 79, 392 (1950). 

15 J. Terrell, Phys. Rev. 80, 1076 (1950). 

1K. P. Artenov and N. A. Vlasov, Doklady Akad. Nauk 
S.S.S.R. 77, No. 2, 225 (1951). 

17G. Harries and W. T. Davies, Proc. Phys. Soc. (Londen) 
A65, 564 (1952). 

18 Pringle, Roulston, and Standil, Phys. Rev. 78, 627 (1950). 

19 Guier, Bertini, and Roberts, Phys. Rev. 85, 426 (1952). 

2” W. H. Guier and J. H. Roberts, Phys. Rev. 79, 719 (1950). 
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is shown in Fig. 5. Interpretation of the curve yields a 
photoelectric peak at 3.68 Mev with its pair production 
peaks at 3.25 and 2.72 Mev and a second photoelectric 
peak at 2.36 Mev with its pair production peaks 
at 1.84 and 1.31 Mev. Since the pair production 
peaks are considerably broadened by the Compton 
distributions, values of 3.68 and 2.36 Mev are taken 
as the energies of the original gamma rays. 

The gamma energy of 3.68 Mev is not far from that 
of 3.76 Mev attributed to a C® level by Creagan”! from 
alpha bombardment of boron. Further confirmation of 
this gamma arising from the B"°(a,p)C™ reaction is the 
Q value of 0.24 Mev for protons attributed to this re- 
action by Frye and Weidenbeck.” 
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The value of the 2.36 Mev for a gamma from the 


B"(a,n)N™ reaction is in agreement with the value of 


2.2+0.2 Mev observed by Beghian et al.¥ from Po- 
alpha bombardment of B" and is further substantiated 
by a gamma energy of 2.35 Mev found by Hicks et al. 
with the reaction C¥(p,a)N". Also, Cowie ef al.?> ob- 
served a 2.35-Mev level of N“‘ with proton scattering. 


Po-F Sources 


Po-alpha bombardment of fluorine may result in 
neutron emission from the F(a,n)Na*” reaction or 
proton emission from the F"(a,p)Ne” reaction. Na” is 
a positron emitter with a half-life of about 2.8 years. 

The gamma spectrum of the Po-CaF, source is shown 


2. R. J. Creagan, Phys. Rev. 76, 1769 (1949). 
2 G. M. Frye and M. L. Weidenbeck, Phys. Rev. 82, 960 (1951). 
% Beghian, Grace, and Halban, Proc. Phys. Soc. (London) 
A63, 913 (1950). 
wan Husain, Sanders, and Beghian, Phys. Rev. 90, 163 
953). 
% Cowie, Heydenburg, and Phillips, Phys. Rev. 87, 304 (1952). 
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in Fig. 6. The small peak at 1.51 Mev is probably the 
result of a gamma from an excited state of Ne” as ob- 
served by Jolley and Champion” at 1.41 Mev and 
Speh® at 1.51 Mev. The 1.28-Mev photoelectric peak is 
in good agreement with Alburger’s value”’ of 1.277 Mev 
for the Na” decay gamma and a gamma of the same 
energy observed by Heydenburg and Temmer’® from 
F(a,p)Ne”. It must be assumed, though, that the 
major part of the 1.28-Mev peak is the result of the 
(a,p) reaction which leaves the Ne” nucleus at the 
1.28-Mev excited state. Since the Po-CaF2 source was 
2 months old when its gamma spectrum was observed, 
Na”, with a half-life of 2.8 years, could not decay in 
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Fic. 8. Gamma spectrum of Po-Mg sources. 


sufficient quantities to account for the large peak in 
Fig. 6. Also, a prominent peak at 0.51 Mev would be 
expected from the annihilation of positrons from Na” 
decay. The photopeaks shown at 0.081 and 0.186 Mev 
probably correspond to those observed by Heydenburg 
and Temmer at 0.11 and 0.20 Mev from inelastic 
scattering. The peak at 0.5 Mev may include the 0.6- 
Mev gamma found by Heydenburg and Temmer from 
the (a,2) reaction although the peak is no larger than 
would be expected from Po alone. 

Another neutron source with fluorine the major 
target constituent was two years old when it was 
studied. The 1.28-Mev peak and a peak at 0.51 Mev 
from positron annihilation gammas are more intense 
in this source than the Po peak at 0.800 Mev which 
tends to confirm the above interpretation of the gamma 
spectrum of the Po-CaF? source. 

* J. D. Jolley and F. C. Champion, Proc. Phys. Soc. (London) 
A64, 88 (1951). 

"T). E. Alburger, Phys. Rev. 76, 435 (1949). 


usa) P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 
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Po-Na Sources 


The two major constituents of the gamma spectrum 
from the Po-Na source (Fig. 7) are at 1.83 and 2.57 
Mev. Assignment of these two gammas to the Na*®- 
(a,p)Mg** reaction would be consistent with values of 
1.91 and 2.85 Mev for energy levels of Mg** as observed 


TABLE II. A summary of the reactions, reaction energies, and 
threshold energies for each target element. 








Observed 
gamma 
energies 

(Mev) 


Threshold 
energy 
(Mev) 


Reaction 
energy 


Target 
(Mev) 


element Reactions 





Li Li’ (a,n) B® 
Li®(a,p) Be® 
Li?(a,n) BO 
Li? (a,p) Bel? 
Li’ (a,a’) Li? 


Be? (a,n) C2 
Be®(a,p) Bi? 
Be®(a,n)3a 


B(a,n)N13 
B(a,p) C18 
B'(a,n)N4 
BU (a,p)C¥ 


F19(a,n) Na2? 
Na*?—Ne??+6+ 
F'9(a,p) Ne? 


Na*(a,n) Al26 , 4.55 
Al2é—+Mg*6+6+ <* 
Na*(a,p) Mg?® 


0.483 
Exothermic 4.45 
9.93 tee 
2.26 


Exothermic 
Exothermic 
Exothermic 
Exothermic 


2.22 


Exothermic 


Exothermic 


Mg?4(a,n)Si?? 4 8.45 
Mg*4(a,p) Al?? ‘ 1.87 
Mg? (a,2)Si28 Exothermic 
Mg*5(a,p) Al28 1.39 
Al?8-Si28 +67 
Mg?6(a,2)Si2? 
Mg?6(a,p) Al?? 
Al? Si? +87 


Al?7(a,n) P® 
P9—Si%-+.6+ 
Al??(a,p)Si® 


Exothermic 

3.38 ee 
1.30, 2.32 
3.35 


Exothermic 1.25, 2.28, 3.55 
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by Alburger and Hafner® with protons from the 
Na”™(a,p)Mg** reaction, levels in Mg®® at 1.825 and 
2.972 observed by Endt e¢ al.* with deuteron bombard- 
ment of Mg*>, and gammas of 1.85 and 2.80 Mev ob- 
served by Alburger*! from 7-Mev alpha bombardment 
of Na”. 

Smaller peaks at 1.12 and 0.43 Mev in Fig. 7 could 
correspond to a 1.18-Mev level in Mg”® given by 
Humphreys and Pollard® and the 0.44-Mev level in 
Mg” as observed by Alburger and Hafner. Inelastic 
scattering of the alphas at the 0.44-Mev level of Na* 
observed by Donahue e? al. could also account for the 
0.43-Mev peak. There is no indication that any gamma 
radiation arises from the Na*(a,m) Al? reaction. 


Po-Mg Sources 


Three isotopes of Mg (A=24, 25, 26) are present in 
the natural element in the ratio 78.8:10.1:11.1, re- 
spectively. (a,z) reactions with Si** and Si” as residual 
nuclei and (a,p) reactions with Al?’, Al?’, and Al” as 
residual nuclei are possible energetically. Al?* and Al’ 
are beta emitters with half-lives of 2.3 and 6.6 minutes. 

The gamma spectrum of the Po-Mg neutron source 
(Fig. 8) has three large peaks at 1.30, 1.82, and 2.97 
Mev, a small peak at 1.01 Mev, and a possible peak at 
2.32 Mev. The 1.82-Mev peak corresponds to the 1.78- 
Mev gamma from the decay of Al** as reported by 
Sheline and Johnson™ and Motz and Alburger.*® The 
1.30- and 2.32-Mev peaks correspond to the description 
of Seidlitz et al.** of Al?® decay with 1.25- and 2.35-Mev 
gammas in the ratio of 3:1. The relative size of these 
two peaks would be expected from their intensity ratio 
and a consideration of the energy dependence of the 
crystal. The photoelectric peak at 1.01 Mev can be 
attributed to an excited state of either Al** or Al” 
as reported by Alburger and Hafner. 

The low counting rate at 3 Mev prevented investiga- 
tion past this point. This leaves a question as to the 
identity of the peak at 2.97 Mev. Considering the size 
and shape of the peak, it is probable that it is a pair 
production peak, which would put the gamma energy 
at about 4 Mev. This is close to the energy of the 
gamma found by Alburger* at 4.3 Mev and assigned to 
the Mg”*(a,2)Si?* reaction by Szalay and Csongor.*” 


Po-Al Sources 


Proton and neutron radiation from Po-alpha bom- 
bardment of Al may arise from the Al?’(a,p)Si®® and 


* TD. E. Alburger and E. M. Hafner, Revs. Modern Phys. 22, 
373 (1950). 

% Endt, Haffner, and Van Patter, Phys. Rev. 86, 518 (1952). 

31 F-). E. Alburger, Phys. Rev. 73, 1014 (1948). 

2 R. F. Humphreys and E. Pollard, Phys. Rev. 59, 942 (1941). 

33 Donahue, Jones, McEllistrem, and Richards, Phys. Rev. 89, 
824 (1953). 

% R. K. Sheline and N. R. Johnson, Phys. Rev. 90, 325 (1953). 

35H. T. Motz and H. T. Alburger, Brookhaven National Lab- 
oratory Report BNL-1057, 1951 (unpublished). 

36 Seidlitz, Blueler, and Tendam, Phys. Rev. 76, 861 (1949). 

37 A. Szalay and E. Csongor, Phys. Rev. 74, 1063 (1948). 


BREEN AND M. R. HERTZ 


Al?"(a,n)P® reactions. P® is a positron emitter with a 
half-life of 2.5 minutes. 

The gamma spectrum curve for the Po-Al source is 
shown in Fig. 9 and is interpreted as follows: the 3.55- 
Mev peak—photoelectric peak; the 3.16-Mev peak— 
pair production from the 3.55-Mev gamma with distor- 
tion by the Compton distribution of the same gamma; 
the 2.56-Mev peak—pair production from the 3.55- 
Mev gamma; the 2.28-Mev peak—photoelectric peak; 
the 1.83-Mev peak—pair production from the 2.28- 
Mev gamma plus the Compton distribution; the 1.25- 
Mev peak—photoelectric peak broadened by the 2.28- 
Mev gamma pair production peak. 

All the gamma radiation has been assigned to the 
Al’"(a,p)Si® reaction. The 3.55-Mev gamma corre- 
sponds to a level in Si** identified as 3.66 Mev by 
Benson,** 3.49 Mev by Brolley ef al., 3.54 Mev by 
Slatis et al., 3.6 Mev by Landon," and 3.66 Mev by 
Allen et al.” Alburger*! observed a gamma of 3.5 Mev 
from alpha bombardment of Al and assigned it to the 
Al?"(a,p)Si® reaction. The 2.28-Mev gamma in Fig. 9 
agrees well with a Si* level at 2.28 Mev as observed 
by Benson and Brolley e al. The 1.25-Mev gamma 
corresponds to a transition from the 4.9-Mev level to 
the 3.6-Mev level described by Landon. Allen ef al. 
assign a value of 1.28 Mev to the gamma from this 
transition. ; 

CONCLUSIONS 


Since there is little or no gamma radiation from the 
(a,m) reaction from Po-alpha bombardment of Li, F, 
Na, and Al, the neutron spectra from these interactions 
should be relatively simple. Assuming a uniform dis- 
tribution in the center-of-mass system and a fairly 
smooth (a,”) excitation function, the neutron spectra 
from these reactions should have a single maximum* 
since these targets are monoisotopic as far as neutron 
production is concerned. 

The neutron spectrum from Po-alpha bombardment 
of Be, B, and Mg would be expected to have two or 
more maxima because of more than one isotope par- § 
ticipating in neutron emission as in B and Mg and 
because of neutron emission occurring from levels of 
the residual nucleus besides the ground level. Examples 
of the latter are the 4.45-Mev level in C”, the 2.36- 
Mev level in N“, and the 4.0-Mev level in Si**. 
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The contributions to the range variance in nuclear track emulsion have been studied and the magnitude 
of the various effects calculated. Bohr straggling is found to be the most important effect when the energy 
is high, but for slow particles, a number of others combine to dominate the straggling. Range errors caused 
by distortion are also studied. Measurements are reported on the straggling of eighteen particle groups 
consisting of protons, pions, and muons. With the particle mass and velocity as variable parameters, the 
theoretical estimates are tested and a detailed accounting of the contributions to the straggling is made. 





I. INTRODUCTION 


HE range is that feature of a charged particle 
track which is most convenient for measurement 
and which usually has the most significance. The range 
straggling determines the resolution obtainable and 
limits the accuracy with which mean ranges can be 
determined. Emulsion is one of the most important 
instruments of nuclear physics; consequently, this 
limitation on its quantitative application merits close 
study. 
| The straggling can be measured more satisfactorily 
- in emulsion than in other types of matter because the 
individual trajectories are visible, and the true track 
| length or rectified range, rather than merely the depth 
| of penetration, may be determined. On the other hand, 
several different effects contribute to the straggling in 
emulsion, and each must be understood before the 
range variance of a particle group becomes predictable. 
In this paper, we summarize the results of the theory 
of straggling in homogeneous media. Then we calculate 
a number of additional effects that contribute to the 
straggling in emulsion. Finally, we report measure- 
ments, made under well-defined conditions,: of the 
straggling of protons, pions, and muons. These measure- 
ments provide data for detailed comparisons with the 
theory. 


II. ANALYSIS OF STRAGGLING EFFECTS 
A. Straggling in Rigid, Homogeneous Media 


The magnitude of the range straggling in homo- 
geneous materials was calculated first by Bohr.! Refine- 
} ments of the calculations have not greatly altered his 
estimate of the range straggling. According to Bohr, 
the range variance is 


© ar 
Same) (RP —tenate fH 
0 


where m, is the electron density in the stopping material, 
R is the residual range, T is the kinetic energy of the 
particle, (dT/dR) is the mean rate of energy loss, and 
ze is the particle charge in esu. The relativistic form of 


'N. Bohr, Phil. Mag. 30, 581 (1915). 


this equation has been given by Lindhard and Scharff?: 


va : f dT (1—6?/2) (2) 
=4rn,2 , 
. “J, (aT /aR)4(1—6?) 





where fc is the particle velocity. 

The individual energy losses in collisions with elec- 
trons are distributed in a highly unsymmetrical manner, 
but the distribution of ranges, in accord with the 
central limit theorem,’ tends toward normality when 
many separate collisions are required to stop the 
particle. Lewis! has recently re-examined the range 
straggling of nonrelativistic particles and evaluated 
the moments of the range distribution in a rather 
satisfactory manner. He made allowance for the elec- 
tronic binding which is not included in Bohr’s calcu- 
lation. Lewis finds that the second moment of the range 
distribution is unaffected, at least in good approxima- 
tion. He also found explicit expressions for the mean 
range and the higher moments of the range distribution. 

The mean range is usually taken to be 


_— lam (dT/dR) ” 


Lewis showed that this expression must be corrected, 
because in it the mean path per unit energy loss has 
been identified incorrectly with the reciprocal of the 
mean rate of energy loss. In addition, he does not make 
the usual slight approximation that (d7/dR) is inde- 
pendent of the particle mass. The two corrections 
together we call the Lewis effect. Allowing for this 
effect increases the mean range by the factor 1+e1, 
where ¢:~0.41/M7: for emulsion. In the expression for 
é1, which is valid for all charged particles except 
electrons, M is the particle mass in units of the proton 
mass, t=7/M is in Mev, and .=(1/2*)(dT/dR) is in 
Mev per cm. 

The quantity c=2°2,/M? is a measure of the range 
straggling which depends only on the particle velocity. 


2 J. Lindhard and M. Scharff, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 27, No. 15 (1953). 
3H. Cramer, Mathematical Methods of Statistics (Princeton 
University Press, Princeton, 1946). 
4H. W. Lewis, Phys. Rev. 85, 20 (1952). 
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Taste I. Percentage range straggling of protons in a rigid homogeneous medium having the composition of nuclear track emulsion. 
The percentage range straggling for particles other than protons may be found from this table if one utilizes the fact that at a given 
velocity, the percentage straggling varies inversely with the square root of the particle mass and does not depend on its charge. 








7(Mev) 1 2 5 10 20 50 


100M i=, 
7) = 
{R) 


2.11 1.94 1.66 1.53 1.42 1.29 


100 200 500 1000 2000 5000 =. 10 000 


1.21 1.13 1.02 0.952 0.904 0.963 1.11 








Likewise, \=2°(R)/M ((R) being the mean range) is a 
measure of the range which depends only on the particle 
velocity. The ratio o/A is a slowly varying function’ 
which describes the Bohr straggling for any particle. 
In Table I, “the percentage straggling,” ¢=1000/d 
=100M?2,/{R), in an homogeneous medium of the 
same composition as emulsion is given. It may be 
utilized directly for protons of the energy 7, or inter- 
preted simply for any other particle of energy Mr. 

For a measure of the asymmetry of the range distri- 
bution, we take the third moment, 6;=((R—(R))*). 
Using the methods of Lewis, and evaluating quantities 
for emulsion, we obtain an expression for the third 
moment in asymptotic form: 


w= 258;/M 


tol @ 


In emulsion, one takes 


A=tr/12§ 
and® 


t= (0.5325/6?) In 307767? exp(—6?) Mev/cm 


[where y= (1—6*)-?], except at very high or very low 
energies. The range asymmetry is so small that it has 
not as yet been successfully measured. 


B. Additional Range Straggling Effects 
1. Distortion Straggling 


Nuclear track emulsion tends to suffer distortions in 
processing, which alter the lengths of charged-particle 
tracks, thus causing systematic range errors and 
additional straggling of the measured ranges. 

We recognize two types of distortion: (a) macroscopic 
distortion, which is described by the translation of 
points rp into points r=ro+n, where n is a continuous 
vector function of position. This type of distortion 
results from the change in volume of the emulsion on 
dissolving out the silver halide and from strains intro- 
duced in processing and drying the emulsion. (b) micro- 
scopic distortion, which occurs because silver halide 
crystals dissolve in processing, leaving voids. On drying, 
the collapse of the gelatin is accompanied by random 
local displacements of developed grains. 

(a) Macroscopic distortion straggling —Assuming that 


5W. H. Barkas and D. M. Young, University of California 
Radiation Laboratory Report UCRL-2579 Rev. (unpublished). 


the emulsion has large-scale uniformity of composition, 
each unit volume of it shrinks to the same volume, 
1/So, after processing. This imposes a condition on n. 
Its components, 7:, ny, and 7,, must satisfy the partial 
differential equation : 


1 a Onz/ OX 
So dnz/dYo 
nz/ 820 


dn./ Oxo 
Anz/ Yo 3 i (5) 
1 oa On / 020 


In addition, the vector n must vanish on the plane z= 
(the glass-emulsion interface). Now the components of 
distortion 7, and », are produced by components of 
stress in the xy plane that result, for example, from 
uneven drying. Both components of shearing stress 
must vanish at free surface of the emulsion. Therefore, 
we may take (0n,/02)s= (0n,/0z)s=0, where the sub- 
script S refers to the free surface of the emulsion. 

The simplest nontrivial solution for the distortion 
vector is 


On, /OX0 
A+ Iny/AYo 
On, / 920 


Nz: (A/T?) (220T— Z0°) cos6, 
Ny= (A/T?) (2z0T — 20?) sind, (6) 
ne=20L(1/So)— 1], 


where 7 is the original emulsion thickness. We find 
that such equations® usually describe the distortion 
fairly well when @ and A are considered constants in 
limited volumes of the emulsion. The quantity A has 
the significance that it is the tangential displacement 
of a point on the surface of the emulsion, and 6 defines 
the direction of the displacement. 

For a track element of length dR», we assume the 
following relations and definitions: 


dRe=dxP+dye+dz°; dR?=dx+dy+S dz; 
sind=dzo/dRo; tand=dyo/dx; tand=n,/nz; 
c=cosé cos(¢—8); | w=n2+n,?. 
Here dR is the distorted length of the track element 
corrected only for shrinkage. The effect of the macro- 
scopic emulsion distortion may be calculated in terms 
of these quantities. Neglecting the terms of second 
degree and higher in (sind)du/dzo, we have for the 
mean range (R) of a group of particles that had an 
undistorted mean range Ro: 
(R)= Ro+(E(u2— 1). (7) 
6 Lal, Pal, and Peters, Proc. Indian Acad. Sci. 38A, 398 (1953). 
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Here @ is the mean value of cosé cos(¢— @) taken along 
one track. The subscript 2 refers to the point where 
the track stops, and the subscript 1 refers to the point 
at which it starts. The brackets ( ) indicate a mean 
value for more than one track. 

Similarly, the range variance, 2,”, arising from the 
macroscopic distortion is given by 


Dae=(R*)—(R)= (2 (ue—m1)?)—(E(u2—r))”. ~— (8) 


If the distortion is of the usual type given by Eq. (6), 
we can put p= (A/T?) (2207 — 20°) or A(1—d?/T?), where 
d(=T—2o) is measured from the surface of the emulsion. 

In connection with the measurements being reported 
here, the macroscopic distortion was determined for 
each plate. The quantities A and @ were measured in 
the part of the plate where the ranges were measured 
by observing the x and y coordinates of steep tracks at 
several points separated by equal intervals of depth in 
the emulsion. The second differences of the measured 
x and y coordinates in most cases were statistically 
constant. Some clear deviations from constancy were 
observed. Such failures of the simple distortion law 
given by Eq. (6) usually seem to occur near the glass- 
emulsion interface. These experiments were performed 
with relatively thin 200-micron emulsion, which limits 
the distortion effect and keeps the calculations simple. 
Unsystematic observations on emulsions of 600 microns 
thickness revealed no distortion effects of a different 
character from those observed in 200-micron emulsion. 

In the calculation of the range, a correction is always 
made for the shrinkage of emulsion, but an error in the 
mean range and an apparent range straggling will be 
introduced when the shrinkage factor is chosen incor- 
rectly. If the correct shrinkage factor is So, and a factor 
S=So+AS is chosen, then the mean value of the range 
found will be 


(R)= Rol 1+ (AS/So)(sin®s)+ - - +], (9) 


where Rp is the correct mean value, and the bar indicates 
an average value for one track. Also, as a result of an 
incorrect choice of shrinkage factor, a group of tracks 
all of the same true range Rp will acquire an apparent 
range variance 2s", given by 


(10) 


a 
rs" ads (sin’6 )—(sin?6)}. 
0 


This is usually small and is negligible in our experi- 
ments. 

The magnitude of the emulsion distortion as well as its 
effect on the range groups measured in this study is com- 
piled in Table II. While for groups in which the tracks 
are closely parallel the distortion straggling is generally 
negligible, for randomly oriented tracks the effect may 
be important. The reverse is the situation with regard 
to the mean range. Here the parallel tracks may suffer 
from a systematic range error if they dip in the emulsion 
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so as to stop at a z coordinate that is systematically 
different from the one at which they started. 

(b) Microscopic distortion straggling —Assume that 
spherical cavities are left in the gelatin on fixing the 
emulsion. For points in a sphere of diameter d, (x?) 
—(x)?=d?/10. On drying, the collapse of the sphere 
adds an additional variance of about this magnitude 
to the distribution of distances between points corre- 
sponding to former voids. Therefore range straggling 
2," of magnitude about 


_ 3(So—1) 


ee 
205» 


re= 


(11) 


is introduced. For Ilford C.2 emulsion this is about 
0.02(R) microns? where (R) is measured in microns. 
(Winand’ has studied C.2 emulsion and has found 
d~(0.2u. We have made a similar investigation of the 
grains in Ilford G5 emulsion. Under the electron 
microscope they appear spherical and have a mean 
diameter of 0.27 micron.) 


2. Observer Error 


Even a careful observer will introduce a range 
variance term, Yo’, which usually is about 


Yo’? =0.01(R) microns’. (12) 


The error increases when the tracks are badly scattered, 
when they are steeply dipping, and when they extend 
beyond one field of view of the microscope. The observer 
error was evaluated by analyzing measurements taken 
at different times on the same tracks. Apparent range 
straggling introduced by errors in recording readings 
or by faulty arithmetic is not described by Eq. (12). 


TaBLe II. Effects of macroscopic emulsion distortion on the 
ranges of measured particle groups. All lengths are in microns. 
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TL. Winand, Photographic Sensitivity (Butterworths, London, 
1951), p. 288. 
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3. Heterogeneity Straggling 


The emulsion consists of bodies of silver halide 
embedded in gelatin. Since the stopping powers of 
these two materials are not the same, the particle 
ranges tend to fluctuate. Clearly, if more than the 
normal part of a path happens to be in gelatin, the 
range is extended, and conversely. For the purpose of 
estimating the heterogeneity effect, one may assume 
that the silver halide is in the form of spheres of diam- 
eter d distributed with uniform average density through- 
out the emulsion. One may also assume that the number 
of spheres traversed by the moving particle in a fixed 
element of path is given by a binomial distribution. 
The variance of a binomial distribution is somewhat 
too high to be correct for concentrated emulsion where 
randomness is inhibited by contact between adjacent 
silver halide crystals. A closer approximation probably 
is obtained on dividing the estimated variance by the 
shrinkage factor. A calculation employing the binomial 
distribution with this correction gives for the range 
variance, 2,?, arising from the heterogeneity effect, 


we (r— 1)?(So— 1) (Sot8)d 
~ 428f1+r(So—-1)P 





R), (13) 


where (R) is the mean range, So is the ratio of emulsion 
volume to gelatin volume (approximately the shrinkage 
factor), r is the ratio of the ranges that would be found 
in gelatin and silver bromide separately, and d is the 
mean grain diameter. If we assume r=4 and So=2, then 


>,?~0.03(R) (microns). 


4. Momentum Straggling 


Range straggling, of course, refers only to the distri- 
bution of ranges of particles all of which have the same 
initial momentum. With finite source and detector 
dimensions, it is not possible to obtain groups of 
particles all of the same momentum, but momentum 
distributions are involved. In a limited momentum 
interval, the mean range is given precisely® by (R)=cp1%, 
where c and g are constants and #; is the momentum. 
Therefore, if the quantity k=Rp,;-? is measured, its 
percentage standard deviation will be the same as that 
of R. It is, however, often impossible to relate individual 
ranges and momenta, but only the momentum distri- 
bution is known. From a.finite source, particles with a 
distribution of true momenta #: contribute to the 
group with apparent momentum p. 

In the experiments made by us, protons scattered 
out of the 184-inch cyclotron beam by a cylindrical rod 
target were bent through 180° in the cyclotron magnetic 
field and detected in emulsion. Because the target had 
a radius of only jg inch and was some 46 inches from 
the plate, the uncertainty of the momentum of any 


8 W. H. Barkas, University of California Radiation Laboratory 
Report UCRL-2327 (unpublished). 
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particular proton was only about one part in a thousand. 
Mesons were produced in a smaller target, but at a 
distance of only seven inches, so that the uncertainty 
in individual particle momenta was about four parts in 
a thousand. The apparent momentum of each particle 
was calculated, under the assumption that it came 
from the center of the target. Then, by knowing the 
distributions of points from which it could have come, 
the distribution of momenta #; contributing to the 
group of particles of apparent momentum p was 
determined. Quantities w, were calculated® so that 
{pi")=p"(1+w,), where the brackets indicate the 
expectation value of the random variable p,". If Z,,? is 
the range variance term introduced by the momentum 
uncertainty, then 2,,/(R)~ (weg—2w,)'. In Table III 
these contributions to the range straggling have been 
listed. 

The range distribution of mesons arising from the 
decay of pions stopped in the emulsion is affected 
somewhat by the inner bremsstrahlung, but a calcu- 
lation based on the probability function given by 
Eguchi? confirmed the belief that the effect is negligible 
if all ranges deviating from the mean range by more 
than four standard deviations are discarded. One event 
of this sort was found.” A similar statement applies to 
the pi-mu decays that are abnormal because the pion 
decayed before it came to rest. 


5. Finite Grain Spacing and Grain Size 


If the particle is not strongly ionizing on entering 
the emulsion, the grains rendered developable may be 
separated by distances that are not negligible. If the 
mean grain spacing is a, then the probability® of not 
producing a grain in a distance x is ~e~*/*, The tracks 
appear shortened systematically by an amount a, and 
an additional range variance of a? is introduced. At the 
end of the track where the particle stops, the grains are 
usually dense, and this correction may be disregarded. 
When the particle starts from a well-defined point 
such as the terminus of a pi meson or in a star, the 
correction should not be made. 

The finite grain size causes an additional uncertainty 
at the beginning and end of the track, but since again 
the diameter of C.2 grains is only 0.2u, the correction 
for this effect is negligible in our measurements. 


6. Surface Roughness 


If the surface of the emulsion is rough, a further error 
is introduced in determining the point of entry. To 
study this, optical tests have been made on the surface. 
When an optically flat piece of glass was laid on emul- 
sion surfaces, interference fringes were visible and 
usually widely spaced. Therefore, no correction for 
roughness effects seems necessary unless the angle of 
dip is extremely small. 


®T. Eguchi, Phys. Rev. 85, 943 (1952). 
10 W. H. Barkas, Am. J. Phys. 20, 5 (1952). 





RANGE STRAGGLING IN NUCLEAR TRACK EMULSION 


C. Geometrical Straggling 


Two frequently employed measures of the particle 
range are affected by the scattering of the particle. The 
systematic shortening of the range and the additional 
straggling observed when these methods are used 
should be mentioned. In the first method, only the 
projection R, of the particle range on the original 
direction of the particle motion is observed. In the 
second method, the straight-line distance R, between 
the first and last point of the track is measured. The 
distribution of these measures of the particle range are 
separate topics of study, the investigation of which 
has been undertaken in another study. 


D. Recapitulation of Straggling Effects 
in Emulsion 


The observed variance of the rectified range, 2*, may 
be expected to consist of the sum of the following terms: 


1. The Bohr straggling, 2y?.—This is predictable from 
well-known theory, given the velocity, charge, and mass 
of the particle. 

2. The macroscopic distortion straggling, 2,’.—This 
is predictable from a knowledge of the mean range, the 
‘distribution of particle trajectories, and the distortion 
} as a vector function of position. 
| 3. The proportional straggling, 3,?=2P?+2UP+=Z2.— 
| This straggling term really consists of three terms, 
seach proportional to the mean range. The magnitudes 
| of these terms do not depend on the mass or charge of 

the particles producing the tracks, but do depend on 
the inhomogeneity of the emulsion and somewhat on 
the observer. For C.2 emulsion and a skilled observer 
one estimates 2,?=0.06(R) microns?, where (R) is in 
microns. 

4. The end straggling, X2.—This arises from small 
end effects. It is practically independent of the particle 
range for short ranges, and its influence is negligible 
except when the range is small. For alpha particles in 
C.2 emulsion, for example, 2, is less than one-half 
micron! 

5. The momentum straggling, 2m?.—This is not a 
true range straggling effect, but it is a component of 
the measured straggling when the group of tracks 
measured is not monoenergetic. 

The straggling arising from each of the effects / 
to 5 is listed in Table III. The anticipated resultant 
straggling, 2, is also calculated and compared with the 
corresponding measurements. The measurements them- 
selves are described in Part III. We conclude that: 
(a) only extremely short ranges should suffer straggling 
in which end effects play the dominant part, (6) for 
somewhat greater ranges the proportional straggling 
should dominate unless large macroscopic distortion 
effects are present, and (c) the straggling of long ranges 
should be well described by the Bohr effect alone. 


"F.C. Gilbert, Phys. Rev. 93, 499 (1954). 
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TABLE III. Range straggling effects. Standard deviations 
in percent of particle mean range. 








Observed 
strag- 
gling 
3.6+0.3 
4.6+0.4 
4.5+0.4 
3.7+40.4 
4.7+0.5 
4.0+0.4 
4.5+0.4 
3.7+40.4 
4.2+0.4 
3.8+0.2 
3.740.2 
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« From the curve through the measurements of Han and Endt (see ref- 
erence 13). 


Ill. STRAGGLING MEASUREMENTS 


A. Measurement of the Range 


The range of a charged particle track in these experi- 
ments is taken to be the length of the rectified track; 
that is, the distance along the track between the 
extremities of the first and last grains as seen by using 
a microscope with an oil-immersion objective. The 
process of measurement is to break up the track into 
substantially straight segments, to measure the hori- 
zontal and vertical components of each segment 
(allowing for the vertical shrinkage), to compute the 
length of each segment, and to add the lengths together. 
All the events on one plate were measured with a 
single microscope so that the relative ranges did not 
depend on the microscope calibration. The absolute 
calibrations of the microscopes were also known, how- 
ever, to about 0.1 percent. The shrinkage factor was 
measured in another series of experiments and was 
2.30.1 for the plates used. 


B. Straggling of Muons 


A range histogram of 558 positive mu mesons ob- 
served as decay products of pi mesons that stopped in 
200-micron emulsion is presented in Fig. 1. As discussed 
in Sec. II.B.4, these muons may be considered mono- 
energetic. The measurements were made in several 
plates. Since the stopping power of each plate probably 
is different from that of the others, each range was 
multiplied by a “plate factor” before combining the 
data, so that the average range for each plate was the 
same. It has been shown” that this adjustment affects 


12F, M. Smith, University of California Radiation Laboratory 
Report UCRL-2371 (unpublished). 
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Fic. 1. Range distribution observed for positive mu mesons 
arising from the decay of stopped pi mesons in C.2 emulsion. 
The straggling contains contributions from a number of the effects 
that are analyzed in the text. Data from several plates are shown. 
The histogram is fitted well by a normal curve of the same stand- 
ard deviation. 


the range variance of the combined data by only a 
negligible amount. 

The histogram has also been corrected for the 
“staying-in” probability. The probability is ~¢/2R 
that a track of range R emitted in a random direction 
in an emulsion of thickness ¢ (¢<R) will remain in the 
emulsion. The mean range, including a correction of one 
micron for this effect, was close to 600 microns. Each 
plate was therefore normalized separately to this figure. 
The resultant range straggling is 4.53 percent. This is 
a typical figure for » mesons, but it is clear that it will 
change for different plates and observers because the 
additional more or less controllable sources of straggling 
in emulsion always raise the measured values above the 
irreducible amount expected in homogeneous, rigid 
materials. The various straggling effects in three plates 
have been itemized in Table III. It is apparent that 
the known contributions to the straggling account 
reasonably well for the observed range variance of 
muons in emulsion. 


C. Straggling of Protons 


Measurements were made on six groups of protons 
as shown in Table III. The proton range was so great 
(about 4600 microns) that the distortion effects are 
negligible, and the target was so small that the mo- 
mentum variance also was very small. Under these 
conditions, the range straggling should be approxi- 
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mately that derived from the theory of Bohr. Actually 
the straggling of 1.20.1 percent observed, while 
reconcilable with the theoretical figure of 1.4 percent, 
is so low that a further investigation is justified. It is 
possible that requiring these long tracks to remain in the 
emulsion for their full length imposes some kind of 
restriction on the range variance. Other proton data of 
Han and Endt™ at lower velocities are also listed in 
Table III. The agreement here is excellent. Incidental 
to this study, the range of 33.64-Mev protons in 
Ilford C.2 emulsion was found to be 4580+18 microns, 
Although the emulsion humidity was not measured, 
the figure given is derived from six plates exposed at 
different times. In each case the plate was kept near 
the humidity at which it was packed, except for about 
one-half hour during which it was in vacuum. Variations 
in stopping power of about 1 percent were observed for 
various samples of emulsion. 


D. Straggling of Pions 


For a particle of a group distributed in a finitef 
velocity interval, the product Rp? is called the “‘normal-f 
ized range.” The value 3.44 has been adopted’ as thef 
value of g in the vicinity of 8=0.27. The value of ¢ isp 
determined by the condition that the expectation value} 
of Rp~? not depend on p. The error in g is known to bef 
too small to affect the present measurements. In Table 
III are listed negative pion groups, which were meas 
ured on three plates exposed to mesons coming from ‘ 
small target in the circulating beam of the 184-inclf 
cyclotron. Also listed are six similar groups of positiv 
pi mesons. In these cases the momentum uncertainty,f 
although small, must be included in the calculatei— 
variance of the normalized range. It will be seen, oi 
comparing the calculated and measured straggling 
that here again the known effects probably are adequate 
to account for the observed straggling, although the 
average measured straggling somewhat exceeds tht 
theoretical value. 

IV. DISCUSSION 


A rather complete analysis of the contributions t 
the range straggling in nuclear track emulsion i 
possible, so that from data describing the physical 
condition of the emulsion, the range straggling 0 
particles of various masses becomes predictable. The 
unusually large straggling of w+-meson ranges found 
by Fry and White," for example, although incompre- 
hensible as straggling in a rigid homogeneous medium, 
can be reconciled with the theory if one assumes that 
considerable distortion was present in their emulsions. 
Observations that the range straggling is generally 
larger in thicker emulsions are also readily understood, 
since both the effect of distortion and errors in the 
shrinkage factor become more important as the thick- 
ness of the emulsion is increased. 


13K. K. Han and P. M. Endt, Physica 20, 311 (1954). 
14 W. F. Fry and G. R. White, Phys. Rev. 90, 207 (1953). 
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Nuclear Electric Quadrupole Moment of Na?* by the Atomic Beam Resonance Method*}t{ 
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The hyperfine structure of the n=3 2P; and 2Py excited atomic states of Na* have been investigated using 
a modification of the atomic beam resonance method. The C region is illuminated with resonance radiation 
from a sodium discharge lamp which brings some of the atoms into the excited levels where they have life- 
times of the order of 10-® sec. The application of an rf field of an appropriate frequency causes transitions 
among the excited state hyperfine levels and “scrambles” the populations of these levels. Since the atoms 
are essentially “tagged” by the deflection which they have undergone in the A field, this “scrambling” will 
cause a change in the refocused intensity at the detector. 

Measurements of the hyperfine structure at weak fields give the values: a;=94.45+0.5 Mc/sec for the 
3*Py state; ay=19.06+0.36 Mc/sec for the 3*Py state; and b=+2.58+0.3 Mc/sec or b= —21.64+0.7 
Mc/sec for the 3#P; state. The strong-field spectrum of the 3*Py state strongly indicates that the correct 
value of b is +2.58-+-0.3 Mc/sec. The possible values of Q are +0.100+0.011X10-* cm for b=+2.58 
Mc/sec, or —0.836--0.028 X 10-*4 cm for b= —21.64 Mc/sec. 





1. INTRODUCTION 
a. Purpose of the Experiment 


HE purpose of this paper is to describe in more 
detail a new method! for studying the hyperfine 


- [structure of the excited states of atoms by the atomic 
[beam resonance method. Our initial purpose in these 


Jexperiments has been to measure the nuclear electric 
quadrupole moment of the alkali atoms. This paper 
gives the results on Na” which was the first alkali to 


be studied. The nuclear quadrupole interaction must 


be measured in an excited state of the alkalies because 


| the ground state is a 2S; which has no quadrupole inter- 


saction. The lowest excited state with a quadrupole 


{Pp interaction is the *Py state in the same x level. The 


hyperfine structure in this state in the alkalies is too 
small to be measured optically with sufficient accuracy 
to determine the quadrupole interaction. In higher 
excited states the hyperfine structure is even smaller. 

The nuclear electric quadrupole moment of Na” is 
of particular interest to nuclear shell theory. The ex- 
perimental spin of $ disagrees with the simplest shell 
model prediction of 5/2. If a (d;)* shell model assign- 
ment of the protons is used to obtain the correct spin, 
then the quadrupole moment will be zero. The quadru- 
pole moment was first shown not to be zero by a mo- 
lecular beam study of the hyperfine structure due to 
Na* in molecules.? More recently, Sagalyn® has used a 
new double-resonance optical method to examine the 
hyperfine structure of the 3*P; state of Na™, and has 
obtained an approximate value of the nuclear quadru- 

*A brief account of this experiment was given previously; 
Perl, Rabi, and Senitzky, Phys. Rev. 97, 838 (1955). 
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'T. I, Rabi, Phys. Rev. 87, 379 (1952). 


*Kusch, Millman, and Rabi, Phys. Rev. 55, 1176 (1939). 
*P. L. Sagalyn, Phys. Rev. 94, 885 (1954). 


pole moment. In our experiment, we have been able 
to measure the hyperfine structure of the 3°P; and 3?P; 
states, and therefore the nuclear quadrupole moment, 
more precisely. 

The nuclear quadrupole moments of Na™ and the 
other alkalies are also of interest as an aid in surmising 
the electronic wave functions of the alkali halide mole- 
cules. A great deal of information on the alkali quadru- 
pole interaction in these relatively simple molecules 
has been accumulated with molecular beam electric 
and magnetic resonance techniques and with high- 
temperature microwave spectroscopy. Although these 
data can be used to evaluate the ratio of the quadrupole 
moments of the isotopes of the same element, the 
evaluation of the magnitude of the quadrupole moment 
requires an accurate knowledge of the molecular wave 
functions, which is not available at present. Conversely, 
to utilize the quadrupole moment interactions to gain 
insight into the nature of the molecular wave functions 
requires a knowledge of the nuclear quadrupole moment. 
These atomic experiments which establish the nuclear 
quadrupole moment through conventional atomic cal- 
culations can therefore be used to discuss the molecular 
wave functions. 

Another general use of the atomic beam resonance 
method as applied to excited states is that it provides 
a way of investigating atomic wave functions. For ex- 
ample, in this experiment we have relatively precise 
measurements of the magnetic interaction constants in 
the *P; and ?P; states to compare with the calculation 
of those constants from the fine structure separation. 
This provides a test of the theory of atomic hyperfine 
structure in the case of a single valence electron. By 
extending this method to examine more excited states, 
the theory of atomic hyperfine structure could be 
examined further. Finally it should be noted that the 
width of the resonance lines is a direct measure of the 
lifetime of the excited state. 

In the past, the atomic and molecular beam resonance 
method has been limited to the study of the hyperfine 
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structure of ground or metastable energy levels because 
the natural lifetime of excited atomic states is 10-7 to 
10-” sec. In the conventional beam method the life- 
time of the state under study must be greater than the 
time required for the particles in the beam to traverse 
the apparatus which is 0.001 to 1.0 sec. Traversal times 
of this magnitude are required because the particles 
with thermal velocities must travel a distance of the 
order of one meter. 

Since the hyperfine structure of excited atomic states 
have long been studied by means of optical spectros- 
copy, it is proper that the value of applying the atomic 
beam resonance method to excited states be discussed. 
The application of the atomic beam resonance method 
to excited states makes possible the measurement of 
hyperfine separations which are too small to be meas- 
ured by optical spectroscopy. Also with this method 
hyperfine separations can be measured to much greater 
accuracy. Indeed, it will be seen from this paper that 
the limitation on the accuracy of the hyperfine excited 
state measurements by the atomic beam resonance 
method is not the apparatus resolution, but the large 
width of the resonance curves due to the short lifetime 
of the excited state. This natural line width is of the 
order of 100 times greater than the line width produced 
by the apparatus resolution. The range of level separa- 
tions which can be measured is limited by the availa- 
bility of practical electromagnetic oscillators, but with 
present oscillators it is possible to study all hyperfine 
level separations. Some of thé smaller fine structure 
separations are also within range, such as in the 3’D 
states in Na”. 


b. Outline of the Experimental Method 


As in the usual atomic beam experiment, there are 
two deflecting magnets A and B, Fig. 1, and a region 
C in which the atom may be induced to undergo a 
transition by a radio-frequency field in a homogeneous 
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Fic. 1. Schematic drawing of the apparatus. The light source is 
shown on the side of the apparatus for clarity, but it actually lies 
above the apparatus. The C magnet, which produces a homogene- 
ous field in the “hairpin,” is also not shown for clarity. The six 
external boxes which represent the major electronic components 
do not indicate the physical position of the components. 
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static magnetic field of the desired strength. In ground 
state atomic beam experiments, the atom traverses the 
apparatus in the states in which it is being studied. If 
in the C field the atom makes a transition from the 
state (1) to the state (2), this means that the atom 
traverses the A field in state (1) and B field in state (2), 
In our experiment, the atom while in the C field is sub- 
jected to optical radiation from a sodium discharge 
lamp which raises the atom to an excited state, princi- 
pally the 3*P, or 3°P, state. The lifetimes of these 
excited states are about 10-° sec, which is much less 
than the time required for the atom to traverse the C 
field, so that the atoms all decay to the ground state 
before leaving the C field. In decaying the atom may 
end up in a magnetic hyperfine ground state which is 
different from its initial magnetic hyperfine ground 
state. 

In our experiment, the A and B deflecting fields are 
strong fields so that the deflection of the atom depends 
only on the value of m,. Since the ground state is an 
*§, state, the value of my is +} or —} as shown in 
Fig. 2. The A and B magnets are arranged so that the 
gradients of their fields point in the same direction. P 
For an atom to be refocused, that is to hit the detector F 
wire, the deflections in the two fields must be of opposite | 
sign. Therefore for an atom to be refocused the m; 
must change in the C field. If the atom, after being} 
optically excited, decays to a ground magnetic hyperfine 
state with an m, value different from the m, value of 
its initial magnetic hyperfine ground state, then the} 
atom is refocused. The signal produced at the detector | 
by the portion of the beam which is refocused by optical F 
radiation is referred to in this paper as the light effect. 

To study the hyperfine structure of the excited state, 
the radiofrequency magnetic field is applied to the 
illuminated portion of the beam. Just as in ground 
state work, the rf field produces rf transitions between 
two hyperfine levels if the frequency of the rf corre- 
sponds to the frequency separation of the two hyperfine 
levels. If the rf is of the correct frequency, some of the 
excited atoms will change their hyperfine excited states 
before decaying. Since the atoms are essentially 
“tagged” by the deflections which they have undergone 
in the A field, this rearrangement in the excited state 
produces a change in the intensity of the refocused 
beam. The signal produced at the detector by the 
change in refocused beam induced by an excited state 
rf transition is referred to in this paper as the excited 
state rf effect. 

By sweeping the frequency of the rf across the hyper- 
fine structure of the excited state, the rf spectra of the 
excited state are obtained. These rf spectra are then 
used, as with the ground state rf spectra, to evaluate 
the various nuclear interaction constants. By varying 
the static magnetic field, the Zeeman and Pascher- 
Back effects of the excited state can be studied. 
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ELECTRIC QUADRUPOLE MOMENT OF Na? 


2. THEORY OF THE EXPERIMENT 


a. Theory of the Hyperfine Structure 


The hyperfine structure of the 3?P; state of Na” is 
shown in Fig. 2. At zero field the 3?P; state has four F 
levels each having a degeneracy of 2F+-1. The separa- 
tions between these levels at zero magnetic field are: 


3a;+b for F=3 to F=2, 
2a;—b for F=2 to F=1, 
a;—b for F=1 to F=0, 


(1) 


where a3 is the magnetic dipole interaction constant 
and b is the electric quadrupole interaction constant. 
These separations are the essential results of this ex- 
periment, and are determined by making AF=+1 rf 
transitions at near-zero magnetic field. At near-zero 
field each transition will consist of a number of almost 
superimposed Zeeman transitions with Amrp=-+1 or 
Amr=0, depending on whether the rf magnetic field is 
perpendicular or parallel to the static magnetic field. 

The strong field spectrum of the 3?P, state is easily 
obtained because the small value of a; enables a field 
of the order of 50 gauss to almost completely decouple 
I and J. The strong field level pattern is also shown in 
Fig. 2. The selection rules in this case are Amy=-+1 
and Am;=0 for the oscillating magnetic field per- 
pendicular to the static magnetic field. This strong field 
spectra proved to be very useful in selecting the value 
of 5. 

The 3°P; state of Na®* has a hyperfine structure 


| similar to the 3%S; state with about a tenth of the 
ical Fe 


magnetic dipole interaction constant, Fig. 2. At small 


» magnetic fields the transition of interest is F=2 to 


| F=1, with a separation of 2a}. 


b. Theory of the Effect of Optical Radiation 
on the Beam 


In this section, we will discuss the effect of the optical 
radiation on the beam, that is, the theory of the light 
effect. Since the general calculation of the light effect 
is complicated, we shall first describe the process by 
following a typical atom as it traverses the apparatus. 
For definitiveness we will use Na” under the conditions 
of the present experiment. 

We first recall that the A and B fields are strong 
fields and that an atom must change its m, value in 
the C region in order to be refocused. For simplicity 
we consider only those atoms which are excited to the 
$*P; state in a weak field. We will take as an example 
an atom traversing the A field in the state m;=4, m;=}. 
Upon entering the C field, the state of this atom is then 
designated by the quantum numbers, F=2, mp=1, 
which we write as (2,1) for brevity. The resonance 
radiation which excites the beam is unpolarized so that 
the selection rules on the optical transition are AF 
=0, +1 and Amr=0, +1. Since the atom is initially 
in the ground (2,1) state, it may be raised to any of the 
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Fic. 2. A diagram of the ground 3S; state and excited 3?P; 
and 32Py states of Na*. The separation of the 32S; and 3*Py states 
is 5890 A. The separations of the levels are not drawn to scale. 
The magnitudes of the magnetic fields corresponding to the weak 
and strong field patterns of each fine-structure state depend on 
the strength of the J-to-J coupling in that fine-structure state. 
Thus a field can be sufficiently strong to give a strong-field pattern 
in the excited states but not give a strong-field pattern in th 
ground state. 


following excited states: (2,2), (2,1), (2,0), (1,1), or 
(1,0). Before the atom leaves the C field it will decay 
to the ground state. The seclection rules for the optical 
decay are also AF=0, +1 and Amr=0, +1. Thus the 
excited (2,2) state can decay to the ground (2,2), (2,1), 
or (1,1) states. Indeed, let us suppose that the atom 
initially in the ground (2,1) state was excited to the 
(2,2) state. If it decays to the (2,2) or (2,1) ground 
states it will have the quantum number m,;=} in the 
B field. Since it had the same m, value in the A field, 
it will not be refocused. But it can also decay to the 
(1,1) ground state. In this case it has the quantum 
number m;= —} in the B field. Since the my value has 
changed the atom is refocused. 

To calculate the probability that the atom initially 
in the (2,1) ground state is refocused, all the other 
possible paths must be considered. For example, it 
might have been raised to the excited (1,1) state and 
could then have decayed to the ground (2,2), (2,1), 
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(2,0), (1,1), or (1,0) states. Actually the quantitative 
probability amplitudes must be used for a systematic 
calculation of the processes involved. It should be 
pointed out that atoms which go through reversed 
excitation and decay paths do not cancel each other. 
Thus, if atom (a) goes from the ground (2,1) state 
through the excited (2,2) state to the ground (1,1) 
state, and if atom (b) goes from the ground (1,1) state 
through the excited (2,2) state to the ground (2,1) 
state, both atoms are refocused. 

The magnitude of the light effect depends on the 
probability that an atom is excited and the probability 
that an excited atom changes its my value when it 
decays. The probability of excitation depends on the 
intensity of the optical radiation and the time that 
the atom spends in the optical radiation field, both of 
which are experimental parameters. The probability 
that an excited atom changes its m, value is a theoretical 
calculation of the kind of processes considered in the 
last two paragraphs, and depends on the polarization 
of the exciting radiation, the static magnetic field and 
the hyperfine structure of the state. The last two pa- 
rameters enter the calculation because of the quantum 
mechanical interference of hyperfine levels which have 
widths of the order of magnitudes of their separations. 
A general equation for these processes was derived from 
the work of Breit* on the effect of this interference on 
the polarization of scattered resonance radiation. The 
general equation depends on the separations of the 
excited state hyperfine levels since the interference be- 
tween levels decreases as the separation of the levels 
increases. Since the separations are complicated func- 
tions of the static magnetic field, the general calcula- 
tion of the light effect variation with magnetic field is 
tedious. The general theory and a few simplified calcula- 
tions are outlined in Appendix 1. 

In this type of experiment which has as its object 
the measurement of the hyperfine separations of the 
excited state, the theoretical calculation of light effect 
is of no direct interest. The calculations are of use only 
as a means of gaining insight into the optical processes 
occurring in the experiment. It should be pointed out 
that in principle the variation of light effect with the 
static magnetic field can be used to study the hyperfine 
structure. This is analogous to the work of Larrick® and 
of Ellet and Heydenburg.° As in their work, this cannot 
be done in practice because the measurements are not 
sufficiently precise and the labor involved in deter- 
mining both a; and 6 is prohibitive. 


c. Theory of the Combined Effect of rf and 
Optical Radiation 
In this section, the effect of the radio-frequency field 
on the beam in the presence of the optical radiation will 
4G. Breit, Revs. Modern Phys. 5, 91 (1933). 


5 L. Larrick, Phys. Rev. 46, 581 (1934). 
° A. Ellet and N. P. Heydenburg, Phys. Rev. 46, 583 (1934). 
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be discussed. This excited state rf effect is to be dis- 
tinguished from the ground state rf effect, where the 
latter term refers to the signal produced at the detector 
by rf transitions in the ground state. The theory of the 
excited state rf effect is more complicated than the 
theory of the ground state rf effect because of the 
properties of the excited state and the method of the 
experiment. Therefore the theory of the ground state 
rf effect will be outlined in the next paragraph as a 
basis for discussing the excited state rf effect. 

In our apparatus a ground state rf transition must 
be between states of opposite m, values to refocus the 
atom. For example the rf transition (2,2) to (1,1) pro- 
duces a refocused beam but the rf transition (2,2) to 
(2,1) does not. There is an optimum value for the mag- 
nitude of the rf magnetic field at which 77 percent of 
the atoms in the two levels are refocused and the 
resonance width is the reciprocal of the time that the 
atom spends in the rf field.” In our experiment, this 
width would be about 50 kc/sec. At higher magnitudes 
of the rf field the amount refocused decreases to some 
extent, and the width of the rf resonance increases. 

We shall begin the discussion of the excited state 
rf effect with a simple example. We will consider an 
atom with a nuclear spin of zero, with a ground state 
of J=3, and with an excited state of /=}4, in a mag- 
netic field which separates the Zeeman levels as shown 
in Fig. 3. We will consider an atom originally in the 
ground m;=-++} state so that the original populations 
are 1 in the ground m=-++3 state and 0 in the ground 
m s=—} state. We illuminate the atom with isotropic 
optical radiation so that the relative transition proba- 
bilities for both excitation and decay are the same and 
are given in Fig. 3. If one uses these transition proba- 
bilities, the population of the excited my= +43 state is 
3 and the population of the excited my=—} state is 3. 
When the atom decays the final populations are 5/9 
in the my=+4 ground state and 4/9 in the my=—}4 
ground state. Therefore the probability is 4/9 that 
when the atom is excited it changes its m, value, and 
this gives a ratio of the light effect to the total beam 
of 4/9, if all atoms are optically excited once. 

To measure the separation between the two excited 
Zeeman levels, an rf field with a frequency equal to 
this separation is applied. Let us suppose that the 
probability of an excited atom making an rf transition 
in the excited state before decaying is }. Then 3 of the 
population of the excited my=+} state goes to the 
excited my=—}4 state and } of the population of the 
excited my=+4 state goes to the excited my=+} 
state. Therefore the rf changes the excited state popula- 
tion to } in either excited state. Now when the atom 
decays the population of the final my=+4 ground 
state is } and the final my=—} ground state is also }. 
The ratio of refocused atoms to total beam is now 3 if 
all atoms are optically excited once. The fractional in- 


7H. C. Torrey, Phys. Rev. 59, 293 (1941). 
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crease in refocused beam is }, and this increase is the 
excited state rf effect. 

If atoms are present in the beam which are originally 
in the my=—4 ground state, they can be followed 
through the excitation and rf transition in the same 
manner. Each atom is ‘“‘tagged”’ by the deflection which 
it underwent in the A field, and therefore the atom 
“remembers” its original m, state. In the simple case 
being considered here, the excited state rf effect is the 
same for atoms originally in the my;=+-} state or atoms 
originally in the my= —} state. The total excited state 
rf effect is simply the sum of the excited state rf effects 
produced by the atoms from each initial state. 

While the example which was considered above is a 
very simple case, it illustrates the essential mechanism 
of the excited state rf effect. The effect does not depend 
on changing the relative populations of the final ground 
states. The effect depends on altering the way in which 
the atoms from each initial ground state distribute 
themselves when decaying back to the ground state 
from the excited states in which the rf transition took 
place. In the example given above, the excited state 
rf effect was an increase in the number of refocused 
atoms, but in general one might expect to find cases in 
which the rf excited state transition leads to a decrease 
in the refocused beam. In our work we have always 
found that the excited state rf effect is an increase in 
the refocused beam. 

To calculate the amount of rf excited state effect for 
an actual transition it is necessary to consider in detail 
the probability amplitudes for the various rf and optical 
transitions which are involved. The calculation is 
complicated by the presence of quantum mechanical 
interference terms in the excited state and rf perturba- 
tion of the excited state energy levels. The interference 
terms are similar to those present in the theory of the 
light effect and result in the intensity of the excited 
state rf effect being dependent on the separations of the 
excited hyperfine levels, the widths of these levels, and 
the magnitude of the rf magnetic field. The general 
theory for the cases of the excited state rf effect in 
zero static magnetic field has been worked out by 
Serber.* The theory for the simple case of strong static 
magnetic field, weak rf magnetic field, and neglect of 
interference terms is given in Appendix 2. The inter- 
mediate case of static magnetic field and rf magnetic 
field of the same order of magnitude is quite compli- 
cated and has not been worked out in detail. As in the 
theory of the light effect, the theory of the excited state 
tf effect is of use primarily for understanding the 
mechanism of the experiment and there is no need for 
exact calculation of the excited state rf effects. There- 
fore in the next few paragraphs we will discuss the 
qualitative conclusions which can be drawn from the 
theory of the excited state rf effect. 

The first conclusion about the excited state rf effect 


8 R. Serber (to be published). 
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Fic. 3. The energy levels of a hypothetical atom with zero 
nuclear spin, with a ground state J of 4, and with an excited state 
J of 4, in a magnetic field. The numbers on the diagonal arrows 
are the relative transition probabilities for excitation by isotropic 
radiation or for decay. This example is used to illustrate the ex- 
cited state rf effect. 


is that the intensity, unlike the ground state rf effect, 
depends on a complicated process and can vary con- 
siderably for different transitions even if the rf mag- 
netic field and the rf transition probability are the same. 
In general, it is also to be expected that indirectness of 
the excited state rf effect will lead to smaller signals 
than are usual in the ground state effect. Thus, in the 
simple example given above, the rf excited state effect 
was only % of the total refocused beam although the 
probability of an excited state rf transition was taken 
as 3. In more complicated optical spectra, the ratio of 
the excited state rf effect to the light effect will be 
much smaller. 

There are no observational selection rules on the 
excited state rf transitions, and all transitions which 
obey the magnetic dipole selection rules can in principle 
be observed in our apparatus. Of course, some of the 
resulting excited state rf effects may be quite weak 
and difficult to observe, unless the signal-to-noise ratio 
is high. 

The most important way in which excited state rf 
resonances differ from ground state rf resonances is 
that the former are much broader than the latter. The 
width of the excited state resonance is equal to twice 
the width of the excited state energy levels. For the 
3*P; state of Na” the lifetime is 1.7X10-° sec, giving 
an energy level width of about 10 Mc/sec, and a width 
for the rf resonance at half intensity of about 20 Mc/ 
sec. This is 400 times the width due to apparatus 
resolution. Therefore the measurement of excited state 
hyperfine separations will be relatively less accurate 
than the measurement of ground state hyperfine transi- 
tions. This is a result of a property of the excited state 
and not of the method. To get high accuracy it will be 
necessary to attain high signal-to-noise ratios and to 
understand the line shape. 

A high signal-to-noise ratio can be attained by strong 
excited state rf effects, but unfortunately the excited 
state itself makes this difficult to attain. The proba- 





PERL, RABI, 


LIGHT SOURCE 


e— TRANSMISSION 
LINE TO HAIRPIN 











Fic. 4. A diagram of the relative positions of the static and rf 
fields, the light source, and the atomic beam. The static magnetic 
field, the rf magnetic field, and the atomic beam are mutually 
perpendicular. The light source lies above the hairpin so that the 
light beam is propagated parallel to the direction of the rf field. 
The lens focuses the light beam into the hairpin. 


bility of inducing an excited state rf transition is pro- 
portional to the lifetime of the excited state, while the 
probability of inducing a ground state rf transition is 
proportional to the time that the atom spends in the 
rf field, if the magnitude of the rf field is less than the 
optimum magnitude. The ratio of the lifetime of the 
excited state to the time the atom spends in the rf 
field is about 1/1000, for our apparatus. Therefore to 
achieve the same magnitude of rf transition probability 
in the excited states as in the ground state, the rf field 
used for the excited state transition must be about 1000 
times larger than the field used in the ground state 
transition. It should be recalled that high rf transition 
probability in the excited state still does not lead to 
high excited state rf effects because the production of 
the effect is an indirect process. Therefore it is necessary 
to use rf magnetic fields.of the order of magnitude of a 
gauss or more to get easily observable excited rf 
effects. Summarizing this discussion of the rf excited 
state effect, one may expect to find that the excited 
state resonances are broader and much less intense than 
ground state resonances and that the intensity of 
different excited state rf transitions will vary widely. 
In this experiment, we have used unpolarized light 
and all the hyperfine ground states. It is possible to 
design an apparatus in which various types of po- 
larized light are used and in which only certain hyper- 
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fine ground states enter the C field region. Only a few 
excited hyperfine levels would then be involved and 
the rf transition would have a much greater net effect 
on the final disposition of the atoms after decay. This 
would lead to a substantial improvement in the ratio 
of excited state rf effect to total beam. By exciting to 
only a single excited state the rf excited state transition 
can also be directly identified. Finally it would be 
easier to apply the theory of the excited state rf effect 
if the number of excited levels is restricted. Therefore 
with a suitably designed apparatus the problems now 
associated with the excited state rf effect can be 
considerably reduced. 


3. DESCRIPTION OF THE APPARATUS 
a. General Description 


The apparatus shown schematically in Fig. 1 was 
originally designed and built for a ground state experi- 
ment and had to be adapted to the excited state experi- 
ment without drastic modifications. For this reason it 
should not be taken as a model for future excited state 
experiments. The oven, magnets, collimating system, 
and vacuum system were of the usual design.? The 
deflecting A and B magnets were iron magnets with a 
ratio of gradient to field of 3. For sodium the A and B 
fields were about 10000 and 8000 gauss respectively, 
the deflection therefore depending only on the m, of 
the atom. The oven slit was 0.04 mm wide, the colli- 
mator was 0.1 mm wide, and the cross section of the 
beam at the detector was 0.3 mm wide by 6 mm high. 
The sq of either inhomogeneous field was 2.7 mm. 

The C field magnet had a }-in. gap which contained 
the “hairpin” which applied the radiofrequency mag- 
netic field to the beam. In Fig. 4, the atomic beam is 
represented by the dashed line, and the oscillating 
magnetic field, which is perpendicular to the beam, is 
represented by the arrow marked “rf.” The static mag- 
netic field which is perpendicular to both the atomic 
beam and the rf magnetic field, is represented by the 
arrow marked “static.” This type of hairpin was used 
to attain a high ratio of rf magnetic field to rf current 
in the hairpin while having a large opening for the 
light source to illuminate the beam. The ratio of the 
average rf magnetic field seen by the beam to the rf 
current at the hairpin was estimated to be 1.7 gauss 
per ampere. 

For reasons of convenience the light source was kept 
outside the apparatus, and the light was focused onto 
the beam with a cylindrical lens of 2 in. focal length 
placed directly over the portion of the beam in the 
hairpin. The main object of the optical system was to 
focus the wide light source onto the relatively narrow 
beam. With some of the lamps a cylindrical reflector 
was placed above the lamp to reflect additional light 
into the apparatus. With this optical system the optical 


( 9 J. M. B. Kellogg and $. Millman, Revs. Modern Phys. 18, 323 
1946). 
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illumination in the hairpin was about 1/20 of the sur- 
face brightness of the lamp. A shutter was used between 
the light source and the apparatus to turn the light 
beam on and off. The light source itself will be dis- 
cussed in Sec. 3.d. 


b. The Production and Measurement 
of the rf Current 


Two oscillators were used to continuously cover the 
rf frequency range of 6 Mc/sec to 240 Mc/sec, and to 
produce up to 3 amp of rf current at the hairpin. The 
range from 6 to 100 Mc/sec was covered by a tuned 
plate, tuned grid, push-pull, triode oscillator using 
lumped impedance tuned circuits. The transmission 
line from the hairpin was conductively coupled to the 
plate coil. The range of 100 to 240 Mc/sec was covered 
with a tuned plate, tuned cathode, push-pull, triode 
oscillator using tuned lines for the resonant circuits. 
The transmission line from the hairpin was inductively 
coupled to the plate circuit and was also tuned to obtain 
sufficiently high currents in the hairpin. Regulated 
power supplies were used for the B voltages and con- 

' tinuously charged storage batteries were used for the 
) filament supplies of both oscillators. 
' The transmission line from the oscillators to the 
| hairpin was a parallel plate line, with the same char- 
| acteristic impedance as the hairpin would have if the 
| short were removed from the end of the hairpin. The 
' magnetic field in the hairpin was determined by meas- 
/ uring the rf current in the transmission line at a fixed 
| distance from the hairpin and calculating the rf current 
at the hairpin from the usual transmission line equa- 
‘tions. The transmission line equations were experi- 
‘mentally found to hold for the structure used in this 
experiment. For frequencies below 60 Mc/sec, the 
transmission line current was measured with an rf 
ammeter of the thermocouple type. For frequencies 
above 60 Mc/sec a special probe was constructed, 
which used a loop to pick up the magnetic field inside 
the transmission line and a crystal to rectify the in- 
duced current. The probe was absolutely calibrated at 
low frequency using the rf ammeter, and the probe 
readings projected to higher frequencies using the 
theoretical behavior of the loop and crystal with 
frequency. 

As shown by Torrey,’ the magnitude of the rf mag- 
netic field determines the width of a ground state 
resonance if the field is much greater than the optimum 
field. The rf fields used in this experiment were of this 
size and therefore the width of the ground state (2, — 2) 
to (2, —1) rf resonance was used to measure the rf 
field. The frequency of the resonance was varied over 
the frequency range of the experiment by increasing 
the static magnetic field, and the resonance width for a 
constant rf current was measured. By doing this we 
were able to show that the probe, with the theoretical 
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corrections for its frequency behavior, was a good 
measure of the rf magnetic field in the hairpin. 


c. The Detection System 


In the early stages of the experiment the conven- 
tional atomic beam surface ionization detection system 
was used. With this equipment the 3?P; state resonances 
were first found, but the signal-to-noise ratio was very 
bad since the excited state rf effects were only 810-5 
of the total beam and had to be read on top of the light 
effect which was 2 10~ of the total beam. 

Therefore a modulated rf detection system was intro- 
duced which increased the rate of taking data by about 
a factor of ten and at the same time considerably in- 
creased the accuracy of the data. This design was copied 
in large part from the detection system devised by R. T. 
Daly at the Massachusetts Institute of Technology. 
The basic idea of the method is shown schematically in 
Fig. 1. The rf oscillators are square-wave modulated 
at 34 cps, in order to have a modulation frequency 
which is not a harmonic or subharmonic of 60 cps. The 
modulation of the oscillators produces a square-wave- 
modulated rf magnetic field, which induces a square- 
wave-modulated rf effect on the unmodulated back- 
ground of the light effect and fast atoms. The beam is 
ionized on a hot tungsten ribbon. The ions leaving the 
detector pass through a simple mass spectrometer 
which removes noise producing impurity ions intro- 
duced by the hot wire. The principal impurity as 
shown by the spectrometer is potassium. The ions are 
then further accelerated onto the first plate of an 
Allen-type electron multiplier whose output is fed into 
a tuned amplifier. The output of the amplifier, which 
consists only of the modulated portion of the signal 
due to the rf effect, is rectified in a lock-in circuit. The 
rectified signal is averaged in a long time constant RC 
circuit and fed into a Speedomax recorder. 

The main components of the detection system will 
now be discussed in more detail. A Hewlett Packard 
audio oscillator is used to generate the basic 34-cps 
signal for the rf modulation. The audio signal is ampli- 
fied in order to drive a Western Electric Mercury Relay 
275C which is biased with a dc current so as to produce 
square-wave operation of the relay. A negative voltage 
sufficient to cut off the oscillator tubes is put through 
the relay onto the grids of the oscillator tubes. In this 
way the oscillators are square-wave modulated and 
produce a modulated rf field. 

The portion of the beam which has been affected by 
the rf is square-wave modulated when it leaves the 
C-field region, but the velocity distribution of the 
atoms in the beam demodulates the rf effect as the 
atoms travel away from the hairpin. At 34 cps the 
demodulation is negligible in our apparatus when the 
beam hits the detector ribbon. However, in some cases 
the demodulation may set an upper limit to the modu- 
lation frequency which can be used in an atomic beam 
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apparatus. Another possible source of demodulation is 
the time required for an alkali atom to evaporate from 
a hot tungsten surface after impinging on the surface. 
This “sitting” time depends upon the temperature of 
the tungsten and about 1200°C was necessary in our 
case to reduce the “sitting” time of sodium to below 
0.001 sec. To ionize the sodium the tungsten surface 
had to be kept oxidized and this was done in the con- 
ventional way with a very small stream of oxygen 
continuously falling on the tungsten surface. The 
minimum “sitting” time which can be attained was 
not determined, but this may constitute another limit 
on the maximum modulation frequency. 

The ionizing system and mass spectrometer are 
shown in Fig. 1. The spectrometer uses permanent 
magnets, and the focusing is accomplished by changing 
the accelerating potential. The magnetic field of the 
spectrometer is of circular cross section and produced 
by two cylindrical Alnico magnets inside a steel pipe 
which acts as both a return path for the flux and as a 
magnetic shield. While the use of a circular cross section 
prevents high-order focusing, it makes the adjustment 
of the spectrometer easy and uncritical. The spec- 
trometer is placed in the beam path so that the neutral 
beam passes through the spectrometer before reaching 
the detector ribbon. The ions leaving the detector 
ribbon then return along the path of the neutral beam 
until they enter the spectrometer, where they bend 
through an angle of 60 degrees in order to leave through 
the exit slit. The spectrometer is the equivalent of a 
60-degree sector magnet with a radius of 3.0 cm. The 
detector ribbon is 0.010 in. wide and the accelerating 
slit is 0.040 in. wide. The accelerating slit is grounded 
while the guard plate and detector ribbon are at a 
positive voltage. The collecting efficiency of the ionizing 
system is improved by putting a small negative poten- 
tial on the ribbon with respect to the guard plate, 
which for sodium was about 6 volts. The exit slit, 
which is also grounded, serves as the selecting aperture 
and is also 0.040 in. wide. The slit positions are all 
adjusted before the spectrometer is placed into the 
system, since no internal mechanical adjustments can 
be made on the spectrometer in vacuum. The product 
of the required focusing voltage and the atomic number 
is 8000 volts and the resolution is about 100 percent of 
the mass number being focused. The overall efficiency 
of the ionizer and spectrometer is 15 to 20 percent. 
Since the ionization itself is almost 100 percent efficient, 
these losses are in the accelerating slit and spectrometer 
proper. Such losses are not unusual in a spectrometer 
of this type. 

When the ions leave the spectrometer they are 
accelerated by another 0.040 in. wide slit onto the 
first plate of the Allen tube. This second accelerating 
slit is electrically connected to the first plate of the 
Allen tube so that the ions are accelerated through the 
full voltage of the tube which is 3500 to 4500 volts. 
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The tube has 16 beryllium copper dynodes supported 
in mica side-plates. Ordinary 1.2-Meg carbon resistors 
are connected from each dynode to the adjacent ones 
to serve as voltage dividers. The resistors were placed 
in the vacuum system without harming the resistors or 
the vacuum. The tube was first activated by following 
the procedure recommended by Allen, but later it was 
found that one could activate by simply cleaning and 
carefully polishing the dynodes. This gave an initial 
gain of 1000000 which, while not as high as the gains 
obtained by Allen, was sufficient for our purposes. In 
a period of about 3 months, the gain decreased to about 
10000 and the tube was reactivated. The ionizing 
system, mass spectrometer, and the Allen tube are all 
mounted from a single movable support, so that when 
the detector ribbon is moved for line up purposes, the 
entire assembly moves together. 

The three-stage tuned amplifier used on the output 
of the Allen tube has a gain of 300 and a band width 
of 6 cps which is attained by a twin-tee feedback loop 
from the third to the first stage. Another Western Elec- 
tric Mercury Relay 275C is used for the lock-in circuit 
rectifying switch, and is driven from the same audio 


signal which drives the rf modulating relay. To adjust F 
for phase shifts in the detection system, the amplifier 

which drives the lock-in relay has a phasing circuit. F 
The lock-in relay is also biased with a dc current so as fF 
to act as a square-wave rectifying switch. The RC Ff 


averaging circuit has a variable time-constant but is 


usually run with a 20-sec time constant. The averaged 


signal from the RC circuit passes through a set of high- 
impedance variable attentuators into a cathode fol- 
lower which matches the high impedance of the attenu- 
ators into the low-input impedance of the recorder. 

For line-up purposes and light-effect measurement it 
is necessary to measure the steady-output current of 
the Allen tube. This is done by using a vacuum tube 
voltmeter to read the voltage produced by the Allen 
tube across a high resistance. The short time-constant 
of the voltmeter makes line-up procedure much faster 
than with the usual long-time-constant galvanometer 
system. 


d. Light Sources 


The requirements on the light source are that the 
emitted light have a high intensity at the desired wave- 
length, that the lamp have a low noise level, and that 
the lamp operate uniformly for long periods. The proba- 
bility for excitation of the atoms is proportional to 
the intensity of that portion of the resonance radiation 
whose frequency falls within the absorption width of 
the atomic beam. Since the atoms in the beam do not 
undergo collisions and since the Doppler effect is 
negligible, the absorption width of the atoms is just the 
natural width. Therefore the beam absorbs radiation 
only from a very small region about the center of the 
emission line of the lamp. The lamp must be designed 
and operated so as to have a maximum intensity at the 
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center of the spectral line and so that self-reversal is 
minimized. 

For this experiment the General Electric NA-1 and 
the Philips SO 60 W sodium arc discharge lamps were 
used. If the G.E. lamp is used as directed by the manu- 
facturer, the 2S; to 2P; spectral line is badly self-reversed 
as measured by a Fabry-Perot. The light effect was 
increased and the self-reversal decreased by running the 
lamp without a vacuum jacket, with 3-amp ac through 
each filament, and with 3-amp dc arc current. The dc 
arc current was obtained from the 110-volt dec line 
using 33 ohms for ballast. In this way about 8 percent 
of the atoms were excited. The Philips SO 60 W lamp 
was run from the specified ballast transformer but 
without a vacuum jacket, and under these conditions 
the arc current was 0.7 amp. The Philips lamp gave a 
maximum of 16 percent excited atoms. The Philips 
sodium spectral lamp 93122 was also tried and found 
to be about as effective as the G.E. lamp. These three 
types of lamps proved to be more effective than others 
of our own construction. 

The second requirement on the light source is a low 
noise level. The noise level of the lamps was studied by 
' observing the increase in noise output of the detection 
' system when the light effect was being measured. The 


‘f root-mean-square noise due to light effect was about 


| 0.0001 of the magnitude of the light effect for the com- 
| mercial arc discharge lamps, when observed with a 
20-sec_time-constant. These commercial lamps also 
| met the third requirement of long-term stability. Over 
periods of a day the intensity would change by only a 
few percent, a change for which the data could easily 
be corrected. 
4. PROCEDURE 


a. The Method of Taking Data 


The C field was set at the desired static magnetic 
field by measuring the frequency of the (2, —1) to 
(2, —2) rf transition in the ground state. The minimum 
C field which was used was 3 gauss. Smaller C fields 
gave nonadiabatic transitions because of the fringe 
fields from the A and B magnets which overlapped into 
the ends of the C magnet. The resonance lamp was 
adjusted to give maximum light effect with no attempt 
being made to distinguish between light effect due to 
the 3?P, state and light effect due to the 3*P, state. In 
some cases the lamp was unusually noisy and some 
compromise had to be reached between the quietness 
of the operation and the magnitude of the light effect. 

The procedure for taking data was complicated by 
the ground state transition (2, —1) to (2, —2). When 
runs were made at small magnetic fields, this ground 
state transition occurred at frequencies of the order of 
1 Mc/sec, and if rf near this frequency was used to 
study the excited state, this ground state transition 
occurred in addition to the excited state rf transition. 
As the rf frequency (f) is moved away from the center 
of the ground state transition (fo), the intensity of the 


Na?# 619 
ground state rf effect decreased as [(f—/fo)?-+d?}-, 
where d is the half-width at half-intensity of the ground 
state resonance. The ground state resonance therefore 
had a long tail, and even at relatively high frequencies 
some ground state rf effect occurred. In data taken at 
small magnetic fields, the ground state rf effect was 
about equal to the excited state rf effect at 30 Mc/sec 
and was about 5 the excited state rf effect at 60 Mc/ 
sec. It is possible to design an apparatus in which no 
ground state rf effect will be observed when the excited 
state rf effect is measured. To distinguish between the 
ground state and excited state rf effects it was necessary 
to measure the rf effect when the beam was optically 
excited and again when the beam was not optically 
excited. The first measurement .gave the sum of the 
excited state and ground state rf effects, while the 
second measurement gave only the ground state rf 
effect. The difference of these two measurements was 
the excited state rf effect. 

To measure the excited state rf effect, the oscillator 
was set to the desired frequency and desired rf current. 
The light shutter was opened so that the beam was 
optically excited and a timing circuit was started. This 
circuit first allowed a 1-minute “wait” time for the 
averaging circuit to reach equilibrium. The timing 
circuit then turned on the recorder for 40 sec during 
which time the recorder read the total rf effect, that is, 
the excited rf effect plus ground state rf effect. This 
gave a trace about 4 in. long on the recorder which 
would be a straight line if there were no noise. When the 
40-sec reading time was finished, the light shutter was 
closed so that the beam was no longer optically excited, 
and the timing circuit was started again. After the one- 
minute “wait” time, the recorder read the ground 
state rf effect alone for 40 sec. It is to be noted that the 
oscillators were on, and being modulated continuously, 
throughout the readings. This incidently helped to 
keep the oscillators stable. For each frequency this 
procedure of reading total rf effect and ground state rf 
effect was repeated several times. When the data at 
one frequency were completed, the oscillator was tuned 
to a new frequency and adjusted to give the same rf 
current. In this way the oscillator frequency was moved 
across the frequency range of interest. The procedure of 
point-by-point data-taking had to be adopted because 
of the need to keep the rf current constant, which was 
more important in this experiment than in the usual 
ground state experiments. 

The rf current in the hairpin was measured by the 
rf ammeter and rf probe described in Sec. 3.b. During 
the run the C field was measured several times using 
the frequency of the (2, —1) to (2, —2) ground state 
transition, and the field was readjusted when necessary. 
The magnitude of the light effect was also measured 
frequently since changes of the order of 10 to 20 percent 
were found to occur over the course of a run, mainly 
because of changes in the total beam rather than in the 
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Fic. 5. A typical resonance curve for the 3*P; state taken at 
2.0 gauss static field and 2.8 amp rf. The dots with vertical prob- 
able error lines are the experimental points. The curve is a “‘best 
fit” of the simple resonance formula, Eq. (2), to the experimental 
points, : 


light intensity. The data for an excited state spectrum 
were generally acquired by going over the spectrum 
four times in one run to make sure there were no 
apparatus drifts. The final data usually consisted of 
three or four pairs of total rf effect and ground state 
rf effect measurements at half-megacycle intervals. An 
average straight line was drawn through each trace by 
eye and the rf effect corresponding to this line was 
taken as the average rf effect for that trace. The 
difference of these average values of the total rf effect 
and the ground state rf effect in each pair was the 
excited state rf effect for that pair. These excited state 
rf effect measurements are the raw data of the 
experiment. 

The excited rf effect was easily corrected for any 
drifts in the light effect. When ine ground state rf effect 
was very large, there was another simple correction 
because the light effect and ground state rf effect can- 
celled each other to a small extent. 


b. Fitting of the Data 


The corrected excited state rf effect plotted against 
the rf frequency gave the rf spectrum of the excited 
state with some scatter of the points due to various 
sources of noise. For interpretation and fitting of the 
data, it was found useful to plot an average spectrum 
made up by taking the average of all the points in the 
interval of a megacycle, giving average points which 
were averages of 6 to 8 independent measurements. 
The averaging over 1-Mc/sec intervals is legitimate 
because the spectra are made up of resonances each of 
which has approximately a 20-Mc/sec width. 

The interpretation of the experimental curves is 
more important in this experiment than in the usual 
ground state experiment because the resonances widths 
are of the same order of magnitude as the level separa- 
tions. If a single rf transition is induced between two 


excited state hyperfine levels, and interference terms 
and rf level perturbations are neglected, then the form 
of the excited state rf resonance will be 


T=h/U(f—fo +8", (2) 


according to the theory in Appendix 2. Here J is the 
intensity of the resonance, h is the height, g is the half- 
width at half-intensity, fo is the center of the resonance, 
and f is the rf frequency. The weak-field excited reso- 
nances AF=+1, Amp==+1,0 consist of a number of 
almost superimposed transitions between the Zeeman 
levels of the two F states. The superposition is not 
perfect because the static and rf magnetic fields perturb 
the levels. The individual resonances are shifted only a 
small amount compared to their width, and not as much 
as the individual Zeeman levels. We therefore still use 
a curve of the form of Eq. (2) to fit the total resonance. 
One may expect that there will be some fine structure 
at the peak of the total resonance and that the width 
of the total resonance will be slightly greater than the 
natural width. In fitting the weak-field spectra, Eq. (2) 
was used with more emphasis given to the sides of the 
observed resonance than to the top. No attempt was 
made to make the highest point on the resonance co- 
incide with the center of the resonance. There is some 
uncertainty in this type of fitting, which leads to errors 
independent of the signal-to-noise ratio. However the 
experimental conditions do not warrant a more detailed 
study. 
5. RESULTS 

The rf spectra were studied from 6 to 240 Mc/sec at 
static magnetic fields of about 1 gauss. A single reso- 
nance was found at the higher end of this range, Fig. 5. 
The resonance is asymmetric so that the peak is at a 
higher frequency than the center when determined by 
fitting a curve of the form of Eq. (2). The average value 
of the center is 188.9 Mc/sec. This resonance was 
studied at rf currents of 1.4 to 3.2 amp and static fields 
of 1.0 to 2.0 gauss. 
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Fic. 6. A typical resonance curve for the 3?Py state taken at 

1.84 gauss static field and 1.4 amp rf. The dots with the vertical 

probable error lines are the experimental points. Curves I and II 

are the individual resonance curves and curve III is their sum. 

The parameters of the curves are chosen to give a “‘best fit” of 

curve III to the experimental points. 
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A much stronger excited state spectrum was found 
in the lower frequency range and a typical curve taken 
at 1.4 amp rf and 1.84 gauss static field is shown in 
Fig. 6. All of the experimental curves which are shown 
in this paper have arbitrary intensity units and no 
direct comparison in intensity should be made be- 
tween different figures. This stronger spectrum was 
explained, as will be discussed later, as being the sum 
of two overlapping resonance curves arising from transi- 
tions in the 3°P; state. The parameters of the individual 
resonances were derived by fitting the experimental 
points to an expression of the form 


ie hy : hy 
(f-fP+e (fa f+e? 


where the subscripts I-and II refer to the lower and 
upper individual resonances respectively which make 
up the total curve. In this expression /; and hy are 
relative -heights of the two resonances, f; and fi; are 
the centers of the two resonances, and g is the width of 
the individual resonances which includes the broaden- 
ing produced by the rf and static magnetic fields in 
addition to their natural width. g is the same for both 
resonances because the lifetimes of all of the hyperfine 
| states in the same fine-structure state are the same. The 
fitting of Eq. (3) to the experimental points was done by 
| trial and the best fit was estimated by eye. The param- 
eters obtained in five different runs with this type of 
fitting are given in Table I. 

Figure 7 shows a spectrum taken at 60.8-gauss static 
field and 2.8-amp rf current which was used in the 
evaluation of b. Spectra were obtained at a number of 
other values of the static field, but they are not of 
direct interest in the evaluation of 6 and are not pre- 
sented in this paper. 


(3) 





6. DISCUSSION OF RESULTS 
a. Assignment of Resonances 


If a light filter is interposed in the optical system 
which filters out the sodium “D” line, the excited state 
tf resonances described in the last section all disappear. 
Therefore these resonances may definitely be assigned 
to the 3?P, and 3?P; states of Na”. We next assign the 
188.9-Mc/sec resonance to the F=2 to F=1 transition 
in the 3°P; state in agreement with the optical measure- 


TABLE I. Parameters obtained by fitting the weak-field 
3*P spectrum in five different runs. 








g, half-width 
in Mc/sec 
9.75 
9.80 
9.80 
9.75 
9.90 


fu, center of upper 


ft, center of lower 
peak in Mc/sec 


peak in Mc/sec 


35.0 











- 
° 


iw 


EXCITED STATE RF EFFECT 
we ° 





i 
120 130 140 150 160 170 180 
FREQUENCY in Mc/sec 





Fic. 7. The Paschen-Back spectrum of the 3?Py state taken 
at 60.8 gauss static field and 2.8 amp rf. The dots are the experi- 
mental points. 


ment of Jackson and Kuhn" of 192+10 Mc/sec. This 
assignment is also confirmed by the calculation of this 
separation from the Landé equation! relating the 
hyperfine separation to the fine structure separation, 
which predicts the value of 186 Mc/sec if 8.0 is used for 
Z;. Since this hyperfine separation is equal to 2a;, the 
experimental value of a; is 94.45 Mc/sec. 

The two lower resonances are now assigned to the 
3?P; state. The zero-field separations of the F levels in 
the 3?P; state are given in Eq. (1) Ideally one would 
expect to find three resonances for this state, but 
simplified intensity calculations indicate that the F=1 
to F=0 resonance may be very weak. The possible 
assignments of the two observed resonances can be re- 
stricted by using the information obtained in the 3’P; 
state. According to the simple theory" of the magnetic 
hyperfine structure constants, the ratio of a;/a; is 5. 
Therefore a; must be 18.9 Mc/sec within a few percent.” 
From Eq. (1) and Table I we can calculate all the 
possible experimental values of a3. The assignment of 
the two overlapping resonances to the F=3 to F=2 
transition and F=2 to F=1 transition leads to an a; 
of 19.06 Mc/sec in agreement with the prediction. All 
other assignments give values of a; which are at 
least 25 percent different from the predicted value. 
Therefore the two observed resonances are assigned to 
the 3-2 and 2-1 transitions, with the value of a; taken 
as 19.06 Mc/sec. 

The final assignment problem is whether to assign 
the upper resonance to the 3-2 transition and the lower 
resonance to the 2-1 transition or to make the converse 
assignment. The value of a; is independent of how this 
final assignment is made but the value of b is not. The 
two possible assignments with the corresponding values 
of 6 and the position of the 1-0 resonances are listed in 


10D, A. Jackson and H. Kuhn, Proc. Roy. Soc. (London) 167, 
205 (1938). 

11H. Kopfermann, Kernmomente (Edwards Brothers, Inc., Ann 
Arbor, 1945), p. 22. 

2 Davis, Feld, Zabel, and Zacharias, Phys. Rev. 76, 1076 
(1949), discussed the accuracy of this theory and found for light 
elements such as Al?’ that the ratio is correct to within a few 
percent. 
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TABLE II. Assignment of the 3*P; weak-field resonances 
for the two possible values of b. 








Frequency of 
F=1 to F=0 
in Mc/sec 


16.5 
40.7 


Frequency of 
F=2to F=1 
in Mc/sec 


35.5 
59.8 


Frequency of 
F =3 to F=2 
in Mc/sec 


59.8 
35.5 


6 in Mc/sec 


+ 2.58 
— 21.64 











Table II. If the 1-0 resonance lies at 40.7 Mc/sec, it is 
not surprising that it was not observed because calcula- 
tions indicate that the intensity of the 1-0 resonance is 
zo to = of the intensity of the 2-1 resonance, and the 
fitting is not sufficiently accurate to disclose a small peak 
between two large peaks. The other possible position 
of the 1-0 resonance is 16.5 Mc/sec, but in the present 
apparatus the signal-to-noise ratio is low at this fre- 
quency because of the presence of a large ground state 
effect. Therefore we have not been able to determine 
whether or not a peak exists at 16.5 Mc/sec. 

Another way in which resonances can be identified is 
by the comparison of theoretical and experimental in- 
tensity ratios as is done in optical spectroscopy. At 
weak magnetic fields, the presence of large interference 
terms makes the calculation of the relative intensities 
of the excited state rf resonances very sensitive to the 
magnitudes and directions of the static and oscillating 
magnetic fields. These quantities were not sufficiently 
well known in our experiment to enable us to make a 
trustworthy calculation. 


However, a more reliable calculation of the intensity’ 


of the excited state rf effect can be made for strong 
fields when the excited hyperfine states are well sepa- 
rated. Twelve transitions are allowed with the selection 
rules Amy=-+1 and Am;=0. The calculation of their 
relative intensities shows that the transition (m;=3, 
m,=%) to (my=—4, m;=$) results in an excited state 
rf effect which is about nine times larger than the effect 
due to any of the other transitions. Fig. 7, which shows 
the Paschen-Back spectrum of the state, has one large 
peak with a center at about 144 Mc/sec. From the 
known magnetic field of 60.8 gauss, the frequency of the 

3,3) to (—}3,8) transition is 142.4 Mc/sec for b= +2.58 
Mc/sec and is 148.9 Mc/sec for b= — 21.64 Mc/sec. To 
better compare the experimental peak with the two 
possible calculated frequencies, the backgrounds due 
to the other 3*P; transitions and to a 3?P, transition 
were subtracted from the experimental curve. The net 
result is shown in Fig. 8. The two curves refer to the 
two possible 6 values since the background also depends 
on the value of b. For b=+2.58 Mc/sec, the experi- 
mental peak center is 142+1 Mc/sec and the calcu- 
lated center is 142.4 Mc/sec, while for b= —21.6 Mc/ 
sec the experimental center is 140-++1 Mc/sec and the 
calculated center is 148.9 Mc/sec. Thus, the Paschen- 
Back spectrum of the 3°P; state can best be explained 
by the value 6=+2.58 Mc/sec if the strong resonance 
is due to the (3,3) to (—},$) transition. This spectrum 
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is therefore a strong indication for selection of b= +-2.58 
Mc/sec, but we do not feel that it is a positive proof 
for this selection. We therefore use both values of d in 
evaluating the nuclear quadrupole moment. 

The strong resonance in the Paschen-Back spectrum, 
Fig. 8, does not have the shape of the simple resonance 
curve of Eq. (2), but is wider and has a flat top. The 
explanation for this shape lies in the fact that the 
electron angular momentum J=3 is largely decoupled 
from the nuclear spin and that the three separations 
between the four successive energy levels are equal to 
within the line width. The transitions are therefore 
more like the transitions which can be made by a sys- 
tem with a magnetic moment and with a spin of $ in 
an external magnetic field, where one resonant fre- 
quency can cause transitions from each.m, level to every 
other m, level. The transition probabilities were calcu- 
lated from the formula first given by Majorana." From 
the approximate value of the oscillating magnetic 
field the theoretical resonance curve was calculated 
and found to agree quite well with the experimental 
resonance shape. This was additional confirmation of 
our interpretation of the Paschen-Back spectrum of the 
3*P; state. 


b. Discussion of the Limits of Error 


In setting the limits of error on the experimental 
values of a, a3, and b, one must consider the possible 
errors produced by the small static magnetic field. 
The static fields were sufficiently small in all the runs 
that the effect of quadratic Zeeman shifts of the levels 
on the three constants is negligible. However if the 
intensities of the excited state rf effects produced by 
various Zeeman transitions between the same two F 
levels vary greatly, it is possible for the resonances and 
the constants to shift linearly with changes in the mag- 
nitude of the static field. However, there was no evi- 
dence of such shifts taking place in either the 3°P; or 
3*P; state. 

The fitting procedure must also be considered in 
setting the limits of error. Because of the asymmetry in 
the 188.9-Mc/sec resonance, we have taken the value 
of the hyperfine separation in the 3*P; state as 188.9 
+1.0 Mc/sec, where the +1.0-Mc/sec error is the 
limit to which the center can be shifted while main- 
taining a reasonable fit in all the measurements of this 
resonance. This gives the value 


a4=94.45-0.5 Mc/sec. 


Each experimental spectrum for the 3°P; state at 
small magnetic field was fitted separately and the 
fitting parameters are listed in Table I. Because of this 
independent fitting the average values of a; and 6 must 
be calculated in the following way. For each of the 
runs the a; and 6 are calculated, and the averages of 
these five independent measurements of these con- 


18 F, Bloch and I. I. Rabi, Revs. Modern Phys. 17, 237 (1945). 
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stants is taken as the average value of the constants. 
Now the divergencies between the individual values of 
the constants are due in part to the problem of fitting. 
Since this type of error is difficult to evaluate sta- 
tistically, we take the limits of experimental error on 
the constants as the maximum divergence of the in- 
dividual values of the constants from the average values 
of the constants. The limits of error on the constants 
will be larger if peaks from different runs are used to 
evaluate them. This is because each fit was done inde- 
pendently and some of the fittings give higher values of 
the peak frequencies than others. When the entire fitting 
curve is shifted up, this has a larger effect on a; than it 
has on b because 6 depends mainly on the difference of 
the peaks while a; depends on the sum of the peaks. We 
can then give the value 


a= 19.06+0.36 Mc/sec, 


where the errors include the evaluation of a; from peaks 
belonging to different runs. For b, we have the choice 
of the two values: 

b=+2.58+0.18 Mc/sec, 

b= —21.64+0.54 Mc/sec, 


' where the limits of error are only for the calculation 
| of b from peaks belonging to the same run. To include 


b*- 21.64 Mc /sec 
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Fic. 8. A comparison of the Paschen-Back spectrum of the 
#P; state at 60.8 gauss with the calculated position of the (3,3) 
to (—4,#) transition. The spectrum is shown with the background 
due to all other transitions subtracted out for the two possible 
values of b, since the background depends on the value of 6. The 
vertical arrow in each graph is the calculated position of the 
(3,3) to (—4,3) transition for the value of 6 indicated on the 
graph. For b= +2.58 Mc/sec the agreement of the experimental 
center with the calculated center is much better than for 
b=—21.64 Mc/sec. 
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TABLE III. Experimental ratios of the excited state rf effect to the 
light effect* at the center of the excited state rf resonance. 








Rf cur- 
rent in 
amp 


Center of 
resonance in 
c/sec gauss 


59.8 1 to2 1.4 
30,5 1to2 ‘ 
142 60.8 

188.9 1 to2 

188.9 1to2 


Static magnetic 


field in Intensity rf effect 


Intensity light effects 


0.0040 
0.0024 
0.0043 
0.0008 
0.0002 








32P 








® The light effect is the total light effect due both to the 3*P3 and 3?P 
states. For the lamps used in this experiment, the ratio of the light effect 
due to the 32P3 state to the light effect due to the 32Py state was about 2, 


the values of b obtained by using peaks from different 
runs, and to allow for any possible undetected shifts 
due to the static magnetic field, we have increased the 
limits of error for the two possible values of 6 as follows: 


b=+2.58+0.3 Mc/sec, 
b=—21.64+0.7 Mc/sec. 


These results agree with those given by Sagalyn,® 
which were 19.5+-0.6 Mc/sec for a; and 2.4+1.4 Mc/ 
sec for b. 


c. Experimental Line Shapes and Intensities 


The observed widths of the 3?P; resonances which 
are given in Table I must be corrected for the broaden- 
ing effect of the rf and static magnetic fields. If this is 
done, the average corrected natural half-width is 9.56 
+0.2 Mc/sec. The lifetime of the 3*P; state from this 
natural width is (1.66+-0.04) x 10-8 sec. The corrected 
natural half-width of the 3*P; resonance is 8.0+1.0 
Mc/sec, giving a lifetime for the 32P, state of (2.00.25) 
X10-* sec. Stephenson" found the lifetime of both of 
these states to be (1.61+0.06)X10-® sec by using a 
different method. 

At weak magnetic fields the ratio of the light effect 
to the total beam was 0.02 to 0.04 depending on the 
type of lamp. When the field was increased to several 
hundred gauss the light effect increased about 75 
percent in agreement with theoretical light effect calcu- 
lations. The ratio of the intensity of the excited state rf 
effect to the light effect is given in Table III for several 
cases the ratio could only be compared with theory for 
the strong field 3?P; resonance where we could make a 
reliable calculation. Making use of the Majorana form- 
mula as described at the end of Sec. 6.a, the ratio 
calculated from the approximate value of the rf field 
agreed with the experimental ratio within the error 
introduced by the uncertainty of the proportion of the 
experimental light effect due only to the 3?P, state. 


7. CONCLUSIONS 


The results of the experiments on the 3?P; and 3?P; 
states show that within the range of our experimental 


4G, Stephenson, Proc. Phys. Soc. (London) A64, 458 (1951). 
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error, the ratio of a;/a; is 5.0 in agreement with simple 
theory. 

The value of 6 is related to the nuclear electric 
quadrupole moment Q by the well known relation 


b= —eQ(3 cos’0—1)w{7r-*) ay, (4) 


where @ and r are the coordinates of the valence elec- 
tron. The value of (r~*\,, can be found from the known 
nuclear magnetic moment of Na* (u7), and from a; 
or a;. If the deformation of the electronic core by the 
valence electron is neglected, the equation for Q becomes 


buour (1+-1) (2/+3) 

axe(1)(J)(F+1) 

where yo is the Bohr magneton and ¢ is the electronic 
charge. The values of Q calculated from Eq. (4) are 


b=+2.58+0.3 Mc/sec, 
Q=+0.108-0.012 10- cm?, 


b= —21.64+0.7 Mc/sec, 
Q=—0.909+0.030X 10-* cm, 


(S) 





where the limit of error on Q are due only to the errors 
in 6 and a. 

Sternheimer has shown in a number of papers!® that 
the electron core may result in a shielding or an anti- 
shielding of the quadrupole moment, and that the ob- 
served quadrupole moment will then be smaller or 
larger, respectively, than the true quadrupole moment. 
There is also an analogous effect in the magnetic dipole 
interaction constant, and both of these effects are 
calculated together because of certain cancellations 
which occur. Therefore the correction for Q is given as 
a correction for the ratio of b/a;. For the 3*P; state of 
Na”, Sternheimer has made a specific calculation and 
finds that the true value of Q is equal to 0.92 of the 
observed value of Q. Therefore the values of Q which 
are given above must be multiplied by 0.92 giving the 
following corrected values of Q: 


b=+2.58+0.3 Mc/sec, 
Q=+0.100+0.011 10 cm?, 


b= —21.64+0.7 Mc/sec, 
Q=—0.836+0.028X 10-* cm. 


The simple shell model predicts that the nucleus is 
in a configuration with a resultant Q of zero. Sengupta’® 
and Scharff!” have shown that by mixing configurations, 
positive values of Q can be obtained of the order of 
magnitude of the positive Q found in this experiment. 

The atomic beam resonance method can be applied 
to excited states of atoms to yield results of interest 
despite the natural width of the resonance lines. With 


18 R. Sternheimer, Phys. Rev. 84, 244 (1951); 86, 316 (1952); 
and 95, 736 (1954). 

16S. Sengupta, Phys. Rev. 96, 235 (1954). 

17M. F. Scharff, Phys. Rev. 95, 1114 (1954). 
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an arrangement which allows the selection of a par. 
ticular initial magnetic ground state, the signal to noise 
problem and the problem of identification of the transi- 
tions will be greatly simplified. At present the apparatus 
used in this experiment is being used to investigate the 
hyperfine structure of the excited states of Rb* and 
Rb*’, 

We wish to take this opportunity to acknowledge 
our debt to Professor P. Kusch, Dr. G. K. Woodgate, 
and Dr. Charles A. Lee who in large part constructed 
the first form of this apparatus with which the effects 
of optical and radiofrequency radiation in the excited 
state were first detected. 


APPENDIX 1 
a. General Equation for the Light Effect 


Consider a static magnetic field in the z direction 
and a beam of unpolarized light which is propagated 
in the 4 direction. This is the situation in our experi- 
ment. (a) is used to designate the initial ground state 
of the atom, (0) and (6’) are used to designate excited 
states of the atom, and (c) is used to designate the 
final ground state of the atom. The light beam can be 
considered to be made up of x polarized and z polarized 
light. G(b,a,x) is the electric dipole transition matrix 
element for a transition from the ground state (a) to 
the excited state (b) induced by x polarized light. Simi- 
larly G(b,a,z) is the electric dipole transition matrix 
element for light polarized in the z direction. In con- F 
sidering the decay process it is only necessary to take 
account of spontaneous emission. The electric dipole 
transition matrix element for decay from the excited 
state (4) to the final ground state (c) with emission 
of light polarized in the x direction is G(c,b,x’). Simi- 
larly G(c,b,y’) and G(c,b,2’) are the electric dipole 
transition matrix elements for decay with emission of 
y-polarized and z-polarized light respectively. The 
relative probability, W(c,a), of an atom going from an 
initial ground state (a) to a final ground state (c) is 


Weea= LD 2b 


p=2,2 p’=z',y’,2' 


X[EIGCsPFIGeaMI+, F 





Se (6 
1+49°T°[_f(b,b’) P j 


where T is the lifetime of the excited state in seconds 
and /(b,b’) is the separation of the excited states (b) 
and (6’) in cycles per second. 

The relative light effect due to atoms originally in 
the ground state (a) is 


L(a) =] LeW (ca), (7) 





ELECTRIC QUADRUPOLE MOMENT OF Na? 


where the summation is over all of the final states (c’) 
which have a value of m, different from the m, value 
of the initial ground state (a). 

The relative light effect due to all atoms is obtained 
by summing L(a) over all of the initial states taking 
into account the relative populations of the initial states. 
If a substantial portion of the atoms are excited twice, 
then the light effect produced by the second excitation 
must be calculated from the ground state populations 
which resulted from the first excitation. In our experi- 
ment, the magnetic hyperfine ground states are equally 
populated initially. Also, the probability of an atom 
being excited more than once is very small so that the 
light effect due to second excitations can be neglected. 
Therefore in our experiment the total relative light 
effect is 


L=>.L(a), (8) 


where the summation is over all of the initial states (a) 
The ratio of the total light effect to the number of 
atoms which have been optically excited is Rx, where 


Rr=L/(X,aW (ca) ] (9) 


and the summation is over all initial and final states. 
The probability, P, that an atom is optically excited 
depends on the intensity of the radiation and the time 
that the atoms spend in the illuminated region. The 
ratio of the light effect to the total beam is the product 
PR. 

In Eq. (6) the first term gives the transition proba- 
bility if all interference effects are neglected. The 
second term contains the interference effects and its 
importance depends on the magnitude of 7/(,b’). If 
the excited state levels are widely separated with re- 
spect to their width which is (277), then T/(6,b’) is 
large and the interference term can be neglected. In 
the excited states of Na* the interference term cannot 
be neglected in general, and the complete calculation 
of the variation of the light effect with magnetic field is 
tedious. However, there are two cases in which the 
calculations can be simplified, and these cases will 
now be discussed. 


b. Light Effect at Zero Magnetic Field 


At zero magnetic field the excited state (6) is desig- 
nated by the quantum numbers (F,mr) where F and 
mp have their usual meaning. At zero field all of the 
mr levels in a single F level are degenerate. The inter- 
ference terms between mz, levels in different F levels 
can be neglected with an error of less than 10 percent 
for the 3?P; and 3*P; states of Na”. With this approxi- 
mation Eq. (6) reduces to 


Wan=s 2 BL 
p=2,2 p'=z' ,y’,2' F mp 


G(c; Fymr; p’)G(F,mr; a; p)|?. (10) 
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From Eq. (10), Rz is 0.22 for the 3*P; state and 0.40 
for the 3?P; state. Rz may be thought of as the ratio 
of the light effect to the total beam if each atom is 
optically excited once and only once. 


c. Light Effect at Strong Magnetic Field 
At strong magnetic fields in which J and J are de- 
coupled in the excited states, the levels are sufficiently 
separated to allow the interference term to be neglected 
with an error of less than 10 percent in the 3?P; and 
3*P; states of Na”. For convenience we define 


Dob)= > 


=z',y’,z 


1G@b0 1% 


(11) 
E(b,a)= XY |G(b,a,p)|?. 
p=2,2 
If the second term in Eq. (6) is neglected, we obtain 
W (c,a)= LisD(¢,b) E(6,a). (12) 


From Eg. (12), Rx is 0.36 for the 3?P; state and 0.41 
for the 3*P, state. 


APPENDIX 2 


We shall derive an equation for the excited state rf 
effect due to an rf transition between two excited states 
(b) and (6’), and neglect interference effects and rf 
perturbation of the levels. The probability s(0,b’) of 
making an rf transition from the state (6) to the state 
(b’) in a time ¢ is given by the equation 


V? sin*{ mt V?+ (f—fo)*]} 
5(b,b’) = ? 
V?+ (f—fo)? 





where V is the rf matrix element and fy is the frequency 
separation of the levels (6) and (6’); both of these 
quantities are in units of cps. The average value, 
5(b,b’), is obtained by integrating s(0,b’) with the 
probability that an excited state lasts for a time ¢ which 
is exp(—t/T). T is the lifetime of the excited state. 
The value of S(0,b’) is 


V2 


S(0,’) _ ’ 
2LV?-++ (f—fo)*] 





where k=[2n7 |". 

We can use the light-effect theory of Sec. C of 
Appendix 1 for this discussion because we are neglect- 
ing interference effects. Taking account of only those 
atoms which come from the ground state (a), the 
population of the excited state (b) is E(b,a) and of the 
excited state (6’) is E(b’,a), if no rf is applied. When 
the rf is applied, the population of (6) is decreased by 
the probability that an atom makes an rf transition 
to (0’) which is S(6,b’). The population of (6) at the 
same time is increased by an amount [.S(6’,b) ][E(0’,a) |, 
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since $(b’,b) is the probability for an atom to make an 
rf transition from (@’) to (6). When the rf is applied 
the population of (6) is changed to 


[1—S(6,b’) JLE(0,a) ]+LS(0',6) ILE(@’,a) J. 


A similar expression holds for the population of (6’). 
D(8,c) is the probability of an atom decaying from (0d) 
to a final ground state (c). Therefore the change in 
W (c,a) produced by the rf is AW (c,a), where 


AW (c,a) = {(D(c,b) ][—E(6,a) + E(0’,a) | 
+[D(c,b’) ][—E(b’,a) + E(b,a) }}{S(b,6’)}, (16) 


and we have used S(b,b’)=5(b’,b). Equation (16) re- 
duces to 


AW (c,a)=[D(c,b)—D(c,b’) JLE(0’,a)— E(6,2) ] 


(15) 
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The total relative excited state rf effect AW is 
AW =e, aW (c,a), (18) 


where the summation is over all initial states (a) and 
those final states (c’) which have a value of my which is 
different from the m, value of the initial state (a). This 
is the same type of summation as the one described in 
Sec. A of Appendix 1 in the calculation of the total 
relative light effect. The ratio of the excited state rf 
effect to the light effect, which is the quantity of experi- 
mental interest, is simply (AW)/L. 

Equation (17) shows that AW depends on the optical 
matrix elements connecting (6) and (6’) to the ground 
state levels. It is this dependence which leads to wide 
variation in the intensities of the excited state rf 
effects between different pairs of excited state levels. 
From Eq. (14), the width of the excited state rf effect 
resonance curve at half-intensity is g, where 


g=R+V?, (19) 
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Photoprotons from Lead-208 and Tantalum* 


M. ELAtne Tomst AND WILLIAM E. STEPHENS 
Physics Department, University of Pennsylvania, Philadelphia, Pennsylvania 


(Received December 23, 1954) 


The photoprotons ejected from thin foils of tantalum and enriched lead-208 by the 23-Mev bremsstrahlung 
x-rays from a betatron have been observed in nuclear emulsions. Yields, measured in units of 10* protons 
per mole per roentgen unit, are: tantalum, 5.60.5; lead-208, 2.60.3. The angular distribution of the 
lead-208 protons shows a strong forward asymmetry while the tantalum protons are more isotropic. Both 
proton energy distributions are in good agreement with the predictions of the direct photoprocess. 


REVIOUS work! has shown that the Coulomb 
barrier in heavy elements (Z>40) strongly inhibits 
the emission of “evaporated” photo protons. Many of 
the photoprotons that are observed are ascribed to a 
direct photoeffect.!:* We have extended these measure- 
ments to the photoprotons from tantalum and lead 
enriched in isotope 208.4 
Using the techniques described previously,!:*—7 Ilford 
E-1 200-micron plates were placed in an evacuated 
“camera” to detect charged particles ejected from thin 
foils by collimated x-rays from the University of Penn- 
sylvania betatron run at 23 Mev. The plates were de- 


*Supported in part by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission. 

t Now at the Naval Research Laboratory, Washington, D. C. 

1M. E. Toms and W. E. Stephens, Phys. Rev. 92, 362 (1953). 

2 E. V. Weinstock and J. Halpern, Phys. Rev. 94, 1651 (1954). 

3 E. D. Courant, Phys. Rev. 82, 703 (1951). 

4 We are indebted to the Isotopes Division of the U. S. Atomic 
Energy Commission for the loan of the enriched lead. 

5M. E. Toms and W. E. Stephens, Phys. Rev. 82, 709 (1951). 

6 P. R. Byerly and W. E. Stephens, Phys. Rev. 83, 54 (1951). 
(os E. Toms and W. E. Stephens, Phys. Rev. 95, 629(A) 


veloped by the temperature change method and later 
scanned. The track ranges were corrected by adding 
half the effective foil thickness and converted to photon 
energies. Table I gives the details of the two runs. 
The energy distributions of the photoprotons are 
shown in Figs. 1 and 2. The tracks between 2 and 5 


TaBLe I. Exposure details. 








Tantalum Lead-208 


Foil thickness (mg/cm?) 16.6 21.8 
(mils) 0.4 0.75 

Effective half-thickness for 

10-Mev protons (Mev) 0.16 
Purity ; 0.99+ 
X-ray exposure (roentgens) 28 950 
Area scanned (cm?) 24 
Protons measured 414 
Alphas observed 2 
Estimated proton background 40+16 
Proton tracks observed in 

background region (2-5 Mev) 20 
Yields: 

(104 protons mole roentgen“) 5.6+0.5 

(104 alphas mole roentgen) 0.003=0.02 





2.60.3 
0.040.03 
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Fic. 1. The histogram gives the energy distribution of the 
photoprotons from tantalum exposed to 23-Mev bremsstrahlung. 
The smooth curve is the distribution calculated for the direct 
process and normalized to. the observed protons. The dashed 
curve is the calculated distribution for the evaporation process 
fitted to indicate the maximum possible evaporation yield. The 
shaded groups are background. 


Mev which are shaded in the figures are ascribed to 
background as determined in a previous exposure.! The 
yields corrected for these backgrounds are given in 
Table I. 

The photoproton angular distributions are plotted in 
Figs. 3 and 4 both for all the p otons and for various 
energy groups. 

DISCUSSION 


The observed photoproton energy distributions are 
shown as histograms in Figs. 1 and 2 and can be com- 
pared with theoretical calculations. The solid curves of 
Figs. 1 and 2 are the distributions predicted by a direct 
photoeffect calculated as in our previous work.! The 
theoretical curves are fitted to the histograms and show 
good agreement. The distributions expected from an 
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Fic. 2. The histogram gives the energy distribution of the 
photoprotons from lead 208 exposed to 23-Mev bremsstrahlung. 

he smooth curve is the distribution calculated for the direct 
process and normalized to the observed protons. The dashed 
curve is the calculated distribution for the evaporation process 
fitted to indicate the maximum possible evaporation yield. The 
shaded groups are background. 
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Fic. 3. The numbers of tantalum photoprotons per unit solid 
angle in arbitrary units is plotted as a function of their angle 
from the photon direction. In addition, the crosses show the 
angular distribution of photoprotons of 8 to 12 Mev energy, the 
circles photoprotons over 13 Mev. 


evaporation process are shown as dotted curves in Figs. 
1 and 2, fitted somewhat arbitrarily to show the maxi- 
mum evaporation yield which reasonably could be 
consistent with the observed protons. There is, in fact, 
no evidence for evaporated protons as such. 

The yields to be expected from the direct and evapo- 
ration processes are calculated and tabulated in Table 
II together with the observed values. The ‘‘Possible obs. 
evap.” yields, given in row eleven of Table II, are deter- 
mined by the number of observed photo protons in the 
energy region predicted by the evaporation process. 
Since this energy region overlaps that for the direct 
process, positive identification is not possible. Table IT 
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Fic. 4. The numbers of lead-208 photoprotons per unit solid 
angle in arbitrary units is plotted as a function of their angle 
from the photon direction. In addition, the crosses show the 
angular distribution of photoprotons of 8 to 11 Mev energy, the 
circles photoprotons over 12 Mev. 
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TaBLE II. Calculated and observed photoproton yields. 








Pb28 





Z protons 83 82 
B, (Mev)* 76 8.02 
N neutrons 126 
B,, (Mev)* . 7.38 
Y, (observed) 2.6 

(10* protons mole™ roentgen) 

Betatron energy (Mev) 23 
Y,(calc. direct) : 0.2 
(104 protons mole roentgen“) 

Y,(obs.)/Y (calc. direct) : 13 
Y,(calc. evap.) 

(104 protons mole roentgen“) 
Y,(obs.)/Yp(calc. evap.) 1300 
Possible obs. evap. <0.3 
Angular distr. far forward 


far forward° 


11.7 
($8 direct) 
24 


12 

($9 direct) 
23 

0.7 2 


13 4 

0.07 , : 120 to 
A 220 

110 170 10 ~1 


<0.2 <3 


d 
~isotr.° ~isotr.> forward> forward? -~isotr. 








a By is the binding energy of the last proton; Bn is the Motes energy of the last neutron. 
53). 


b M. E. Toms and W. E. Stephens, Phys. Rev. 92, 362 (19 
¢ Present work. 
4W. A. Butler and G. M. Almy, Phys. Rev. 91, 58 (1953). 


also contains data on other heavy elements which have 
been previously reported. 

The observed yields of protons whose energies are 
appropriate to the direct photoeffect vary from about 4 
to 13 times the values predicted by Courant’s direct 
effect. Factors of this order of magnitude can be 
accounted for by including a wine bottle potential and 
an alpha-particle structure’ in the direct-effect calcu- 
lations. A similar increase is predicted by Wilkinson® 
who suggests that the nuclear photoeffect is primarily 
the excitation of a nuclear particle from a closed shell 
to a single-particle level. A ‘“‘pseudo-direct” process 
would result if this particle is emitted before interacting 
further with the rest of the nucleus. Wilkinson calcu- 
lates that this pseudo-direct process should be 20 to 
60 times as probable as Courant’s direct photoeffect 
(this factor may be less because the resultant nucleus 
must be left in a suitable state). 

As indicated in Table II, the observed photoprotons 
are 10 to 1300 times as abundant as the evaporation 
process would predict. This disparity in yields and the 
difference between the observed proton energies and 
the evaporated predicted energy distribution show 
clearly the impossibility of accounting for the photo- 
protons by the evaporation model and confirms our 
previous conclusion that the protons are caused by a 
direct photoeffect. 

The few protons of energy greater than 15 Mev from 
lead may come from the small amount of lead 207 
(2.3 percent) and 206 (1 percent) which were present in 
the enriched lead 208 foil. The few alpha particles 


® D. H. Wilkinson, Proceedings of the Photonuclear Conference 
at University of Pennsylvania, May 3, 1954 (unpublished). 


observed are not inconsistent with evaporation both in 
yield and energy. 

The angular distributions shown in Figs. 3 and 4 are 
somewhat surprising. The direct photoeffect with dipole 
absorption should give angular distributions which are 
symmetric around 90°. Even quadrupole absorption 
with its interference effects can contribute to forward 
asymmetries with a peak only as far forward as 45°. It 
is not clear whether the high experimental points 
forward of 45° are reliable enough to require octupole 
absorption. 

The specificity of the forward asymmetry suggests a 
nuclear shell-structure effect. Varying amounts of 
forward asymmetry may be caused by a dipole-quadru- 
pole (or higher multipole) interference due to various 
relative positions of the “resonances” for the various 
multipole absorptions from nucleus to nucleus depend- 
ing on the nuclear structure. This may not necessarily 
depend directly on the last proton shell since the high 
centrifugal barrier for large / may inhibit the last 
proton from exhibiting a “pseudo-direct” effect as 
proposed by Wilkinson.’ It is tempting to point out 
that lead 208 and bismuth are considered to have a 
low / shell (3s) near or at the top of the proton shell. 
In these cases, a “pseudo-direct” effect as suggested 
by Wilkinson may be possible and if the quadrupole 
resonance (small compared to the dipole resonance) 
happens to occur on the high-energy tail of the dipole 
resonance, above the Coulomb barrier, the interference 
will enhance the forward asymmetry of the protons 
observed. However, it is not certain that there may not 
be some mechanism operating other than those we 
have suggested. 


~ 9We are indebted to Dr. D. H. Wilkinson for his discussion of 
this effect. 
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Experimental Determination of the Absolute Differential Cross Sections 
for the O'*(d,p)O1", O1(d,p)O!"*, and O18(d,p)O'* Reactions* 


T. F. Srratron,f J. M. Buarr, K. F. Famuraro, anp R. V. Stuart 
University of Minnesota, Minneapolis, Minnesota 


(Received January 26, 1955) 


Nickel oxide foil targets were bombarded with deuterons in 
order to study the angular distributions of protons from the 
0'(d,p)O"” (ground state), O'%(d,p)O'"* (0.875-Mev level), and 
0'8(d,p)O%* (1.468-Mev level) reactions. The absolute yield of 
the O'8(d,p)O"" ground-state reaction was measured at 0¢.m.=53° 
in 35-kev steps of laboratory deuteron energy from 2.3 Mev to 
3.9 Mev. A resonant-type yield was obtained, with cross sections 
per unit solid angle at @c.m.=53° of 17 mb at 2.65 Mev, 33 mb 
at 3.01 Mev, 19 mb at 3.25 Mev and 31 mb at 3.43 Mev. Angular 
distributions obtained over twenty-two center-of-mass angles 
from 5° to 161° at these four deuteron energies showed a forward 
maximum at 53° falling to a minimum of 13 mb in the neighbor- 
hood of 90° and rising gradually to 16 mb in the back angles. 
Fluctuations of intensity at the forward maximum provided the 


major contribution to maxima in the total yield at 3.0 Mev and 
3.4 Mev. Differential cross sections for the O!%(d,p)O!* (0.875- 
Mev level) were measured at incident deuteron energies of 3.01 
Mev and 3.43 Mev. The distributions obtained were of the typi- 
cal stripping type with /,=0. With NiO targets enriched to 23 per- 
cent in O!8, an angular distribution was obtained with 3.01-Mev 
deuterons for the O'8(d,p)O"%* (1.468-Mev level) reaction. The 
distribution was of the character of a typical /,=0 type stripping 
distribution with cross sections of 213 mb at 5°, falling to a 
minimum of 11 mb at 48° and rising to a secondary maximum 
of 27 mb at 84°. A spin and parity assignment of 4, + to the 
1.469-Mev level in O' was made on the basis of the observed 
distribution. 





INTRODUCTION 


HE experimental work herein reported is a 
measurement of the absolute cross sections per 
/ unit solid angle as a function of deuteron energy and 
| detector angle for the three reactions O!(d,p)O", 
+ 0 (d,p)O!™* (0.875-Mev level), and O'8(d,p)O!™* (1.468- 
| Mev level). The O'*(d,p)O" reaction is of particular 
\ interest because of the observed variations in the 
' angular distribution of the emitted protons as a function 
, of the incident deuteron energy. Evidence for inter- 
' ference between compound nucleus formation and a 
' stripping mechanism is indicated. This report comple- 
| ments previous investigations by Heydenburg and 
» Inglis! and present work at the University of Texas? 
» with deuteron energies less than 3 Mev, and the experi- 
| ments with the Liverpool cyclotron at 8 Mev. Investi- 
gations of the O'%(d,p)O'™* (0.875-Mev level) reaction 
have been reported by the above authors and by 
Berthelot et al.4 

The present report is the only work known to the 
authors of an angular distribution for the O'8(d,p)O'™ 
(1.468-Mev level) reaction. The Q-value for the reaction 
was determined by range measurements in nuclear 
emulsions to be 0.30.2 Mev; presumably the reaction 
investigated corresponded to the second excited state 
of O, which has been found by magnetic analysis 
methods to have a Q-value of 262+6 kev.>’ The 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 
m Now at Los Alamos Scientific Laboratory, Los Alamos, New 
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stripping theory of S. T. Butler allowed a spin and 
parity assignment to be made for the level. 


EQUIPMENT 


The source of deuterons used in this work was the 
Minnesota electrostatic generator.’ The design details 
of the reaction chamber which was used for this study 
have been given by Holmgren e/ al.® In the following 
description, letters designating parts of the apparatus 
will refer to Fig. 1 of reference 9. 

The general features of the chamber were that (1) 
the ion beam from the accelerator was collimated by a 
system of defining and antiscattering apertures, (A) 
and (B); (2) the angular range which was swept out 
by the detector system (parts G through K) extended 
from 0° to 160°; (3) current was collected by a Faraday 
cup with a secondary current suppressor guard ring 
(Z) for angles of observation greater than 15°, while 
for smaller angles the beam was monitored by a propor- 
tional counter (LZ); (4) solid targets were required. 

The chamber was adaptable to two types of detectors 
for the reaction products. The system described by 
Holmgren ¢ al., used a region of strong magnetic field, 
(H), between the first and second analyzer defining 
slits, which served to spread the reaction products 
into momentum groups with about 15 percent resolu- 
tion. The particles then entered a nuclear photographic 
emulsion, (K), serving as an energy sensitive detector, 
and the yield could then be determined by usual 
microscopic counting techniques. The combination of © 
momentum and energy selection generally allowed 
rapid counting and positive identification of the parti- 
cles entering the emulsion. At the extreme forward 
angles it sometimes happened that reaction protons 

8 Williams, Rumbaugh, and Tate, Rev. Sci. Instr. 13, 202 
(1942). 


® Holmgren, Blair, Simmons, Stratton, and Stuart, Phys. Rev. 
95, 1544 (1954). 
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were completely obscured by an extremely large yield 
of Rutherford-scattered deuterons of approximately 
the same momentum, so that a further refinement was 
to wrap the nuclear plates with absorber foils of 
appropriate thickness and selectively absorb the deu- 
terons. The solid angle defined by the system with 
emulsion detectors was 5.58 X 10° steradian. 

For certain applications where the momentum and 
energy resolution provided by the magnetic field and 
the nuclear emulsions was not required, a proportional 
counter replaced the parts indicated by (G), (H), (J), 
(J), and (K). A different system of detector defining 
apertures preceded the proportional counter, replacing 
(F) and (G) with circular apertures. The diameter of 
the antiscattering slit at (G) was 0.180 inch; the 
defining aperture was measured to be 0.1505++0.0005 
inch and was 5.976+0.005 inches from the center of 
the chamber. The resulting solid angle seen by the 
proportional counter was (4.98+0.02) X 10~ steradian. 
A selection of aluminum foils served to separate the 
proportional counter filling gas from the evacuated 
chamber, and to adjust the relative energy losses in 
the counter for the various reaction products. Pulses 
from the counter were amplified by a cathode-follower 
preamplifier preceding a linear amplifier (Los Alamos 
Model 100) and were then sorted by a ten-channel 
discriminator.” 

The deuteron current was integrated by an electronic 
current integrator, which was semiautomatic in oper- 
ation; after a predetermined charge was collected, the 
circuit interposed a shutter in the beam and grounded 
the counter signal. 

The chamber was designed to use thin solid targets. 
For the work with oxygen, the problem was met by a 
process for manufacturing self-supporting nickel-mon- 
oxide targets containing approximately 10” oxygen 
atoms per square centimeter. The procedure for pre- 
paring such targets has been described by Holmgren 
et al 

All voltage calibrations of the incident deuteron 
energy and the energy losses by ionization in passing 
through the targets have been by reference to the 
threshold for the Li’(p,n) Be’ reaction.” Extrapolations 
of the ionization loss to deuterons and energies other 
than 1.882 Mev were made using theoretical formulas 
for energy loss by ionizing collisions." 


RESULTS 
O}8 (d,p)O'* 


The yields of reaction products from deuterons of 
3.01-Mev incident on nickel-oxide targets prepared 
from natural oxygen (0.2 percent O'*) and from oxygen 


10 W. C. Elmore and M. Sands, Electronics (McGraw-Hill Book 
Company, Inc., New York, 1949). 

11 Holmgren, Blair, Famularo, Stratton, and Stuart, Rev. Sci. 
Instr. 25, 1026 (1954). 

2 Herb, Snowden, and Sala, Phys. Rev. 75, 246 (1949). 

13M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
245 (1937). 
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enriched" to 23 percent O!* were compared by using 
the magnetic analyzer and nuclear emulsion detectors, 
One group of protons appeared from irradiations of the 
enriched target which was not in evidence with expo- 
sures taken with the natural oxygen target. 

The energy release associated with the proton group 
was computed from the measured range of the protons 
in the Ilford C-2 emulsions, the detector angle, and 
the incident deuteron energy. The method could be 
checked by comparison of the Q’s determined in the 
same plates for the O0'*(d,p)O!” (0Q=1.92 Mev) and the 
O'8(d,p)O'™* (0=1.04 Mev) reactions. The best esti- 
mate for the Q-value of the (d,p) reaction on O'* was 
determined to be 0.30.2 Mev. Since this work was 
completed, three reports on the magnetic analysis of 
the reaction products from deuterons incident on 0% 
have been made.*~’ All three are consistent with a () of 
0.262+0.006 Mev corresponding to a level in O" at 
1.468 Mev. 

An angular distribution was determined for the 
protons leaving O” in the 1.468-Mev level, at an 
incident deuteron laboratory energy of 3.01 Mev. The 
data were taken with nuclear photographic plates as 
the detectors. For detector laboratory angles from 15° 
to 160° the incident deuteron current was integrated 
directly from the collector cup by the integrating 
circuit. For the 5° and 10° data it was necessary to 
remove the collector cup and monitor the incident 
deuteron beam by means of the monitor proportional 
counter at a fixed angle of 55°. The monitor calibration 
was determined by direct comparison of the yield of 
elastically scattered deuterons and the integrated deu- 
teron current with the target at the exact position at 


TABLE I. Center-of-mass differential cross sections o for the 
0'8(d,p)O"™* reaction for 3.01-Mev incident deuterons (laboratory 
system) as a function of the center-of-mass angle 6. The cross 
sections are in millibarns (10727 cm?). 








6c.m. (degrees) @o.m. (mb) 





5.4 213 +16 
10.7 198 +12 
16.1 166 + 
21.4 137 + 
32.1 3 = 
37.4 22.7 
42.7 15.72: 
48.0 12.52: 
53.2 14.24 
58.5 15.24: 
68.5 18.24 
73.9 24.1 
84.1 27.0% 
94.2 23.12- 
104.1 19.8 
113.9 17.8+ 
123.6 16.14 
133.2 14.24 
147.4 10.1 
161.4 12.14 
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4 We are indebted to Professor A. O. Nier for making available 
to us the enriched oxygen. 
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ABSOLUTE DIFFERENTIAL CROSS SECTIONS 


which it was to be used for the small angle measure- 
ments. 

The data, corrected to the center-of-mass system of 
coordinates, are presented in Table I, and the resulting 
angular distribution is plotted in Fig. 1. The errors 
quoted in the table apply to the relative angular 
distribution. For angles between 15° and 160° the errors 
are composed of the counting statistics in the plates; 
the 5° and 10° points include, in addition to the plate 
statistics, the statistical errors incurred in the calibra- 
tion of the monitor counter and the number of monitor 
counts for a given plate exposure. The geometry of the 
plate detector system and the resolving time of the 
proportional counter required that the number of 
monitor counts be of the same order as the number of 
reaction protons detected by the emulsions. 


o's (d,p)O" 


At a center-of-mass angle of 53°, the yield of protons 
from the O'*(d,p)O" reaction was measured over a 
range of deuteron energies from 2.19 Mev to 3.84 Mev 
in approximately 35-kev steps. The yield was found to 
exhibit the general character of a resonance type 
process with maxima occurring at Ez=2.93, 3.39, and 
3.67 Mev. A curve showing the experimental results is 
shown in Fig. 2. Since the earlier work of Heydenburg 
and Inglis' showed extreme variations in the angular 
distribution of the protons as a function of the deuteron 
energy, a Systematic attempt was made to measure the 
angular distributions of the protons at deuteron energies 
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Fic. 1. Center-of-mass differential cross sections for the 
0(d,p)0%* reaction vs center-of-mass angles, for incident 
deuterons of 3.01 Mev. 
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Fic. 2. Center-of-mass differential cross sections for the 


O'(d,p)O" reaction vs laboratory deuteron energy, observed at 
an angle of 53° in the center-of-mass system. 


corresponding to maxima and minima in the excitation 
function. 

For this purpose the nuclear emulsions were not 
used, except at Ez=3.01 Mev; instead the rotatable 
proportional counter was installed because of the greater 
ease of obtaining data. The O'*(d,p)O" protons had 
the greatest range of any of the reaction products 
[except O!7(d,p)O'8, but O!” was only 0.04 percent of 
the oxygen in the target ] and so they could be easily 
isolated by absorbers placed before the counter window. 

Angular distributions from 16° to 161° in the center- 
of-mass were obtained at deuteron energies of 2.65, 
3.01, 3.25, and 3.43 Mev. These data are plotted in 
Fig. 3 and are tabulated in Table II. As in the 
O'8(d,p)O'™ data, the errors shown or tabulated repre- 
sent the estimated relative errors. The proportional 
counter data was subject to background corrections, 
particularly at the small and large angles. At the back 
angles the counter was very near the first deuteron- 
beam defining slit, a strong source of neutrons and 
gamma rays; at the forward angles, protons of almost 
any energy from secondary (d,p) processes in the 
absorber foils (aluminum) contributed background 
counts. 

It is immediately apparent that the most prominent 
variations in the magnitude and appearance of the 
distributions with deuteron energy appear at the 53° 
maximum. It is at the proper place to correspond to a 
stripping theory prediction for the forward maximum 
of a process with parameters /,=2 and Ro=6.5X10-¥ 
centimeter (if one uses the Born approximation formula 
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TABLE II. Center-of-mass differential cross sections o for the 
O'*(d,p)O" reaction as a function of the center-of-mass angle @ 
for incident deuterons of 2.65, 3.01, 3.25, and 3.43 Mev in the 
laboratory system. The cross sections are in millibarns (10-2? cm?). 








oc.m. (millibarns) 
Ep =3.01 Ep =3.25 


8.2+2.1 

9.2+1.5 
13.7+1.0 
15.8+0.8 
20.7+0.6 
24.8+0.7 
27.4+0.5 
31.6+0.5 
32.80.5 
32.6+0.5 
31.9+0.5 
30.8+0.5 
28.7+0.5 
25.0+0.5 
20.9+0.6 
18.2+0.6 
16.6+0.5 
15.30.5 
15.6+0.5 
16.2+0.6 
15.10.6 
14.2+0.6 


6c.m. 
(degrees) Ep =2.65 Ep=3.43 





9.2+0.9 
11.1+0.5 
12.4+0.5 
14.0+0.5 
15.1+0.5 
16.4+0.5 
17.4+0.5 
17.1+0.7 
16.9+0.4 
16.1+0.4 
14.6+0.4 
13.6+0.4 
12.8+0.5 
11.30.5 
12.2+0.5 
13.50.8 
14.8+0.8 
16.9+0.9 
17.2+0.9 
17.2+1.4 


5.4+0.9 

8.20.7 
11.4+0.5 
15.70.4 
17.2+0.4 
19.2+0.4 
19.30.4 
19.2+0.4 
18.6+0.4 
17.0+0.5 
14.80.5 
13.50.6 
11.30.5 
10.7+0.5 
11.9+0.6 
12.5+0.8 
14.4+0.8 
13.6+0.8 
13.1+0.7 
12.7+0.8 


9.9+0.7 
12.0+0.7 
16.9+0.7 
21.741.0 
26.2+1.0 
29.1+1.0 
31.5+1.2 
31.2+1.0 
30.1+1.0 
27.2+1.0 
24.5+1.0 
22.6+0.7 
18.1+0.5 
15.2+0.5 
12.8+-0.8 
14.2+0.5 
15.4+0.6 
17.4+0.6 
18.5+0.6 


161.3 19.741.3 








of Bhatia et al.!®). The present state of the refinements 
in all stripping theories does not, however, include the 
possibility of resonance processes. 


O'*(d,p)O!™* 


Angular distributions of the emitted protons at 
laboratory deuteron energies of 2.65, 3.01, 3.25, and 
3.43 Mev were obtained for the O'*(d,p)O!™* (0.875-Mev 
level) reaction. The process has been studied previ- 
ously! with particular emphasis on changes of the 
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Fic. 3. Center-of-mass differential cross sections for the 
O'*(d,p)O" reaction vs center-of-mass angles, for various deuteron 
energies in the laboratory system. 


18 Bhatia, Huang, Huby, and Newns, Phil. Mag. 43, 485 (1952). 
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angular distribution with deuteron energy. The data 
obtained in the present experiment showed that the 
angular distribution could be described by a stripping 
mechanism with /,=0. The first minimum occurred at 
about 40° and the secondary maximum around 70° 
The positions of these minima and maxima wer 
observed to shift slightly with deuteron energy, but no 
general trend could be discerned. 

Figure 4 shows angular distributions obtained at 
2.65, 3.01, 3.25, and 3.43 Mev. In addition, Fig. 5 
shows the observed yield at 6¢.m.=53° as a function of 
deuteron energy. It should be noticed that 53° corte. 
sponds to a portion of the angular distributions wher 
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Fic. 4. Center-of-mass differential cross sections for the 
O'6(d,p)O""* reaction (0.875 Mev level) vs center-of-mass angles, 
for various deuteron energies in the laboratory system. 


slight shifting of the position of the secondary maximum 
would give rise to fluctuations in the excitation function 
and obscure any real resonance effects. 


ERRORS 


Throughout the discussion of each of the three 
reactions, the estimated relative errors due to counting 
statistics have been reported. In addition to relative 
errors it is necessary to estimate the absolute errors. — 

It is believed that the absolute geometry determr 
nations are known to one-half percent for either de 
tector system. A check on the geometry factor for the 
two systems was made by comparing the data obtainel 
with the two for the O'*(d,p)O" reaction at 3.01 Mev. 








ABSOLUTE DIFFERENTIAL CROSS SECTIONS 


Yo systematic variation was seen. However, the same 

instruments were used to measure the slit widths and 
other pertinent data for both detectors. 

The electronic current integrator was calibrated by a 
urrent-time scheme. The absolute calibration was esti- 
mated at one percent. The relative comparison between 
integrator scales was believed better than one-half 
percent. It may be remarked that during two years of 
service, the maximum drift observed in the calibration 
of any scale was less than one-half percent. . 

Two independent estimates of the number of oxygen 
atoms per square centimeter in the target area were 
possible. The first was based on the fact that x-ray 
crystallographic analysis'® of the oxidized nickel foils 
howed that the target area was greater than ninety-five 
percent nickel monoxide. Before oxidation, the nickel 
foils were weighed on a precision microbalance and their 
areas measured. Assuming complete oxidation of the 
target area to NiO meant that the number of oxygen 
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| Fic. 5. Center-of-mass differential cross sections for the 
0'5(d,p)O'"* reaction (0.875-Mev level) vs laboratory deuteron 
energy, observed at an angle of 53° in the center-of-mass system. 


atoms per square centimeter in the target could be 
omputed directly. 

The second determination of the foil thicknesses was 
less direct, but possessed the distinct advantage that 
the target thickness was measured under conditions 
ery similar to those in which it was used for the 
experiment. The Faraday cage for beam collection was 
removed and a thick LiCl target put in its place. The 
ionization loss of protons passing through the nickel 
foil before and after oxidation was measured by the 
shift of the Li?(p,)Be’ threshold, determining the 
oxygen thickness at the exact position that the beam 
vould normally strike the target. The addition of the 
_xygen to the nickel increased the thickness by thirty 
‘BPercent, so that with estimated errors of about four 


6 Appreciation is me to Professor W. N. Lipscomb of 


© Department of Physical Chemistry of the University of 
finnesota for the use of the x-ray diffraction apparatus and for 
analysis of the data which were obtained. 
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Fic. 6. Center-of-mass differential cross sections for the 
O'6(d,p)O" reaction vs center-of-mass angle, for incident deuterons 
of 3.01 Mev. Points represent experimental determinations. 
Curves are theoretical angular distributions on the basis of 
Bhatia’s formula using /=2 for two values of R. : 
R=6.5X10-* cm. : R=9.0X 10-8 cm. 
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percent in the individual ionization loss measurements, 
the difference between nickel and nickel monoxide could 
not be determined with extreme precision. The best 
over-all absolute estimate of the number of O!* atoms 
per square centimeter in the targets used for the 
O'6(d,p)O"” and the O'*%(d,p)O'* reactions was ten 
percent; for the O'8(d,p)p'* work, twelve percent is 
estimated for the determination of the number of O'8 
atoms per square centimeter. 

In view of the large errors estimated for the absolute 
target thickness determinations in comparison with the 
errors associated with charge and geometry measure- 
ments, the overall absolute error for the O'*(d,p)O"” 
and O!8(d,p)O!* data is ten percent, and is twelve 
percent for the O'8(d,p)O"™ distribution. 

The absolute voltage calibration is considered accu- 
rate to +20 kev, based on 1.882 Mev for the Li’(p,2) Be’ 
threshold. The energy quoted for any angular distri- 
bution may be compared directly with the same energy 
on the excitation curves. 


CONCLUSIONS 


It has been shown5~’ that the reaction of deuterons 
with O!* investigated here corresponds to the second 
excited state in 0", having an energy level of 1.468 Mev. 
The angular distribution obtained for the reaction may 
be compared with a stripping mechanism and the 
parameter /,=0 is indicated. Together with the fact 
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that O'8 is known to have zero spin, the stripping 
theory will therefore require that the 1.468-Mev level 
in O" have even parity and spin 3. 

Figure 6 shows angular distributions calculated from 
the theoretical formula of Bhatia ef al.!> with the angular 
momentum carried into the target nucleus by the 
absorbed neutron taken to be two, for two values of 
the interaction radius. The spin of the ground state 
of O"” has been measured to be 5/2, so that the assump- 
tion of /,=2 is justified. The maximum in the distri- 
bution observed at about 50° is predicted by the 
theoretical calculations, which assume as a basic 
approximation that the proton does not interact with 
the target nucleus. The neutron is captured in a definite 
energy state of the final system, and there has been no 
way yet proposed by which resonance processes can 
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occur with a stripping mechanism. The data show 
that the part of the angular distribution generally 
associated with the stripping process behaves in an 
unpredictable manner, and a more complicated picture 
of the (d,p) process than has been yet formulated is 
indicated. 
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Liquid Scintillator Measurements of Angular Elastic Scattering of Neutrons 
from Carbon, Aluminum, and Sulfur*t} 


R. N. Litre, Jr.,$ B. P. Leonarp, Jr.,§ J. T. Prup’aomMeE, AND L. D. VINCENT|| 
The University of Texas, Austin, Texas 


(Received January 3, 1955) 


Angular elastic scattering cross sections have been measured for carbon, aluminum, and sulfur using 
2.7-Mev neutrons from the D(d,n) reaction. A liquid organic scintillator, terphenyl in xylene, was used as 
the neutron detector. The differential pulse-height spectra for the neutrons scattered from sulfur and for 


Co gamma rays are given. 


INTRODUCTION 


HE angular distribution of scattered neutrons of a 
few Mev energy, having wavelengths comparable 
to nuclear radii, has been the subject of many investi- 
gations because the interaction of the neutrons with 
the scattering nuclei affords one of the simplest methods 
of attack on the problem of nuclear structure. 
Sufficiently intense mono-energetic neutron sources 
and adequate neutron detector efficiencies have only 
now begun to yield data accurate enough to select 
between some of the postulated nucleon-nucleon inter- 
actions. The development of a high-efficiency liquid 
scintillation detector for neutrons prompted the present 
attempts to measure differential angular scattering 
cross sections using this detector. 
The theory of the experiment is simple and the 
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geometry of a ring scatterer has been used in previous 
scattering experiments.’ Most of the discussion will 
concern the analysis of the detector readings since the 
detector responds with comparable efficiencies to both 
gamma rays and neutrons. The discussion of the experi- 
ments in this article include measurements from which 
it is felt that the differential angular elastic scattering 
can be identified without equivocation. A subsequent 
article will report the measurements being made on 
iron, copper, cadmium, wolfram, and lead where in- 
elastically scattered neutrons and de-excitation gamma 
rays make the identification more difficult. 


CROSS SECTION CALCULATION 


The differential angular scattering cross section, o (6), 
for a thin scatterer is defined as 


o(0)=I,(0)/Io'N, (1) 


where 6 is the angle between the original velocity of the 
neutron and its velocity after being scattered, J,(6) is 


1 Kikuchi, Aoki, and Wakatuki, Proc. Phys.-Math. Soc. Japan 
21, 410 (1939). 

2 T. Wakatuki and S. Kikuchi, Proc. Phys.-Math. Soc. Japan 21, 
656 (1939). 

3H. H. Barschall and R. Ladenburg, Phys. Rev. 61, 120 (1942). 
pao. 8 D. Whitehead and S. C. Snowdon, Phys. Rev. 92, 114 
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Fic. 1. Experimental arrangement. 





the number of neutrons per unit solid angle scattered 
into the solid angle between @ and 6+d@, Io’ is the num- 
ber of neutrons incident on a unit area of the thin 
scatterer, and WN is the number of scattering nuclei per 
unit area of the thin scatterer. 

The thickness of the scatterer in the experiments 
cannot be considered thin; however, the assumption is 
made that if a neutron is scattered in going through the 
ting it is scattered only once. On this assumption, the 
neutron flux incident on any layer of thickness dx at 
depth x in the scatterer is given by J) exp(— ox) where 
I, is the flux incident on the scatterer surface at x=0, 
nis the number of scattering nuclei per unit volume of 
the scatterer, x is the depth of the layer in the scatterer, 
and o is the total cross section of the scattering nuclei. 
An average incident flux for the total thickness of the 
ring scatterer is given by 

I= (Io/nod)[1—exp(—ned) ]. (2) 

A schematic diagram of the experimental arrange- 
ment is shown in Fig. 1. The scatterer, when used, is 
always in the same location relative to the source. The 
scattering at various angles is obtained by moving the 
detector along the axis of symmetry to various distances 
from the source. To increase the ratio, at the detector, 
of the neutrons from the scatterer to the neutrons from 
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the source an attenuator is placed between the source 
and detector. The attenuator used reduces the counting 
rate of the neutrons from the source by a factor of seven. 

The total cross section, o, appearing in (2) was 
measured using the same scintillation detector with a 
cylindrical sample of the scattering ring material in an 
experimental arrangement described previously.’ The 
total cross-section scatterer was placed at the same 
angle ®, from the source as was the corresponding ring 
scatterer in order to use neutrons of the same energy. 

The number of scattering nuclei per cubic centimeter, 
n, was calculated from the measured dimensions and 
mass of cylindrical scatterer for aluminum and of the 
ring scatterers for carbon and sulfur. 

The thickness, d, of the ring scatterer is one of the 
measured dimensions of the ring. 

The flux, Jo, incident on the scattering ring was ob- 
tained in the following way. The detector was placed a 
distance R and angle ® from the source at the location 
of the scattering ring (with the ring removed), and a 
counting rate Np was observed. All counting rates are 
given relative to the neutron monitor counting rate Vy 
so that Np/Ny represents the counting rate of the 
neutrons incident on the area, Ap, of the detector per 
unit monitor counting rate. The detectors have an 
appreciable background counting rate Nxg which is 
obtained by removing any scatterers and interposing a 
100-fold attenuating aluminum cylinder between the 
detector and the source. If A gs is the area of the scatterer 
ring perpendicular to the neutron beam and E is the 
detector efficiency, then 


Ip= EA s(Npv/Nu—Np/Nm)/Apd. 


The number of neutrons per-unit solid angle scattered 
between 6 and 6+d6 is obtained in the following way. 
With the scatterer in position as shown in Fig. 1 and 
the detector at some angle @, a counting rate of Ng is 
observed. Again Ns/Ny gives the observed counting 
rate per unit monitor counting rate. The scatterer is re- 
moved and another counting rate, V4, is observed. The 
difference [(Ns/Nu— Np/Nm) = (Na/Nu- N3/Nm) ] 
is attributed to the neutrons scattered from the ring 
into the detector. If R: is the distance from the scatter- 
ing ring to the detector and Ap is again the area of the 
detector, then 


Ts(0) = EL (Ns/Nu— N2z/Nm) 
—(Na/Nu—N_p/N)JR2/Apb. 
The expression for the differential angular scattering 


cross section in terms of the measured quantities be- 
comes 





R-2o[(N s/Nu—Ns/N mu) = (Na/N u— N3/Nw)] 


(3) 


[1 — exp ( = nod) |A Ss (Np/N au = Np/Nm) 


EXPERIMENTAL CONDITIONS 


The neutrons were generated in the 0.030-inch thick 
copper wall of the vacuum system by the D(d,m) re- 





action. The target deuterium nuclei are those deuterons 
remaining in the wall from the bombardment of a beam 


5H. R. Dvorak and R. N. Little, Phys. Rev. 90, 618 (1953). 
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Fic. 2. Calculated spectrum of neutron source. The dotted line 
gives the spectrum from a 100-kv unanalyzed ion beam. The solid 
line gives the spectrum from the analyzed D:* ions accelerated 


by 100 kv. 


of accelerated deuterons. The deuteron-accelerating 
potential was 100 kilovolts. For carbon a magnetically 
analyzed beam of molecular ions was used and for 
aluminum and sulfur a mixed atomic and molecular 
beam was used. The ratio was approximately 80 per- 
cent of molecular to 20 percent of atomic ions by a beam 
current measurement. 

Figure 2 shows the calculated energy spectrum of the 
neutrons from a uniform thick target using 0=3.268 
Mev‘® and the D(d,) cross-section data measured at 
Los Alamos.’ The solid line gives the spectrum for the 
analyzed molecular beam and the dotted line gives the 
spectrum for the unanalyzed beam used on aluminum 
and sulfur. The energy spread at half-height for the 
100-kev molecular beam (50-kev deuterons) is 0.038 
Mey, the energy which separates the neutrons into two 
equal groups is 2.69 Mev and the most probable energy 
is the maximum energy 2.72 Mev. In the case of the 
unanalyzed beam, the energy which divides the neu- 
trons into two equal groups is approximately 2.71 Mev 
and will depend on the atomic to molecular ratio. The 
range of neutron energies is considerably greater than 
in the case of the analyzed beam. 

The neutron monitor, numbered 2 in Fig. 1, used in 
the case of carbon counted the protons from the com- 
panion reaction D(d,p) at an angle of 120° from the 
target. The detector used was an Amperex CB-150 
Geiger counter used with 1050 volts on the center wire 


6 Li, Whaling, and Fowler, Phys. Rev. 83, 512 (1953). 
7 Arnold, Phillips, Sawyer, Stovall, and Tuck, Phys. Rev. 93, 
483 (1954). 


for action in the proportional counting region. The 
counter had an end window 3.5 mg/sq cm thick and 
1 inch in diameter. The solid angle for the protons from 
the source was defined by a circular aperture 0.375 inch 
in diameter located near the counter window and 13.5 
cm from the center of the target. 

The neutron monitor, numbered 1 in Fig. 1, used for 
aluminum and sulfur was a scintillation detector identi- 
cal to that used to measure the scattered neutrons. 
It was located 50 cm from the target and at an angle 
of 140°. The high potential, 925.5 volts, to the photo- 
multiplier tubes in the detector and in the monitor 
was furnished by a common supply. 

The dimensions of the scatterer rings are given in 
Fig. 3. The carbon ring was made from graphite having 
a possible ash content of 0.06 percent. The sulfur was 
cp sulfur flowers cast in an aluminum container of 
0.016-inch wall thickness. The sulfur was left in the 
container and for the background runs, V4, with the 
sulfur ring out, a similar empty container was placed in 
the position of the scatterer ring. The aluminum was 
commercial grade 17S containing 95 percent aluminum, 
4 percent copper, 0.5 percent manganese, and 0.5 percent 
magnesium by weight. 

The pulses from the photomultiplier were fed into an 
Atomic model 204-B linear amplifier, then into a single- 
channel analyzer and then into an Atomic model 
101-M scaler. The single-channel analyzer was used 
only to set an accurately maintained discriminator 
against noise and other low-energy pulses. The channel 
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Fic. 3. Dimensions of scatterers. 
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width was wide enough to include all pulses above the 
discriminator cutoff point. 

A pulse-height spectrum, however, was taken of the 
scintillations produced for the neutrons direct from the 
source and also for the neutrons scattered from sulfur. 
Within experimental error the two spectra were the 
same and the results of the two measurements is given 
in Fig. 4. Also in Fig. 4 is the pulse-height spectrum for 
Co® gamma rays normalized so that the relatively flat 
portion of the spectrum has the same value for the 
three spectra. 


RESULTS 


Figures 5, 6, and 7 give the differential angular 
scattering cross sections measured for carbon, aluminum, 
and sulfur, respectively. 

The uncertainties arising in the experiment are due 
to: (1) the assumption that the neutrons detected have 
been scattered only once; (2) the assumption that the 
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Fic. 4. Pulse-height spectra of Co gamma rays, direct neutrons, 
and sulfur scattered neutrons, 


detector count represents neutrons and not gamma 
rays; (3) an assumption that the counter efficiency is 
constant for all neutrons (direct and _ inelastically 
scattered) ; (4) an uncertainty in the scattering angle 
because of the finite sizes of the sources, the scatterers, 
and the detector; (5) an uncertainty in the purity of 
the material in the scatterers; (6) an uncertainty in 
the dimensions and densities of the scatterers; and 
(7) the normal statistical uncertainty in the counting 
rates. 

The most serious uncertainty is in the first assump- 
tion, that the neutrons are scattered only once. The 
dimensions of the scatterers are of the order of one mean 
free path for scattering (6.8 cm for C, 5.8 cm for Al, 
and 8.5 cm for S) so that some of the neutrons will be 
scattered again before leaving the scatterer. Methods of 
calculating the multiple scattering effects have been 
given by several authors,*-” and a simplified stochastic 

8S. A. Goudsmit and J. L. Saunderson, Phys. nie ‘i 24 (1940). 


J. Blok and C. C. Jonker, Physica 18, 809} (19 
1 E. P. Wigner, Phys. Rev. 94, 17 (1954). 
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Fic. 5. Differential elastic scattering cross section of carbon. 


calculation was used by Walt and Barschall" to correct 
their experimental results. In the present experiment 
two different thicknesses of aluminum ring (called Al-2 
and Al-3) were used to change the ratio of the multiply 
scattered fraction to the singly scattered fraction of the 
neutrons reaching the detector. The results from the 
two rings are shown in Fig. 6. The curve for Al-3, 
thinnest scatterer, is not as flat (distribution less 
isotropic) as the curve for Al-2 but not enough different 
to justify a correction within the accuracy of the 
experiment. Al-1 is a scatterer whose cross section is a 
square with horizontal and vertical sides instead of the 
shape used in Al-2 where the neutron beam enters the 
scatterer normally and each neutron “sees” the same 
thickness of scatterer. It is clear from comparison of 
the Al-1 and Al-2 data in Fig. 6 that the scatterer shape 
can be the more easily machineable one (Al-1) without 
affecting the results of the experiment seriously. The 
scatterers for carbon and sulfur were made with a 
square cross section as shown in Fig. 3. 

The second assumption, that all detector counts are 
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Fic. 6. Total differential scattering cross section of aluminum. 
The curve is drawn through the points measured for the thinnest 
scatterer, Al-3. 


11M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
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Fic. 7. Differential elastic scattering cross section of sulfur. 


due to neutrons, could cause uncertainty in the experi- 
ment since the detector also responds to gamma rays. 
The sources of gamma rays which might give detector 
counts are (1) 100-kev bremsstrahlung from electrons 
returning up the accelerating column, (2) de-excitation 
gammas from nuclei capturing neutrons, and (3) de- 
excitation gammas from nuclei which scatter neutrons 
inelastically. The 100-kev x-rays are perceptible in an 
unshielded detector ; however, the detector was enclosed 
in a 1-mm thick lead cover which made the x-ray con- 
tribution negligible. Capture gamma rays could come 
from either the direct neutron attenuator or the 
scatterer. The contribution of these gammas from the 
attenuator was checked by a measurement made with 
the detector in the scatterer position and readings made 
with and without the attenuator in place. A three per- 
cent increase in counting rate occurred in the presence 
of the attenuator. The relative values of the scattering 
and the capture cross sections for fast neutrons indicate 
that the increase was essentially scattered neutrons. 
The distances in this measurement and in the angular 
scattering measurements are comparable so that the 
contribution of capture gammas from the attenuator is 
concluded to be negligible. A further demonstration 
that the capture gamma-ray contribution is small 
from either attenuator or scatterer is given in the small 
fraction of gammas appearing in the pulse height spec- 
trum for neutrons from sulfur shown in Fig. 4. The 
capture gamma rays from C, Al, and S will have energies 
of at least 4.9, 7.7, and 8.6 Mev, respectively. A sig- 
nificant contribution of such hard gammas would show 
clearly in the pulse-height distribution for the scattered 
neutrons and the maximum contribution that could 
have been present is 2 or 3 percent. The third possible 
gamma source is from nuclei in the scatterer which have 
been struck inelastically by the neutrons. The three 
elements, carbon, aluminum, and sulfur, were chosen 
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because inelastic gammas would be either very few or 
nonexistent. The only level which could be excited in 
carbon is at about 1 Mev in the 1.1 percent carbon 13 
isotope. The levels possible in sulfur are at 2.25 Mev in 
the 95 percent sulfur 32 isotope, 0.79, 1.90, and 2.17 in 
the 0.7 percent sulfur 33 isotope, and 0.82 and 1.9 in the 
4 percent sulfur 34 isotope. The only major possibility, 
the;2.25-Mev level in sulfur 32 with a cross section of 
0.38 barn at 2.5 Mev,” does not show any appreciable 
amount of gammas of this energy in the pulse-height 
spectrum of the scattered neutrons. The inelastically 
scattered neutrons from this level give pulses below 
the discriminator bias against tube noise. From alumi- 
num, inelastic gamma rays of energies 0.8, 1.1, and 
2.2 Mev have been reported for 2.5-Mev neutrons," 
but it is felt that the small size of the inelastic cross 
section compared with the elastic cross section makes 
the assumption of no inelastic gammas introduce an 
uncertainty of only a few percent. 

The third uncertainty listed, the assumption that the 
detector had a constant efficiency for all the neutrons 
counted, is introduced because the elastically scattered 
neutrons have lost a small amount of energy. The 
maximum energy loss, 0.66 Mev, occurs for neutrons 
scattered from carbon at 120°. Preliminary measure- 
ments on neutrons from the D(d,n) reaction indicate 
that a correction proportional to the (m,p) total cross 
section in this energy range would be suitable. The 
correction was not made on the curves in Figs. 5, 6, 
and 7 so that the error on the highest angle data point 
for carbon may be in error by about 3 percent. For all 
other points the error is negligible. 

The fourth uncertainty, the uncertainty in angle, is 
caused by the use of scatterers and detectors large in 
size relative to the separation distances involved. For 
the scatterers an upper and lower limit on the scattering 
angle can be established for each angle. These limits 
range from about +5° at 30° to about +15° at 120°. 

The fifth, sixth, and seventh of the uncertainties are 
small in comparison with the four just discussed. The 
physical measurements of weight and dimensions were 
made to approximately 1 percent accuracy and the 
purity of the materials is known within 1 percent or 
2 percent. Enough counts were taken so that the differ- 
ence between two repeated runs is due to the difference 
in the physical setup and not the statistical uncertainty. 
The statistical error on any point was never greater 
than 1 percent. 

It is a pleasure to acknowledge the assistance of G. H. 
Olewin, J. E. Wills, and Pablo Okhuysen in carrying 
out many details of this work. 
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A highly detailed study of the 4.906-ev neutron resonance in Au’ has been made for the purpose of 
establishing preliminary values for a “standard” resonance. Such a standard can serve as a basis for com- 
paring results from various neutron spectrometers and should assist in reducing large discrepancies in 
resonance parameters which now exist. The new measurements were made on a crystal spectrometer with 
unusually good resolution. Methods of “shape analysis” were used to fit the data to the one-level formula and 
the following parameters were obtained: Ey=4.906+0.010 ev; oT?=(725+-15)X10- cm? ev?; 
o10= (37 0004500) X 10-* cm?; T=0.140+-0.003 ev; and op= (11.1.0.8) X 10-4 cm?. The one-level formula 
with these parameters gives an accurate fit to the data over the entire energy range from 0.35 to 15 ev. 
The nuclear radii corresponding to the two possible spin orientations of the incident neutron were found 


to be the same to within experimental error. 





INTRODUCTION 


N isolated neutron resonance is expected to have 

a shape which fits the Breit-Wigner one-level 
formula. There are many examples'* which demon- 
strate good agreement between this formula and experi- 
mental curves. Of course, satisfactory agreement in such 
a comparison does not constitute proof of the general 
validity of the one-level formula; nor does agreement 
prove that this formula uniquely fits the data. It is 
noteworthy, however, that no cases have been found 
up to the present for which reliable experimental data 
violate the one-level formula when properly applied. As 
experimental precision improves, more highly detailed 
comparisons with the theoretical formula are possible. 

During the past four or five years, rapid improve- 
ments in experimental techniques have made the 
detailed analysis of neutron resonances more feasible. 
The most significant advance has come in spectrometer 
resolution which has been improved by a factor of 
approximately 20 during this period. 

Despite the improvement in technique and despite 
the apparent “good” agreement between data and 
Breit-Wigner formula, the measurement of resonance 
parameters unfortunately is not in a satisfactory state. 
Sets of parameters for any given resonance derived from 
two or more independent measurements almost invari- 
ably show discrepancies far greater than the experi- 
mental errors would indicate. Such discrepancies must 
be eliminated before resonance data can be accepted 
with full confidence. 

The discrepancies arise from several sources. It has 


* Research performed under contract with the U. S. Atomic 
Energy Commission. 
t Doctoral candidate from the University of Utah, Salt Lake 
City, Utah. 
wees aS Rainwater and W. W. Havens, Jr., Phys. Rev. 70, 136 
46). 
*Sawyer, Wollan, Bernstein, and Peterson, Phys. Rev. 72, 109 


(1947), 
’V. L. Sailor, Phys. Rev. 91, 53 (1953). 


long been recognized*-* that two major difficulties are 
encountered in the analysis of experimental resonance 
curves; i.e., the finite resolution of the measuring in- 
strument and the Doppler broadening resulting from 
the thermal motion of the target atoms. Each of these 
tends to broaden a resonance and to decrease the 
measured peak cross section. The distortion becomes 
more serious for resonances at higher energies and for 
those having smaller total widths. At present, with the 
most advanced spectrometers, resolution corrections 
are very minor for resonances lying below 10 ev, except 
for a few unusual resonances having very small widths. 

There is yet another difficulty in data analysis which 
arises from the mathematical nature of the Breit- 
Wigner formula. The number of parameters to be ob- 
tained from the data gives considerable latitude in 
fitting the curve. Unless many experimental points are 
used and proper precautions taken, erroneous param- 
eters can be obtained which give the false appearance 
of being a unique and valid solution. The question of 
the uniqueness of any solution cannot lightly be 
dismissed. 

At the present time, considerable effort is devoted to 
the study of neutron resonances by many research 
groups. The results of the measurements are in active 
demand both in the field of nuclear theory and in many 
elaborate reactor design calculations. 

In view of the magnitude of the effort in these many 
fields, it appears highly desirable to establish as soon as 
possible one or more “standard” resonances which can 
serve as a basis for comparing results obtained with 
various spectrometers. Such standards must be carefully 
chosen so as to have a minimum of complications; i.e., 
the resonances should be, as closely as possible, “ideal” 
Breit-Wigner resonances. Until agreement can be 
reached on the parameters for the “ideal” resonances, 


4H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 (1937). 
5B. D. McDaniel, Phys. Rev. 70, 832 (19 46), 
( SW. W. Havens, Jr. and J. Rainwater, Phys. Rev. 70, 154 
1946). 
7 e V. Dardel and R. Persson, Nature 170, 1117 (1952). 
8 Melkonian, Havens and Rainwater, Phys. Rev. 92, 702 (1953). 
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little confidence can be placed in parameters obtained 
for more complicated resonances. 

The resonance in the gold cross section at 4.906 ev 
is in many respects the most ideal case for use as a 
standard. This is a strong isolated resonance and hence 
is relatively free of complications introduced by neigh- 
boring resonances. It occurs at an energy which is con- 
veniently within the high-resolution region of both 
crystal and time-of-flight spectrometers and at an 
energy where the Doppler broadening is not excessive. 
Furthermore, gold has only a single stable isotope and, 
of course, is readily available in the form of uniform 
thin foils of high purity. 

A recent report by Landon and Sailor® indicated that 
the measurements on the gold resonance were in an 
unsatisfactory state; i.e., the parameters which fit the 
wings of the resonance and gave good agreement with 
the thermal cross section did not appear to give a 
satisfactory fit to data in the center of the resonance. 
Independent results by Seidl ef a/.!° were not in agree- 
ment with the results of Landon and Sailor and neither 
of these were compatible with the scattering measure- 
ments of Tittman and Sheer.” 

Recently, it has been possible to improve the resolu- 
tion of the Brookhaven crystal spectrometer by a large 
factor, thus largely eliminating the uncertainty due to 
the resolution correction in the analysis. The center of 
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Fic. 1. The total cross section of gold as a function of neutron 
energy. The curve is the one-level formula calculated from the 
parameters listed in Tables I and IT. The deviation of the experi- 
mental points from the theoretical curve at low energies is attri- 
buted to contributions from one or more bound states in Au, 
Details of the center of the resonance, where corrections for 
Doppler broadening and instrument resolution are appreciable, 
are shown in Fig. 2. Uncertainties due to counting statistics are 
everywhere smaller than the diameter of the plotted points. 


°H. H. Landon and V. L. Sailor, Phys. Rev. 93, 1030 (1954). 

10 Seidl, Hu — Palevsky, Levin, Kato, and Sjéstrand, Phys. 
Rev. 95, 476 (1954 
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the gold resonance was remeasured with the improved 
resolution in an effort to reduce the discrepancies, 
Additional data were also taken in the wings of the 
resonance with the old resolution so as to improve 
statistical accuracy. 


EXPERIMENTAL DETAILS 
The Spectrometer 


A general description of the BNL crystal spectrom- 
eter has been presented previously.” Since this report, 
a considerable improvement in the resolution of the 
spectrometer has been achieved by means of a new 
collimator having an angular divergence of only 1.6 
minutes of arc. This collimator is a multiple slit ar- 
rangement (Soller slit),"* each slit being very narrow. 
The instrument resolution function is approximately 
Gaussian having a full width at half maximum of 
AE=0.00474E?! ev (equivalent to 0.17 usec/m) when 
Be (1231) is used as the monochromator. Thus at the 
resonant energy for gold, Eo>=4.906 ev, the spread in 
energy of the monochromatic beam, AE=0.0515 ev, 
and the resolution R=AE/E=0.0105. Slightly better 
resolution can be obtained by using the Be (2242) 
planes as monochromator. With these planes, AE 
=0.00350E! (0.127 usec/m) which give AE=0.038 ev 
and R=0.0078 at the center of the resonance. 

With the aforementioned resolution, counting rates 
are reasonable and background is not excessive. About 
one hour is required for measuring the transmission at 
one energy in the vicinity of 5 ev to a statistical ac- 
curacy of one percent. It should be noted that the new 
system yields data of much superior quality than could 
be obtained previously’; i.e., a more favorable ratio of 
true counts to background, better statistical accuracy, 
and significantly higher resolution. The older data of 
Landon and Sailor? were obtained with a resolution, 
R=0.025, with Be (2461) as monochromator. 


Samples 


Data were obtained through the center of the reso- 
nance with two gold samples having thicknesses of 
0.0131 and 0.00668 g/cm?. These gave minimum trans- 
missions of approximately 0.306'and 0.542 respectively. 
Runs were made with both Be (1231) and Be (2242). 

Great care was used in the preparation of the samples 
so that accurate values of the sample thickness could 
be obtained. The two samples were independently pre- 
pared by different people so as to reduce the possibility 
of systematic errors in the sample thickness. The results 
with the two samples were consistent to better than 
one percent. 


Statistical Accuracy of Data 
The present data include many new measurements 
in the wings of the resonance, thus providing a more 


21, B. Borst and V. L. Sailor, Rev. Sci. Instr. 24, 141 (1953). 
18 W. Soller, Phys. Rev. 24, 158 (1924). 
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complete and detailed curve for analysis. These data 
were taken with the old resolution, 0.86 usec/m, which 
is adequate in the wings because the effect of resolution 
is negligible. 

Enough time was spent on each measurement, both 
in the center and in the wings, so that the uncertainty 
in cross section due to counting statistics was in the 
range from one to three percent. The measured cross 
sections are plotted in Figs. 1 and 2. Statistical uncer- 
tainties are everywhere smaller than the diameter of 
the plotted points. 


ANALYSIS OF DATA 
One-Level Formula 


The application of the one-level formula to experi- 
mental data has been discussed in considerable detail 
in the past.?:*-" The analysis, which follows, differs in 
that the interference term in the scattering cross section 
is taken into account explicitly. For a single isolated 
resonance the total cross section, o;, as a function of 
neutron energy is given by: 


o:(E)=0-(E)+o.(£), (1) 


where o, is the capture and oa, the scattering cross 
section. These may be expressed as follows: 
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The second term in (1b) results from interference 
between the resonant scattering and potential scat- 
tering. In the equations, the subscript zero refers to 
values at exact resonance, 274 is the neutron DeBroglie 
wavelength, E the neutron energy, I, and I’, the 
partial widths for scattering and radiative capture 
respectively, "=I, +I’, the total width, g the statistical 
weight factor, J the coefficient of the interference term, 
and R, is the effective nuclear radius for neutrons of the 
same spin alignment as for the resonant state, We have 
used the symbol a,’ to designate the ‘“‘constant”’ portion 
of the scattering cross section. This, in general, would 
differ slightly from the true potential scattering because 
of contributions from neighboring resonances. If only 
one isotope were present in the target and if only one 
resonance were affecting the cross section the potential 
scattering, op, would be given by 


op=4n[gR2+(1—g)Ri-]=4eRe?. —_— (Ac) 
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In the equation, Ri, is the nuclear radius presented to 
a neutron of spin opposite to the resonant state. As far 
as is presently known, R, and R_, are not necessarily 
identical. 

The parameters which fully describe the resonance 
are Fo, l'n, I’, g, Ry, and Ri_,. With so many parameters 
available for adjustment, considerable care must be 
exercised in interpreting the data so as to obtain a 
unique fit. Fortunately, certain regions of the resonant 
curve are primarily dependent on certain combinations 
of the parameters while other regions are sensitive to 
different combinations. For example, the center region 
is dependent primarily on Ep and owl’, the ‘ near” 
wings on Ep and owl”, and the “far” wings on o,’. The 
interference coefficient J is manifested primarily in the 
asymmetry of the resonance in the “near” wings. The 
above combinations taken together yield all of the one- 
level parameters with one exception; namely, g and Ty. 
These cannot be obtained individually with any degree 
of accuracy from total cross-section data but are ob- 
tained only as the product gI,,. An additional measure- 
ment, e.g., the resonant scattering cross section as a 
function of energy, is required to obtain g and IT, 
separately." 

Treatment of Data 


In fitting the data, we have assumed that the effects 
of other resonances are negligible between 1 and 15 ev. 
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Fic. 2. Detailed plot of the center of the gold resonance. Curve 
A is the theoretical Breit-Wigner curve giving the best fit. Curve 
B results from operating on curve A with the Doppler and resolu- 
tion functions. Curve C is the instrument resolution function 
plotted on an arbitrary vertical scale. Resolution corrections 
turn out to be less than 1 percent except for the five points lying 
nearest the peak. The maximum resolution correction was 4 
percent. 
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The contribution from higher energy resonances can be 
estimated and are found to be of the order of one barn 
or less. Calculations indicate that the derived param- 
eters were not affected by these small contributions 
except that the uncertainty in g is slightly increased 
and one obtains the quantity ¢,’ which might be slightly 
different from oy. As will be seen, however, the extreme 
low-energy wing of the curve shows an appreciable 
effect from neighboring levels. 


Determination of Eo 


The resonant energy Eo was obtained graphically 
from transmission curves with thin samples; and is the 
average of several sets of data. To eliminate the possible 
uncertainty of the zero angle of the crystal spectrom- 
eter, the resonance was measured on both sides of zero. 
In addition, the independent measurements with Be 
(1231) and Be (2242) combine to give a value for Eo 
which is. independent of the spectrometer zero. The 
internal consistency of the various determinations of Eo 
was better than the final error assigned to this parameter 
(see Table I). 


Analysis of Wings of Resonance 


The data in the wings were fitted directly to the 
one-level formula using the method of least squares. 
Equation (1) can be written in the following form: 


Ey t onl? 
«=| (=) (-K)+K| "5 __— 
E 4(E—E,)?-+T? 
(E—Es) 
5 sie, <2 
4(E—E,)?+T" 





where K =T,/T. 

By the “wings” of the resonance, we mean those 
regions for which 4(E—Epo)*>I?. For the purpose of 
this analysis, only those points were used for which 
4(E—E)? $ 160%. In Eq. (2) we seek to solve for the 
best owl, 9, and o,’. One must assume a value for K 
and for the [? which appears in the denominator; 
however, the solution is quite insensitive to these 
assumed quantities so only order of magnitude values 
need be known. A careful examination of Eqs. (1a) 


TABLE I. One-level parameters obtained from analysis of the 
data. The methods used for obtaining these quantities are de- 
scribed in the text. The errors are based partly on the internal 
consistency of various runs, and partly on the sensitivity of the 
results to uncertainties in the choice of Eo, T/T (i.e., K) and I 
required for the analysis. 








4.906+0.010 ev 
725415 barn ev? 
96+8 barn ev 
11.1+0.3 barns 
5180+130 barn ev 
37 000+500 barns 
0.140+-0.003 ev 
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and (1b) will show that it is valid to use the wings for 
obtaining only three parameters. If one attempts to 
solve for more than three (e.g., ocol"? and ool” in place 
of oz?) the results are not valid. 

One hundred and two experimental points in the 
wings of the gold resonance were fitted to Eq. (2) by 
the method of least squares. All experimental points 
were given equal weight in the solution. The com- 
putations were performed on a Remington-Rand, model 
409.2R, punched card electronic counter. The values of 
ol’, J, and og,’ obtained from this analysis are listed 
in Table I. 

It is difficult to estimate the errors in the derived 
constants which arise from uncertainties in the input 
quantities Eo, K, and Tl’. Therefore, the computations 
were repeated many times using different combinations 
of these three inputs, the range of input values in each 
case extending well beyond the uncertainties involved. 
In general, it was found that the values of oI? and o,' 
were quite insensitive to all the variations which were 
tested. The extreme deviations in oI? amounted to 
less than one percent and in g,’ to about four percent 
(i.e., +0.4 barn). However, the interference coefficient 
g showed larger deviations, the maximum being ap- 
proximately twenty percent. J was found to be par- 
ticularly sensitive to Eo, a change of 0.4 percent in Ey 
producing a change in 9 of 10 percent. This is under- 
standable because J is derived essentially from the 
asymmetry in the resonance. The errors listed in Table 
I are based on these many computations. : 

Additional fitting was done on various individual 
sections of the curve to see if any region yielded con- 
stants appreciably different from the over-all solution. 
No discrepancies were found which were larger in mag- 
nitude than the aforementioned fluctuations. However, 
at the extreme low-energy end of the curve, a small 
but systematic departure between the observed cross 
sections and the derived Breit-Wigner curve was noted. 
It can be readily seen in Fig. 1 that between 0.3 ev and 
0.8 ev, the points all lie slightly above the curve. This 
discrepancy is greatest on the low-energy side and dis- 
appears at higher energies. The average deviation 
below 0.8 ev is ~1.7 barns or ~6 percent of the total 
cross section. 


Analysis of Center of Resonance 


The purpose in analyzing the data at the center of 
the resonance is to obtain values for om and I’ which 
combined with the wing analysis permit a solution for 
the complete set of one-level parameters (except for 
separating g and I’,). In general, it may be stated that 
the analysis yields the product cyl to better precision 
than individual values of o and I’, although where 
Doppler and resolution corrections are small (as is the 
case) the difference in precision is minor. Note that 
the central region can yield only two constants (aside 
from Eo). This is true because only two tetms in Eqs. 
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(1a) and (1b) are appreciable, o, and the first term of 
g, These terms contain only the two adjustable 
parameters gI', and I’. The third parameter, R, which 
appeared in the wing analysis, is missing here because 
potential and interference scattering are negligible 
close to the center. 

Two methods have been used to analyze the center 
of the gold resonance. The first is the exceedingly 
laborious but accurate “trial and error” method de- 
scribed previously.2 This method takes account of 
instrument resolution as well as Doppler broadening. 
The results are shown in Fig. 2. The resolution correc- 
tions for the worst case amounted to less than 4 percent 
and only a few points had corrections as large as 1 per- 
cent. 

The second method used is somewhat novel, and 
since it promises to be highly useful, is worth describing 
in detail. Since the central region of a resonance is 
appreciably distorted by Doppler broadening, the one- 
level formula cannot be applied. The Doppler-broadened 
formula is awkward to use in computations; however, 
tables of this function are now available.’ These can 
be used to construct accurate curves which give useful 
relationships between corresponding properties of the 
Breit-Wigner and the Doppler curves. For example, it 
is possible to obtain the “true” width from the observed 
width with the aid of such curves, even though the 
relationship between these two quantities cannot be 
expressed analytically. In particular, a curve of 
Typs/A vs A/T has proved very useful. Of course, the 
accuracy with which such conversions can be made 
depends upon the seriousness of the Doppler broaden- 
ing; i.e., on the ratio of the Doppler width A to the 
true width I’. In the case of gold, the Doppler width is 
small compared to the true width of the 4.906-ev 
resonance, and it turns out that the loss in precision in 
converting from “observed” values to “‘true” values is 
negligible. 

The “observed” width Ip, and the “observed” 
maximum cross section oop, were determined from the 
data by using the method of least squares. It is not 
practical to fit the data directly to the Doppler- 
broadened formula, so an arbitrary function must be 
devised which adequately approximates the shape of 
the Doppler-broadened resonance. The arbitrary func- 
tion chosen to serve this purpose was the capture term 
of the Breit-Wigner formula, Eq. (1a). To avoid the 
need for a resolution correction, the points having cor- 
rections greater than 1 percent were discarded in making 
the fit. The observed parameters, I’, and oops derived 
from this analysis, were converted to I’ and a» by means 
of the curves described above. The values of I and ao 
obtained in this way agreed with the values obtained 


_“'Rose, Miranker, Leak, and Rabinowitz, Brookhaven Na- 
tional Laboratory Report BNL-257, 1953 (unpublished); and 
Rose, Miranker, Leak, Rosenthal, and Hendrickson, Westinghouse 
Electric Corporation Atomic Power Division WAPD-SR-506, 
1954 (unpublished). 


643 


TABLE II. One-level formula parameters for the 4.906-ev 
resonance in gold. These parameters are computed from the 
various combinations listed in Table I. Values of the individual 
widths are based on the g assignment of Wood.* 








4.906+0.010 ev 
0.140-++0.003 ev 
0.00976--0.0002 ev 
5/8)* 

0.0156 +0.0004 ev 
0.00705+0.0002 ev 
0.124+0.003 ev 
(11.1-£0.8)X 10-4 cm? 
(0.95++0.12) 10-2 cm 
(0.92+0.15) 10-2 cm 


riniidau od 








® See reference 15. 


from the “trial and error’? method to better than 1 
percent. 


DISCUSSION 


Agreement Between Data and Breit-Wigner 
Formula 


The quantities obtained from analysis of the data are 
listed in Table I. The parameters of the one-level for- 
mula derived from combinations of these are presented 
in Table II. The agreement between the experimental 
points aud the derived Breit-Wigner curve is reasonably 
good over the entire range and to very fine detail (Figs. 
1 and 2). 

As previously noted, in the region 0.3 to 0.8 ev, the 
observed cross sections all lie one or two barns above 
the curve. Contributions from resonances at higher 
energies can be estimated from parameters listed by 
Seidl et a/.!° These contributions are of the magnitude 
of —0.4 barn in the range 0.3 to 0.8 ev. They are 
negative because the scattering interference term 
dominates. The fact that the observed points lie above 
rather than below the curve must be attributed to the 
effects of levels in Au’ lying below the binding energy. 
The presence of such levels and the magnitude of their 
contribution at 0.3 ev is compatible with the observed 
density and strength of states just above the binding 
energy. (For example, a level lying at Ey>= —15 ev and 
having approximately the same parameters as the 
4,906-ev resonance would account for this effect. Such 
a resonance would not cause the thermal cross section!® 
to be measurably distorted from 1/2.) 

The results reported here do not by themselves 
provide all the necessary information for calculating g 
for the resonance. However, resonance scattering 
measurements by Wood" indicate that g= § (J=2). 
(It is of interest to note that the detailed shape of the 
scattering curve obtained by Wood!’ gives excellent 
agreement with the parameters in Table II.) Wood’s 


assignment of g=} can be verified by combining the 


( 15 — Palevsky, Myers, and Hughes, Phys. Rev. 92, 716 
1953). 

16 R. E. Wood, Phys. Rev. 95, 644 (1954). 

17 R. E. Wood (to be published). 
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value of oo in Table II with the ratio ',/T reported by 
Tittman and Sheer." 


Comparison with Other Results 


Comparisons between the parameters in Table II 
and older measurements*" disclose large discrepancies. 
Agreement is within experimental error on the value of 
ol, but values of oz and I are widely divergent. The 
discrepancies undoubtedly arise from analysis tech- 
niques. In the case of the work by Landon and Sailor,® 
the data compared to that presently available were of 
inferior quality and required large resolution correc- 
tions. It is interesting to note that the product owl" 
which they obtained is substantially the same as 
reported here; so the error apparently lay in trying to 
extract oy and I individually from inadequately re- 
solved data. 

Thermal Cross Sections 


Thermal Capture Cross Section 


The contribution to the gold thermal capture cross 
section from the 4.906-ev resonance (computed from the 
parameters in Tables I and II) is 93.742.3 barns. 
Direct measurements of the thermal cross section by 
Carter et al.® gave (o-)th=98.740.6 while those by 
Allen e¢ al.® gave 96.5+0.7. It would appear that 
between 3 and 5 barns of the thermal capture cross 
section must be attributed to resonances other than the 
one at 4.906 ev. The parameters of Seidl ef al.” indicate 
that the resonance at 61.5 ev: would account for ap- 
proximately 0.8 barn, while all other known resonances 
combined would contribute less than 0.5 barn. The 
balance still to be accounted for must be attributed to 
the bound states of Au’; i.e., resonances at negative 
energy. 

Coherent and Incoherent Scattering 


If only the 4.906-ev resonance were affecting the 
thermal scattering cross section, the values may be 
computed” as follows (assuming R,~ R1_,): 


2 


= 7.04 barns, 


sol 


ame 
Ts}th—Tp AE 


0 0 


g ozo 
Scoh =F p———+8 =6.72 barns 
4E, 4E¢ 


Fine= (1—g)oeol?/4Eo?=0.32 barn. 


A small difference between R, and Ri, would cause 
only a very small change in geo, and gine. The values 
observed directly are: (¢5)tn=8.740.9,!8 Geon=7.5 
+0.5” and cine=0.50+0.264 barn. Thus it is seen 


18 Allen, ‘ain Stanford, and Bernstein, Phys. Rev. 92, 
1297 (1954). 
19D. J. Hughes, Pile Neutron Research oery Wesley Pub- 
— Company, Inc., Cambridge, 1953), C 10. 
C. G. Shull ‘and E. O. Wollan, Phys. nel 81, 527 (1951). 
21 B. N. Brockhouse (private communication). 
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that the 4.906-ev resonance alone fails to account for 
the thermal scattering cross sections, particularly 
(as) th and Ocoh- 

The effect of the other known resonances can be 
roughly estimated, although an accurate calculation 
would require more exact data. Strictly speaking, one 
should use the many-level formula which would require 
that the spin of each level be known. In general, how- 
ever, the resonances at higher energy tend to decrease 
both (¢.)tn and ocon because the interference scattering 
term (of negative sign) is the dominating contribution. 
The cross terms in the many-level formula, i.e., the 
interference between resonances, would be of smaller 
magnitude. For example, the interference scattering of 
the 61.5-ev resonance would contribute approximately 
—0.6 barn to both (¢.)tn and ocon and less than 0.01 
barn to gine. Cross terms in the many-level formula 
arising from the 4.906- and 61.5-ev resonances (if of the 
same spin) would contribute only 0.1 barn to (o,) 
and doh. 

On the basis of these estimates, one must assume 
that bound levels are having an appreciable effect on 
(os)th and oon. A level located at Eo= —15 ev having 
parameters similar to those of the 4.906-ev resonance 
would contribute approximately +1.5 barns to both 
(os) th ANd oon and +0.05 barn to Cine. 


Effect of Neighboring Levels on 
the Derived Parameters 


The foregoing discussion makes it evident that even 
in an “ideal” case, such as gold, where the levels are 
widely spaced (i.e., D>>I') and where the resonance 
under study is unusually strong, the effects of nearby 
levels cannot be completely ignored. Of the parameters 
listed in Table I, Eo, or0?, ool’, o, and T are not 
affected by the other levels because the perturbations 
are negligible in the region of the curve where they are 
determined. The effects on 9 and ¢, could be appreciable; 
unfortunately, however, they cannot be accurately 
computed due to insufficient knowledge of the param- 
eters of the important neighbors. The value of 9 could 
be increased by as much as 5 percent if the level at 
61.5 ev is of the same spin as the 4.906-ev resonance; 
if they are of opposite spin, however, 9 would be 
unaffected. Similarly, the true potential scattering, o>, 
could be as much as 0.7 barn smaller than the derived 
quantity, o,’, depending upon how the terms from the 
bound levels and the 61.5-ev resonance combine with 
the 4.906-ev level. In view of these uncertainties, the 
errors listed for 9 in Table I and c, in Table II have 
been correspondingly increased. 


Nuclear Radii 


The nuclear radii corresponding to each of the two 
possible spin states of the incident neutron can be 
derived by combining the values of 9 and a». The results 
give R,=(0.95+0.12)X10-" and Ry,= (0.92+0.15 
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X10-” cm. It is thus indicated that the radii are the 
same to within the experimental errors. These are 
somewhat larger than the radius calculated from the 
formula R=1.474!X10-8 cm which gives R=0.856 
X10-? cm. 


CONCLUSION 


An intensive study of the 4.906-ev gold resonance 
has yielded the Breit-Wigner parameters listed in Table 
II. It is hoped that these results might serve to stimulate 
comparison between various neutron spectrometers and 
assist in reducing the large discrepancies which now are 
common in resonance analysis. The one-level formula 
affords an accurate representation of the experimental 
data over the entire energy range and to very fine 
detail. This, of course, does not constitute an experi- 
mental verification of the validity of this formula, nor 
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does it eliminate the possibility that other interpre- 
tations might succeed in giving equally successful 
agreement with the data. On the other hand, the ex- 
cellent agreement indicates that the one-level formula 
can be applied with full confidence and at large dis- 
tances from the center of the resonance to cross sections 
having widely separated resonances. 

As must be expected, if the cross section is examined 
in sufficiently fine detail, the effects of neighboring 
resonances can be observed. In the case of gold, the 
effects are negligible on the parameters which pertain 
strictly to the resonance ; however, terms which involve 
the nuclear radius (i.e., § and o,) have increased uncer- 
tainty due to lack of knowledge about the spins of the 
nearest neighbors. The data indicate that one or more 
bound levels in Au'* have appreciable influence on the 
thermal cross sections. 
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65-hour Sb! was investigated by using Sb! (97.7 percent- 
99.4 percent) that had been bombarded with thermal neutrons 
for 70 hours. Spectrometer measurements show three beta groups 
with end-point energies: 1.987, 1.423, and 0.734 Mev; and logft 
values: 8.6 [log ft(w?—mc?)=10.0, p?+-9? shape], 7.6 (allowed 
shape), and 7.7; and four gamma rays with energies: 0.563, 0.693, 
1.152, and 1.256 Mev; and intensities: 73 percent, 3.6 percent, 
0.75 percent and 0.8 percent. From gamma-gamma and beta- 
gamma coincidences the excited states of Te!% were found at 
0.563 and 1.256 Mev. X-gamma coincidences and x-ray critical 
absorption showed 2.2 percent and 0.8 percent K-capture transi- 
tions to the ground state and to a 1.152-Mev level in Sn!™. The ft 


I. INTRODUCTION 


T the time this work was started, the decay 

scheme of Sb’? was thought to be simple!: Sb!” 
decayed by beta emission to the ground state, and to 
the first excited state, of Te!”*, the beta transition to 
the first excited state being followed by a gamma 
transition to the ground state. The first part of this 
work was carried out at the University of Illinois and 
reported at the May, 1952 meeting of the American 
Physical Society.” At that time we had found that there 
were at least three beta groups and four gamma rays 


t Supported by the Office of Naval Research, the U. S. Atomic 
Energy Commission, and The Higgins Scientific Trust Fund. 

*Formerly at The University of Illinois, Urbana, Illinois. 
Part of this work was included in a Ph.D. thesis submitted to 
the Graduate College at the University of Illinois. 

'K. Way ef al., Nuclear Data, National Bureau of Standards 
Circular 499 (U. S. Government Printing Office, Washington, 
D.C., 1950). 

?M. J. Glaubman and F. R. Metzger Phys. Rev. 87. 203 (1952). 


values for the transitions to Sn’ are 13 times smaller than the 
corresponding transitions to Te’. Annihilation radiation was not 
observed setting an upper limit of 0.005 percent for positrons. 
The directional correlation of the 0.693- and the 0.563-Mev 
gamma rays indicated a 2—2—0 cascade, with the 2—2 transition 
91+5 percent quadrupole. The first excited state in Te! was 
also shown to be 2+ from a measurement of the K conversion 
coefficient of the 0.563-Mev gamma ray. We conclude therefore 
that the ground state of Sb!? is 2— (gzy2, fu1/2), the first two 
excited states of Te!” are 2+, and the first excited state of Sn!” 
may also be 2+. 


in the decay, and on the basis of ft values and the beta 
spectra shapes, K conversion, and gamma-gamma 
directional correlation, we assigned spins and parities 
to the ground state of Sb” and to the first two excited 
states of Te!’. The decay scheme we suggested and 
which is quoted in the literature,’ is correct as far as it 
goes, but no allowance was made in it for a 1.152-Mev 
gamma ray we knew to be present to the extent of 
0.75 percent of all Sb'” decays. Further work at the 
University of Illinois‘ revealed high-energy coincidences 
which would indicate that the 1.152-Mev gamma ray 
leads to the first excited state of Te! (at 0.563 Mev), 
and that there exists a 1.7-Mev level in Te!”. However, 
the second part of this work, carried out at the Palmer 


3M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952); Hollander, Perlman, and Seaborg, Revs. Modern Phys. 
25, 469 (1953). 

4M. J. Glaubman, thesis, University of Illinois, 1953 (unpub- 
blished). 
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Fic. 1. Beta decay of Sb! as measured with an 
end-window Geiger counter. 


Physical Laboratory with improved equipment, contra- 
dicts this. The 1.7-Mev transition and the high-energy 
gamma-gamma coincidences can be shown to be due 
to Sb™ contamination, and beta-gamma and x-gamma 
coincidences show that the 1.152-Mev gamma ray is 
in Sn”. 

The sources we used were prepared from Sb"!- 
enriched isotope that had been bombarded with thermal 
neutrons at the Brookhaven National Laboratory for 
70 hours.’ For the work at the University of Illinois 
the source material we used was nominally 97.7 percent 
Sb”; for the work at Princeton it was nominally 99.4 
percent Sb’. Figure 1 shows a typical decay curve of a 
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Fic. 2. Beta spectrum of Sb”. The only prominent conversion 
line is that of the 0.563-Mev gamma. 


5 We wish to express our thanks to the Isotopes Division of 
the U. S. Atomic Energy Commission for the loan of the source 
material and to the Brookhaven National Laboratory for the 
bombardments. 
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sample of the material used for our studies at Princeton, 
as measured with an end-window Geiger counter. It 
can be seen from the intercepts that in the fresh source 
the Sb’” (beta) activity was 2000 times that of the 
Sb™ (beta) activity. 

The experiments we conducted are described briefly 
below, together with the conclusions drawn from them. 
On the basis of these conclusions we can establish a 
decay scheme for Sb’. Although there is nothing 
unusual about the level scheme, there are a few features 
of the decay that deserve special attention. One is that 
of the two electric quadrupole transitions from the 
second excited state of Te’, one is speeded up by a 
factor of 15 compared to the other. Another is the 
speeding up of the K capture by a factor of 13 compared 
to the negatron decay, although both are of the same 
character as far as spin and parity changes are con- 
cerned. We would also like to point out that the first 
two excited states of Te'* have energies that are the 
averages of the respective states in Te!” and Te!?®, 


II. MEASUREMENTS WITH THE MAGNETIC LENS 
SPECTROMETER 

The magnetic lens spectrometer we used had a 
resolution of 2.3 percent and a transmission of about 
1 percent. Thin sources mounted on nylon-zapon films 
were used for the beta and conversion electron spectra, 
and strong sources, with gold converters, for the gamma 
(photoelectron) spectrum. The only internal conversion 
lines we could measure were the electrons from the 
0.563-Mev transition; all other conversion lines were 
too small compared to the beta spectrum (Fig. 2). 
The energy loss (scattering) of electrons in the region 
of interest (0.3-2.0 Mev) had a negligible effect on the 
analysis of the spectra. (This was proved by using 
sources of varying average thickness—from 1 to 0.05 
mg/cm?.) 


A. Beta Spectrum 


The beta spectrum was analyzed into four partial 
spectra as shown in Fig. 3. The shape of the highest- 
energy group is due to a #?+@ factor typical to transi- 
tions with AJ=2, change of parity.* The shape of the 
second group is “allowed” down to 730 kev. This is 
typical to allowed transitions and to most first-forbidden 
spectra (AJ=0, 1, change of parity).”? The shape of the 
third beta group is uncertain and the appearance of 
the fourth beta group may be due to errors of sub- 
traction. (The first beta group may have more low- 
energy electrons than we allowed for it because the 
correct shape factor is Ap?+g°, where A is close to ! 
down to about 200 kev,* and then starts increasing with 
lower energy; these may now appear as “‘B,.”’) 


€C. S. Wu, Revs. Modern Phys. 22, 386 (1950). 

7C. S. Wu, International Conference on Nuclear Physics, 
Chicago, Illinois, 1951 (unpublished). 

8 Laslett, Jensen, and Paskin, Phys. Rev. 79, 412 (1950); 
Macklin, Lidofsky, and Wu, Phys. Rev. 87, 391 (1952). 
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The Sb’ beta spectrum has been analyzed inde- 
pendently by Wu and co-workers,’ and our results and 
conclusions are in agreement with theirs for both high- 
energy beta groups. Cork ef al.,° however, also looked 
at the beta spectrum, and they claim that the second 
beta group deviates considerably from the “allowed” 
shape. The results of our analysis of the spectrum are 
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Fic. 3. Analysis of beta spectrum of Sb”. N; was extrapolated 
from the high-energy spectrum (a) using G(W,E)=(W—-E?+E 
-me=¢+p. N2 was extrapolated from (b) by assuming an 
“allowed” shape. “8,” is probably due to subtraction errors. 


shown in Table I. “6,” is not listed since it is probably 
due to subtraction errors. 

From the shape of the spectrum of the first group 
and from the assumption that it leads to the 0+ ground 
state of Te”, it can be concluded that the ground state 


tes” Brice, Hickman, and Schmid, Phys. Rev. 93, 1059 
1954). 


TABLE I. Beta rays. 








Energy Intensity 
(Mev) (%) 


1.987+0.02 26.541.5 
1.423+0.01 69. +3 
0.730+0.02 4.4541 


Shape Log(/ft) 


P+?¢ 8.6% 
allowed 7.6 
allowed? 7.7 





first forbidden (‘‘a’’) 
first forbidden 
first forbidden 








® logl(W2—mc?) ft] =10.0. 

> The intensity of the third beta group as determined by the beta spec- 
trum was about 6 percent. This was changed to 4.4 percent to make it 
conform to the intensities of the gamma rays that it is associated with, 
since the measurement of the gamma-ray intensities does not involve such 
large subtractions. 


of Sb!” is 2—. From the ft values of the other beta 
groups it may be concluded that the spins of the first 
two excited states of Te!” can have the values 1, 2, or 
3, and that their parity is probably even Wu ef al.’ 
reach the same conclusion for the first excited state of 
Te!” from the beta-gamma angular correlation. 


B. Photoelectron Spectrum 


The photoelectron spectrum was measured with 
strong (~5 Mc) sources held in special brass containers 
(to absorb the beta rays) of fixed geometry, and covered 
with gold foil 24.5 mg/cm? thick. The energy depend- 
ence of the effective photoelectron cross section in 
this experimental arrangement and energy range was 
found by Metzger’ to be proportional to 1/E’. The 
uncorrected photoelectron lines are shown in Fig. 4; 
the results, after correcting for the energy dependence 
of the efficiency, are summarized in Table II. The 
intensity of the 0.563-Mev gamma ray is set at 73 
percent; this is because it is fed directly by the 1.423- 
Mev beta group which is 69 percent of all beta decays, 
as well as by the 0.693-Mev gamma ray (Fig. 9) which 
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Fic. 4. Photoelectrons in Sb! decay 
(24.5-mg/cm? gold converter). 


10 F, R. Metzger (private communication). 
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Fic. 5. Te!” internal conversion electrons from 
0.563-Mev gamma ray. 


is responsible for one-twentieth of the 0.563-Mev 
gamma-ray intensity. 


C. Internal Conversion Electrons 


The internal conversion lines of the 0.563-Mev transi- 
tion were measured together with the beta spectrum. 
Figure 5 shows the internal conversion lines after the 
beta-ray background had been subtracted and the 
residual counts divided by the current and fitted with 
a standard (for this spectrometer) resolution curve. 

It has been shown above (Table I) that about 73 
percent of the Sb’ beta decays are associated with the 
0.563-Mev gamma rays. The number of electrons in 
the K conversion line (Fig. 5) was therefore divided by 
73 percent of the total number of electrons in the beta 
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Fic. 6. Directional correlation of gamma-gamma coincidences 
in Te, Flags indicate standard deviation (due to statistics) of 
(693+-90)—563 kev coincidences from measured coincidence rate. 
Existence of 0.005 percent positrons would mean that anisotropy 
of directional correlation curve should be 1.23 instead of 1.33. 
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spectrum to yield the K conversion coeffieicnt of the 
0.563-Mev gamma ray. The experimental value is com- 
pared in Table III with some theoretical values taken 
from the tables of Rose ef al." It can readily be seen 
that the transition is an electric quadrupole one. 
Assuming the ground state of Te™ is 0+, it follows 
that the first excited state of Te!” is 2+ (in agreement 
with the rule of Goldhaber and Sunyar"). 

The K/(L+M-+N) ratio of 5.40.7 shown in Table 
III should be compared with the ratio obtained by 
Tomlinson e¢ al.'° for the 0.602-Mev electric quadrupole 
transition in Te”. Their value is 6.30.3, and taking 
into account the energy dependence of K/L (see 
reference 12, Fig. 11), the two values agree well with 
each other. 


III. MEASUREMENTS WITH SCINTILLATION 
COUNTERS 


A. Directional Correlation of Gamma-Gamma 
Coincidences 


Gamma-gamma coincidences were observed and their 
directional correlation was measured using Nal crystals 
with lead and copper absorbers to eliminate scattering 
from counter to counter (in addition to beta-ray 
absorbers of carbon), but without pulse-height selection. 


TABLE II. Gamma rays. 








0.563+0.005 0.693 +0.007 


Energy (Mev) 
73 +3 3.6 +0.7 


1.152+0.015 1.256+0.012 
Intensity (%) 0.1 


0.75 +0.1 08 + 








The ratio of single counts to coincidences indicated that 
7+2 percent of all gamma rays detected as singles 
belonged to a gamma-gamma cascade. From Table II 
it can be seen that such a high percentage of coinci- 
dences cannot occur unless the 0.693-Mev gamma ray 
is in cascade with the 0.563-Mev gamma. This is con- 
sistent with the assumption that the 1.256-Mev gamma 
ray is the crossover from the second excited state in 
Tel, and is also consistent with the energies and 
intensities of the beta groups. Furthermore, experiments 
to be described below prove that of the “weak” gamma 
rays in Table II, the 0.693-Mev one, and only it, is in 
coincidence with another gamma ray. 

The directional correlation of the 0.693-0.563 Mev 
cascade is shown in Fig. 6. After correcting for finite 
angular resolution the points can be fitted (by the 
least-squares method) to a curve W(6)=1+ A 2P2(cos#) 
+A,P,(cos8), where A2=0.158+0.061, and A,=0.305 
+0.080. The errors assigned to Ay and A, are com- 
pounded from the statistical errors shown in Fig. 6 and 
“discrimination” errors. We define the “discrimination” 
error as the possible deviation of the 0.693-0.563 Mev 

11 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
ORNL-1023 (unpublished). 

12M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 


18 Tomlinson, Ridgway, and Gopalakrishnan, Phys. Rev. 91, 
484 (1953). 
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coincidence rate at angle @ from the total coincidence 
rate at that angle as measured in our experiment. The 
“discrimination” errors were determined in a special 
experiment in which an unsteady fast coincidence 
circuit was used in conjunction with a differential 
discriminator. Although the circuitry was not stable 
enough for a reliable directional correlation measure- 
ment, it was good enough to allow us to determine the 
ratio of coincidences in which one of the pulses corre- 
sponded to 0.6930.090 Mev gamma rays, to the total 
coincidence counting rate. Within certain statistical 
errors (the “discrimination” errors), this ratio was 
independent of the angle between the counters. We 
therefore can exclude bremsstrahlung, scattering, and 
annihilation radiation from having a significant effect 
on our measured correlation. This also sets an upper 
limit of 0.005 percent for positrons in the beta decay. 
The large value of A, implies a large quadrupole 
content in each of the two transitions. Since the ground 
state of Te’ presumably has zero spin, the transition 
to it is a pure multipole (quadrupole), and the spin of 
the first excited state is 2. The spin of the second 
excited state cannot be 4, 3, or 1, since these values 
would imply" either a small (for spin 4) or a negative 


TABLE III. Conversion electrons of 0.563-Mev gamma rays. 








K conversion coefficient X108 
theoretical 
experimental E1 E2 E3 Mi M2 


5.20.4 3 S32 136 66 20 


K/(L+M+N) 
experimental 


5.40.7 











(for spin 1 or 3) value of Ay. The assignment of spin 0 
to the second excited state, assuming the values of A» 
and A, to be reduced from 0.357 and 1.143 to 0.158 
and 0.305, respectively, by the influence of atomic 
electric and magnetic fields, can be ruled out by the 
evidence for the assignment of the 1.256-Mev gamma 
ray as the cross over from the second excited state 
(see beta-gamma coincidences described below). In 
addition to that, one would assume that the f? values 
of the transitions from Sb’ to two 0+ states in Te!” 
would be about equal (or the (W?—1) ft values would 
be the same) ; they are not by a factor of ten [and the 
(Wo?—1) ft values by a factor of 50]. The only satis- 
factory interpretation that remains is to assume that 
the second excited state has spin 2, and that the 2—2 
transition has an appreciable quadrupole content. 

The relative quadrupole and dipole content of a 
mixed transition can be expressed in terms of their 
teduced matrix elements!® 8 and a; if x=@/a, the 
quadrupole content of the radiation Q will be equal to 
¥/(1+-2°), the dipole content being equal to 1—Q. The 
theoretical values of A2(Q) and A,(Q) are plotted in 
Fig. 7 together with our experimental values. It can be 

4D). S. Ling and D. L. Falkoff, Phys. Rev. 76, 1639 (1949). 


'’ See S. P. Lloyd, Phys. Rev. 85, 910 (1952), reference 22, for 
4 discussion of the definition of 8 and a and the proper sign of x. 
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Fic. 7. Az and A, for a 2(Q,D)2(Q)0. Shaded areas indicate values 
of Q consistent with values of Az and A, of Sb!” decay. 


seen from Fig. 7 that the data are consistent with a 
2—2—0 cascade, the 2—2 transition having Q=0.91 
+0.05 and « negative. A curve W (6) = 1+A2(Q) P2(cos@) 
+A4(Q)P.4(cos@) was calculated using this value of Q, 
and after being corrected for finite resolution and 
normalization it was plotted in Fig. 6. 


B. Measurements with Pulse-Height Selection 


In these measurements we used a 20-channel analyzer 
for display of spectra, and differential discriminators to 
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Fic. 8. Gamma-gamma coincidences (including chance coinci- 
dences). Both channels accepted pulses only in the gamma energy 
range of 400-800 kev. The total chance coincidence rate was 3 
of all coincidences; since the 0.563-Mev gamma is more than 
20 times stronger than the 0.693-Mev one, most of the chance 
counts are in the 0.563-Mev peak. This curve is consistent with 
the assumption that only the 0.693- and the 0.563-Mev gammas 
are in coincidence. 
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Fic. 9. Beta-gamma coincidences. The beta-ray channel was 
set once at 100-450 kev and once at 450-900 kev. In both cases 
the energy dependence of the beta-gamma coincidences on the 
gamma-ray energy was the one shown above. 


determine the channels that the pulses from the counters 
had to be in to register coincidences. (The 20-channel 
analyzer was gated with coincidences associated with 
pulses in the proper channels.) Figures 8 and 9 show 
the dependence of the gamma-gamma and beta-gamma 
coincidence counting rates on the gamma-ray energy. 
There were no gamma-gamma coincidences in the 65- 
hour decay when one of the channels was set above 
0.8 Mev; we conclude from that, that the 1.152- and 
1.256-Mev gammas are each fed directly by the decay 
of Sb’ and lead, in each case, to a ground state The 
beta-gamma coincidences show that the 1.256-Mev 
gamma is in coincidence with beta rays in the regions 
0.1 to 0.45 Mev and 0.45 to 0.9 Mev. This indicates 
that the 1.256-Mev gamma is associated with the 0.73- 
Mev beta group and leads to the ground state of Te™. 
The 1.152-Mev gamma is not associated with any beta 
rays and is probably in Sn’ (following orbital electron 
capture in Sb™). 

In order to show that we indeed have K capture in 
the 65-hour decay, we performed a critical absorption 
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Fic. 10. Geometry for x-gamma coincidence measurements. 
The Be and C are for absorbing beta rays with minimum emission 
of bremsstrahlung. The Cu and Pb in front of the gamma detector 
prevent secondary radiations from the gamma counter from 
reaching the x-ray detector. The Cu in front of the x-ray detector 
is sufficient to cut down the “absorber” fluorescence so as not to 
influence the apparent transmission of the “absorbers.” 
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measurement on the x-rays and looked both at the 
x-ray intensity, and at the gamma ray in the x-gamma 
coincidences. Figure 10 shows the geometry employed; 
the “absorbers” were Ag (critical absorber for Sb and 
Te x-rays) and Pd (critical absorber for Sn x-rays), 
Figure 11 shows an x-ray spectrum of a 60-day Sb” 
source; presumably there are no Sn x-rays there, and 
the absorbers are about equivalent in their transmission, 
Figure 12 shows an x-ray spectrum of the 65-hour 
activity ; it is clear that some of the x-rays are strongly 
absorbed by the Pd but not by the Ag, i.e., they are 
Sn x-rays. 

Figure 13 shows the dependence of the x-gamma 
coincidences on the gamma-ray energy. It is clear that 
only the 1.152 Mev is in coincidence with the x-rays, 
From curves such as shown in Fig. 13, taken with no-, 
Ag-, and Pd-“absorbers” we obtained the transmission 
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Fic. 11. X-rays in the decay of Sb”. These curves show that 
the Pd- and Ag-‘“absorbers” are practically equivalent for Te 
and Sb x-rays. 


of the various “absorbers” for the x-ray in the x-gamma 
coincidences. These are compared in Table IV with 
the values computed from tables in Compton and 
Allison'® and with the transmissions of the “absorbers” 
for the x-rays in the x-ray spectrum. We can conclude 
immediately that the x-gamma coincidences are in Sn. 
Because of the wide aperture of the x-ray counter and 
other effects due to our geometry it may be better to 
take the x-gamma data for the purpose of determining 
the transmission ratios of the “absorbers” for Sn x-rays 
in our experiment. We can then estimate from the data 
in Table IV, and from curves such as in Fig. 12, how 
many of the x-rays are Sn x-rays. Our conclusion is that 


16 A, H. Compton and S. K. Allison, X-Rays in Theory ani 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
second edition, pp. 784, 800, and 804. 
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75 percent+10 percent of all the x-rays in the decay 
are in Sn. 

In order to determine what fraction of x-rays are 
associated with the 1.152-Mev gamma ray we measured 
the ratio of x-ray singles to x-gamma coincidences and 
compared it with the ratio of singles to coincidences in 
Ni®. The geometry for the x/x-y measurements was 
that shown in Fig. 10, except that there was no “ab- 
sorber” and the 0.004-in. copper absorber was also 
removed. For the y/y-y measurement in Ni® we used 
the identical geometry except that a 2-in. crystal was 
substituted for the 2-mm one; the pulses from this 
crystal were displayed on the 20-channel analyzer and 
the area of the higher-energy half of the 1.33-Mev line 
was measured as the counting rate. From the gamma 
detector used in both experiments, only pulses corre- 
sponding to 1.04-1.28 Mev (1.15_1:+", 1.17_13+!") were 
admitted by the differential discriminator, thus insuring 
equal efficiency for the singles to coincidences ratios in 
both experiments. [The resolving time of the coinci- 
dence circuit was 2r= 1.5 10-7 second, and the coinci- 
dence efficiency (for x-gamma coincidences) was flat 
within statistics (2 percent) for a delay range (between 


TaBLE IV. Ratios of “absorber” transmissions for Sn x-rays 
[Compton and Allison (see reference 16) ], and for x-rays in the 
65-hour activity. 








X-spectrum 


0.32 
0.52 
0.17 


X-gamma 


0.38 
0.59 
0.22 


“Absorbers” 
Pd/Ag 
Ag/no 
Pd/no 


Compton and Allison 


0.22 
0.78 
0.17 











the x and the gamma pulses) of 0.9X10-7 second 
=twice the length of the pulse-shaping delay lines; 
the efficiency of the circuit therefore is practically 100 
percent and independent of whether we are measuring 
x-gamma or gamma-gamma coincidences. ] We found 
that only 20 percent of the x-rays were involved in 
x-gamma, coincidences. 

In order to determine the x-ray intensities in terms 
of the beta decay we measured the x-ray counting rate 
at a certain solid angle subtended from a calibrated 
source. [The source was calibrated by measuring the 
singles and coincidences of the 0.563- and 0.693-Mev 
(separated) peaks.] After correcting for fluorescent 
yield’? and absorption in the beta (Be) absorber,'® the 
total K ionization was found to be 440.5 percent. The 
K ionizations associated with the 1.152-Mev level, the 
ground state of Sn, and Te+Sb, are therefore: 0.8 
percent+0.15 percent, 2.2 percent+0.7 percent, and 
1.0 percent+0.4 percent of all beta decays, respectively. 
The intensity of the 1.152-Mev level, however, is 
0.75 percent+-0.1 percent of all beta decays (Table II) ; 
the L electron capture, therefore, must be negligible. 


"C, E. Ross, Phys. Rev. 93, 401 (1954). 
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Fic. 12. X-rays in the decay of Sb’. The Ag “absorber” 
transmits about 3 times as much as the Pd “absorber,” showing 
the presence of Sn x-rays. 


The transition from the ground state of Sb” to the 
ground state of Sn’ is probably a (2—)—(0+) one. 
Neglecting screening and finer effects of the Coulomb 
field, 


fx/ fa*={(WotWx)?/(We—1)}{ fx/ fa*} attowed; 


where Wy is the nuclear transition energy and Wx is 
the total K electron energy (all in units of mc*). From 
the upper limit we set for position emission: fx/ fst 
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Fic. 13. X-gamma coincidences. Only the 1.152-Mev gammas 
are in coincidence with the x-rays. The high-energy tail is due to 
chance coincidences, and by taking account of the singles counting 
rate it can be extrapolated over the range of the 1.152-Mev 
gamma. This curve was taken with a Pd “‘absorber;”’ the curves 
taken with Ag- and no-“absorber” are similar except that the 
number of chance coincidences is relatively smaller. 
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Fic. 14. Decay scheme of Sb. All energies are in Mev. 
Quantities in brackets are consistent with the experimental 
evidence but are not directly inferred from experiments. 


>400.!8 Using the graphs of Feenberg and Trigg” for 
(fx/ fa*)attowea, We find: Wo<1.87mc?. Using this value, 
we obtain’: logl (Wo+Wx)?ft]<8.8, an unusually 
small value for a (2—)—(0+) transition.’ From the 
maximum energy available for K capture to the 1.152- 
Mev level and the intensity of the transition we get: 
log ft<6.5. In view of the fact that we hardly have any 
L capture, Wp» is probably not much smaller than the 
maximum value we assigned to it and the ft values 
should be taken at their maximum value. The transition 
to the first excited state in $n! is probably first- 
forbidden, and the state could be 2+ (in agreement 
with the rule of Goldhaber and Sunyar"®). 


IV. DISCUSSION 


Summarizing the conclusions from the experiments 
described above, we arrive at the decay scheme shown 
in Fig. 14. 

The first excited state in Sn’ is similar in energy to 
the first excited states of the other known even Sn 
isotopes, and the excited states of Te’ are similar to 
those of the known even Te isotopes, as can be seen 
from the data compiled in Table V. All of the levels in 


18 Note added in proof.—We have since measured the annihila- 
tion radiation and can set K/@+t=300+130. Using Zweifel’s 
[P. F. Zweifel, Phys. Rev. 96, (1954)] values of 


Fx/fp*}atiowed 


(which includes screening corrections) and }(W?—1) for the shape 
factor of the 6* spectrum, we obtain the position end-point energy 
480 < Ey <580 kev, and log] W.?—1)ft]=9+0.15. 

19 FE. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950). 
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TABLE V. (2+) Excited states of even-even nuclei (in Mev), 








Zz 
2nd 





1.26 
133° 
1.40> 


0.38» 
0.438 


0.86° 








8 See reference 3. 

b See reference 20; the energy of the second excited state is estimated 
here from the energies of the (stronger) cascade gammas instead of from 
the (weaker) crossover. 


that table have even parity and spin 2 (except that 
there is no conclusive evidence as to the spin of the 
1.33-Mev level in Te™; we guess it to be 2). The 
relationship between energy and the number of neutrons 
in the even Te isotopes is remarkably linear. There is 
no comparable smooth variation of energy with Z. The 
ft values of the B- decay of Sb’, and the decay of I, 
are practically identical”; on the other hand, the 
transitions to Sn’ are considerably faster (by a factor 
of 13). 

The radiation from the 1.256-Mev level in Te! can 
be broken up into three parts: 0.693-Mev M1, 0.693- 
Mev £2, and 1.256-Mev £2. Their intensities (or 
transition rates), as determined from the value of Q in 
the analysis of the directional correlation and from the 
relative intensities of the 0.693- and 1.256-Mev gamma 
rays, are: 1, 10, and 2.5, respectively. The 0.693-Mev 
E2 transition is fast, not only compared to the M1 
transition, but also compared to the 1.256-Mev E2 one 
(by a factor of 15).?! In general the relative speeding 
up of E2 transition rates from the second excited state 
in 2—2—0 cascades will vary in different nuclei, from 
about normal (as in Cd""*)*.* to very large (as in Pt" 
where no crossover has been observed at all).¥ 
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Lifetime measurements in the 10~ sec range have been made for £2 or M1+ £2 transitions in the following 
nuclei: Sm!82, Gd!4, Hf!8, W182, Qs!88, Tr!91, Au!97, and Po”, Upper limits for lifetimes have been established 
for E2 or M1+£2 transitions in Ir, Pb, Pb®6, Pb®7, and U4. E2 radiative transition probabilities 
are considered within the framework of the Bohr-Mottelson unified nuclear model. For neutron number 
N=90—126, distortion parameters evaluated from £2 radiative lifetimes are about 5-6 times smaller 
than those evaluated from first excited state energies of even-even nuclei. 





I. INTRODUCTION 


OME electric quadrupole transitions between nu- 
clear states were known to exhibit radiative 
lifetimes much shorter! than those indicated by the 
lifetime estimates made on the basis of single-particle 
models.?:* The existence of such fast £2 transitions in 
the rare-earth region suggested that these were transi- 
tions of a “cooperative” type.! In the same region of 
the periodic table, the collective behavior of nuclear 
constituents appears in a number of additional ways 
(eg., large static quadrupole moments of nuclear 
ground states in the rare-earth region). These large 
quadrupole moments have been interpreted‘ as evidence 
for deformation of a nuclear core by a particle structure. 
The ease of excitation of the nuclear core in the rare- 
earth region is shown by the uniformly low (~100 kev 
or less) and smoothly varying energies of first excited 
states®® of even-even nuclei. The increasing energy of 
first excited states as magic numbers are approached 
illustrates the increasing core stability as major nucleon 
shells close. 

In the nuclear model of Bohr and Mottelson,’ 
individual particle and collective aspects of nuclear 
motion are combined. The existence of an equilibrium 
deformation of the nucleus allows rotational motion of 
the system as a whole, leading to a rotational spectrum 
for even-even nuclei with spin states =0+, 2+, 4+, 
‘++ and energies proportional to J(J+1). E2 radiative 
transitions between such rotational states are much 
enhanced through the large quadrupole moment of the 
deformed core. Within the framework of*the model, a 
measure of the nuclear deformation is provided by the 
E2 radiative transition probabilities between rotational 
states. 

Since core deformation is known to correlate with 
shell structure, particularly in the behavior of quadru- 


* Under the auspices of the U. S. Atomic Energy Commission. 

1M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

*V. F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

3S. A. Moszkowski, Phys. Rev. 83, 1071 (1951). 

‘J. Rainwater, Phys. Rev. 79, 432 (1950). 

5G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

§P. Preiswerk and P. Stihelin, Nuovo cimento 10, 1219 (1953). 

7A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 


pole moments? and first excited state energies,*.* it is 
of interest to correlate y-transition matrix elements for 
£2 transitions in a similar way. Since the core becomes 
increasingly stable against deformation as major parti- 
cle shells close, we may qualitatively expect that E2 
y-transition matrix elements between rotational states 
achieve a maximum value in the rare-earth region where 
core deformations are large, and decrease more or less 
regularly as magic numbers are approached. 

Empirical information about the radiative properties 
of £2 transitions has been somewhat limited. We have 
accordingly attempted to measure the lifetimes of a 
number of additional £2 transitions in even-even nuclei. 


II. EXPERIMENTAL ARRANGEMENT 


The lifetime measurements were made by fast coinci- 
dence techniques, using a delayed-coincidence scintil- 
lation spectrometer of short resolving time 27-~3X 10-® 
sec. The coincidence system is shown in block diagram 
in Fig. 1. The detectors used in these measurements 
were trans-stilbene phosphors, mounted on RCA 5819 
photomultipliers. For detection of soft conversion 
electrons the source was usually mounted directly on a 
thin (~0.5 mm) ¢rans-stilbene phosphor. The photo- 
multipliers were operated at 1200 to 1400 volts. The 
photomultiplier pulses were amplified by one Hewlett- 
Packard wide-band amplifier. The fast-coincidence ar- 
rangement is similar to those previously described.?-" 








-sec 2m -sec SELECTED) 
PLE TRI COINC. 
INC, COINC. OUTPUT 











Fic. 1. Block diagram of fast-coincidence system. 


8 Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949); Kenneth 
W. Ford, Phys. Rev. 90, 29 (1953). 

9 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952). 

10F, K. McGowan, Oak Ridge National Laboratory Report, 
ORNL-952, 1951 (unpublished). 

1S. de Benedetti and H. J. Richings, Rev. Sci. Instr.23, 37 (1952). 
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T I General Electric G 7-A). This unselected fast-coincj- 
dence output was mixed (7~0.3X10-® sec) with the 
output signals of two lower-edge integral discriminators 
operating on signals which originated from a late dynode 
of the photomultipliers. The output of this relatively 
slow coincidence circuit could be finally mixed (7~? 
X10-® sec) with the outputs of two single-channel 
pulse height analyzers for pulse height selection. 

The effects of variations in input pulse size on the 
resolution curve of a coincidence system have been 
previously discussed.? A measurement of a short nuclear 
lifetime by centroid analysis!" of the resolution curve 
requires close control of input pulse size. Such control 
is normally imposed by narrow-window pulse-height 
selection on the pulses from both counters and neces- 
sarily reduces the coincidence counting rate by a large 
factor. It is often sufficient to impose only a lower 
limit on the amplitude of signals accepted. Such a 
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TaBLe I. Lifetimes for E2 transitions in even-even nuclei. 














l | l Nucleus E(kev) T;(in 10- sec) 


Oo C 8 2 Sm! 122 1.40+0.10 
DELAY IN 107° SECONDS Gdls4 123 1.20+0.10 
80 
Fic. 2. Time distribution of coincidences between a portion of ee R gree 
the 8 spectrum from Eu! and conversion electrons of the 123-kev *Os!88 155 0.65-40.15 
transition in Gd!*, Po20 46.7 15 +0.2 
Pb™ 890 <0.6 
Pulse equalization was achieved by pentode limiters Phas 803 <0.5 


and the limited plate signals were shaped by a shorted ia id — 
delay line. The introduction: of delays into either 
channel was achieved by inserting lengths of RG 7/U TABLE II. Lifetimes for E2 transitions in odd-A nuclei. 

cable (4X10-° sec/meter). Selection of coincidences = 
was achieved by a suitably biased germanium diode Multipole 


Nucleus E(kev) T;(in 10~ sec) character 


Tr : 3.85+0.35 M1+£2 

Re!®8(g -e-) Tri! <0.5 M1i+£2 
Au? c 1.90-+40.20 M1+£2 

Pb™7 <0.4 E2 
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procedure is satisfactory if the sides of the “prompt” 

; resolution curve fall off sufficiently rapidly for the 
nm smallest accepted signals to allow “exponential tail” 
determinations of lifetimes. A particular lifetime meas 
urement can be made considerably more rapidly with 
integral discrimination than with narrow-window pulse 
height selection, but it is clear that the ultimate 
performance of a coincidence system may be achieved 
only with the latter technique. 

For the lifetime measurements reported here, it was 
usually but not always sufficient to impose only 3 
lower limit on the amplitude of accepted signals. It 
. was occasionally advantageous to employ integral 

“7 discrimination in one channel and narrow-window pulse: & 
\ , height discrimination in the second channel to reject 
6 2 10% signals leading to coincidences not of immediate 
interest. Whenever necessary, any results obtained 
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Fic. 3. Time distribution of coincidences between a portion of }_—————— 
the 6 spectrum from Re!*®* and conversion electrons of the 155-kev 2T. D. Newton, Phys. Rev. 78, 490 (1950). 
transition in Os!*. 13 Z, Bay, Phys. Rev. 77, 419 (1950). 
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FAST E2 TRANSITIONS 


under conditions where only integral discrimination 
was imposed were checked with narrow-window pulse- 
height selection. 


III. RESULTS AND DISCUSSION 


Typical delayed coincidence curves are shown in 
Figs. 2 and 3. A summary of our new experimental 
results for even-even nuclei is presented in Table I. In 
addition, lifetimes or lifetime limits have been deter- 
mined for the transitions in odd-A nuclei listed in 
Table IT. 

The available data concerning £2 transitions in 
even-even nuclei with neutron number VN=90—142 
(Sm to U) is summarized in Table III. The radiative 
mean life 7y= 7;(1++a)/In2, where a is the total internal 
conversion coefficient and 7; is the experimental half- 
life. In a few cases the conversion correction could be 
made by utilizing measured values of ax and K/(Z+M) 
ratios where reliable data were available. It was usually 
necessary, however, to interpolate the Z-shell compu- 


TaBLeE III. Summary of £2 y-ray lifetimes in even-even nuclei. 
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tations of Gellman, Griffith, and Stanley, and the 
partial Z-shell values of Rose, Goertzel, and Swift. 
Conversion in higher shells (@M@+N-+---) was taken 
as 4 of the total Z conversion. The total conversion 
estimate may be systematically high, since screening is 
neglected in the computations of Gellman, Griffith, and 
Stanley.“ A crude estimate based on comparing meas- 
ured and “theoretical” conversion coefficients!*:” for 
Yb!” and Er!®* indicates that on the average, the con- 
version estimates should not be seriously in error. 
Estimates of E2 radiative lifetimes? on the singie- 
particle model are known to overestimate lifetimes in 
the rare-earth region by a large factor (~100). It is 
interesting to note that E2 y-transition probabilities 
in even-even nuclei vary in a smooth fashion with 
neutron number N (or with Z) throughout the region 
investigated. Figure 4 is essentially a plot of |1/M|? 


4 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
® Rose, Goertzel, and Swift (privately circulated tables). 

6 Graham, Wolfson, and Bell, Can. J. Phys. 30, 459 (1952). 
A, W. Sunyar, Phys. Rev. 93, 1345 (1954). 
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10 = 120 «$130 140-150 
82 —NEUTRON NUMBER N—* = 126 


Fic. 4. Comparative lifetimes for E2 transitions in even-even 
nuclei plotted against neutron number N. The theoretical E2 
line corresponds to unit matrix element on the basis of single 
particle models. All points except those marked [[ ]are 2+—-0+ 
transitions. 


(single proton units) vs neutron number JN. It is seen 
that maximum matrix elements are reached near V = 98 
and that the matrix elements vary smoothly with N. 
A marked reduction in radiative transition probability 
occurs as the doubly magic nucleus Pb** (Z=82, 
N=126) is approached. 

A summary of information concerning pure £2 
transitions in odd-A nuclei in the same region of the 
periodic table is given in Table IV. Information con- 
cerning mixed M1+ £2 transitions in odd-A nuclei is 
summarized in Table V. An evaluation of the electric 
quadrupole transition probability for a mixed transition 
requires knowledge of the relative proportions of M1 
and £2 quanta in the transition. This information is 
listed in Table V. Figure 5 is a plot showing the vari- 
ation of |1/M|? with neutron number N for the £2 
transitions in odd-A nuclei. Most of the £2 transition 
probabilities in odd-A nuclei exceed the single particle 


TABLE IV. Summary of E2 y-ray lifetimes for pure E2 
transitions in odd-A nuclei. 








Estimated 
E(kev) conversion 


570 <4X10-” ~0.021 <5.8X10-" 
159 2.4X10 1.03 7X10 
133 7X10-° 2.15 3.2%10-* 
73 6.210 23. 2.17X1077 
as 
2: 


Nucleus Tj (sec) Ty (sec) 





133 18.8 X10 6.6X 10-5 
112 <5X10-" C27 KIO 
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TaBLE V. Summary of £2 y-ray lifetimes for mixed M1+£2 
transitions in odd-A nuclei. 








M1/E2 
y . Estimated 
intensity conversion 


1/48 0.20 
~1/ie  ~0.7 
7/ie 5.9 
1.5/le 14 
S/ie = 4.4 
1/1.5! ~0.04 
lf A041 
4/1f  ~23 


E(kev) 
279 
209 
77.4 
82.3 
129 
480 
345 
137 


Nucleus Tj (sec) 


Ty=10* > 
Ty=3.1X10-4 
1.9X10~° 
3.85X 10 
<5X10-" 
1.2X10-%« 
7.1X 1078s 
<0 


ty (E2) in sec 


1.25X10~° 
6.2X10-" 
1.5X1077 
2.1X1077 
<2.34X 10-® 
3X10-° 
2.2107 
<2.4X10-* 








aS. Thulin and K. Nybé, Arkiv Ap ze 289 9 (1984): 
Nijgh. and Ornstein, Physica 20, 169 (1954). 
R. Metzger and W. B. Todd, Phys. Rev. 95, 627(A) (1954). 

e Based on K conversion coefficient measurements of P. M. Sherk and 

R. D. Hill, Phys. Rev. 83, 1097 (1951), and K. Siegbahn, reported in 
Manne Siegbahn 1886—Three Twelfth 1951 (Almqvist Wiksells Boktrycheri, 
A.B., Uppsala, 1951), p. 199. Reference e lists this transition as a pure V1 
transition, based on relative L-shell conversion coefiicients. 

4F,. R. Metzger and W. B. Todd, Phys. Rev. 94, 794(A) (1954). 

e J. W. Mihelich and A. de Shalit, Phys. Rev. 93, 135 (1954). 

fF. K. McGowan, Phys. Rev. 93, 471 (1954). 

® Partial half-life based on y-ray intensities of F. K. McGowan, Phys. 
Rev. 93, 163 (1954). 





Wapstra, inti 


estimates by a considerable factor and do not appear 
to differ essentially from those for the even-even nuclei. 
The data for the mixed transitions are subject to an 
additional uncertainty in that knowledge of the E2/M1 
gamma-ray mixing ratio is required. Three £2 transi- 
tions in one nucleus (Ta!*!) are glaring exceptions to 
the general trend for £2 transition probabilities. 
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Fic. 5. Comparative lifetimes for £2 transitions in odd-A 
nuclei plotted against neutron number N. The theoretical E2 
line corresponds to unit matrix element on the basis of single 
particle models. No statistical weight correction has been made, 
since initial and final spins are not known with certainty in all 
cases. Points marked r ] are mixed M1+£2 transitions with 
the E2 transition probability deduced from the M1/E2 mixing 
ratio. The average behavior of the matrix elements for £2 transi- 
tions in even-even nuclei is shown for purposes of comparison. 
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In the unified nuclear model of Bohr and Mottelson,’ 
the £2 radiative transition probability between succes. 
sive levels in a rotational spectrum gives a measure of 
the intrinsic quadrupole moment (Qo of a nuclear state. 
It is convenient to express the E2 radiative lifetime’ 
in terms of a distortion parameter 8 which appears 
through the dependence of Qo on the nuclear shape. 
For purposes of numerical evaluation we choose the 
nuclear radius Ro=1.2X10-"A!. Then, for E2 transi- 
tions in even-even nuclei between rotational states 
I+2-~, we evaluate the y-ray transition probability as 


(I+1)(I+2) 
sec™ 
(27+3)(2I+5) 


where A is the mass number, Z is the atomic number, 
8, is the distortion parameter to be evaluated, and E 
is the transition energy in Mev. 

The distortion parameter 8 may also be evaluated’ 
from the magnitude of the energies of rotational states 





y= 2.18% 10842 E5298? 
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82 90 10 120 426 130 140 
NEUTRON NUMBER N — 
Fic. 6. Distortion parameters 6z* and 6,? for even-even nuclei 
plotted against neutron number JN. Note the different scale for 


Be and B,?. 


through the dependence of the moment of inertia on 
the deformation. (We label 6 determined from excited 
state energies as Bz.) Choosing Ro=1.2X10-"A? and 
evaluating all numerical factors, we find 


Bx®=2.43X 105/ A538, 


where A is the mass number and £ is the first excited 
state energy expressed in kev. Bohr and Mottelson’ 
have noted that 8g exceeds 8,. Ford'* has pointed out 
that near V=82, the values of 6? deduced from isotope 
shift measurements are about four times smaller than 
those calculated from the energies of the first excited 
states of even-even nuclei, if one assumes that these 
are rotational states in the strong-coupling” approxi- 
mation. 

Figure 6 exhibits the dependence of 6, and 8,? on 
neutron number WN for even-even nuclei. Both Bz? and 
B,? exhibit qualitatively the same behavior with neutron 
number, reaching a maximum near N=95 and de- 
creasing to low values as the neutron shell closes at 


18 Kenneth W. Ford, Phys. Rev. 95, 1250 (1954). 
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N=126. Large deformations have again appeared near 
N=140. The ratio (6z/8,)? increases from a value of 
~4.9 at N=90 to a value of ~6.5—7 for N=108 to 
118. The exact value of (@z/8,)? depends upon the 
value chosen for the nuclear radius, since the moment 
of inertia is proportional to Ro*6? while Q,? is propor- 
tional to Ro'6?. However, any reasonable adjustment 
of the nuclear radius does not remove the discrepancy. 
The shoulder on both curves, beginning near NV = 100, 
may be associated with the filling of 2713/2 neutron orbits. 

The large discrepancy between the absolute values of 
6,’ and B,? is especially interesting. 8? is essentially a 
measure of mass deformation while 6,? is a measure of 
charge deformation of the quadrupole type. While 
quadrupole deformation is expected to be the most 
important type, a nuclear deformation involving higher 
multipoles could increase the moment of inertia without 
contributing to quadrupole transition probabilities. A 
possible consequence of an appreciable octupole defor- 
| mation is an enhanced £3 transition probability. Such: 
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E3 transitions have not as yet been experimentally 
observed in this region of the periodic table. Other pos- 
sible factors which may contribute to the discrepancy 
have been discussed by Ford.'® 

Any essential difference between the deformation 
properties of the neutron structure and the proton 
structure will lead to different values of Bz* and £,?. 
If such differences exist, they might be best revealed 
through measurements of the gyromagnetic ratio, since 
the gyromagnetic ratio of the core depends upon the 
particular manner in which angular momentum is 
distributed among the constituents of the core. A 
breakdown of the assumption of irrotational flow can 
of course explain the observed large moments of inertia. 

We would like to express our appreciation to Dr. M. 
Goldhaber and Dr. J. Weneser for several interesting 
discussions, to R. L. Chase and W. Higginbotham for 
advice in equipment design, and to Dr. D. E. Alburger, 
Dr. E. L. Church, and Dr. J. W. Mihelich for making 
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Low-Energy Protons from Targets Bombarded by 15-Mev Deuterons* 


F. A. ASCHENBRENNERT 
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A particle-selection technique is described which makes it possible to identify readily the reaction particles 
from deuteron-induced reactions. The results of a study of the low-energy protons from targets bombarded 
by 15-Mev deuterons is presented. The proton energy spectra from niobium, silver, antimony, tantalum, 
three lead isotopes, and uranium bombarded with the direct deuteron beam were observed at several angles. 
In addition, the proton energy spectrum from tantalum was observed at several deuteron beam energies 
ranging from approximately 10.5 to 15 Mev. The low-energy parts of the proton spectra show what appears 
to be a Coulomb barrier effect. However, protons are observed several Mev below the Coulomb barrier for 
protons, indicating that the barrier effect differs from the ordinary Coulomb barrier penetration of protons 
emerging from a compound nucleus. The behavior of the barrier effect with respect to changes in counter 
angle, Z (atomic number), and A (mass number) of the targets, and deuteron beam energy was observed. 


I. INTRODUCTION 


HEN thin targets are bombarded with deuterons, 
several types of particles are emitted. Of these, 
protons and neutrons have been found to be the most 
abundant. In general, the yield for deuteron-induced 
reactions is much larger than that of corresponding 
reactions with other charged particles. For this reason, 
deuterons are commonly accelerated in cyclotrons for 
the purpose of radioactive isotope production. 
In recent years (d,p) reactions have been subjected 
to large numbers of experimental and _ theoretical 


*Submitted to the Department of Physics, Massachusetts 
Institute of Technology in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. This work has been 
Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t Now at the ANP Department of the General Electric Com- 
pany, Cincinnati, Ohio. 


investigations. In general these investigations have 
been conducted for two purposes. These are: (1) A 
study of the properties of the energy levels of the 
residual nuclei through observations of the proton 
energy groups; (2) A study of the mechanism of the 
(d,p) reaction. 

Symbolically, the (d,p) reaction can be written: 


X+dY+p+0, 


where X is the target nucleus; Y is the residual nucleus; 
and Q is the reaction energy balance, commonly called 
the Q of the reaction. For a Q greater than —2.23 Mev 
(where 2.23 Mev is taken to be the binding energy of 
the deuteron), the residual nucleus is stable against 
neutron emission and in general, against any heavy- 
particle emission. For Q less than or equal to —2.23 
Mev, sufficient energy has been transferred to the 
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residual nucleus to allow neutron emission. In this case 
the reaction can be written: 


X+d-Y+ ptQ(X+n)+pt+Q. 


It is obvious that for Q= —2.23 Mev sufficient energy 
has been supplied by the kinetic energy of the deuteron 
to separate the proton and neutron in the deuteron. 

For the cases when neutron emission is possible (Q 
less than — 2.23 Mev) the energy-level widths are much 
larger than for the cases when neutron emission is not 
possible. Except for very light nuclei, the level widths 
when neutron emission is possible are greater than the 
level separations. Therefore, observation of the proton 
spectra for Q less than —2.23 Mev in heavy nuclei gives 
information on level densities rather than on discrete 
energy levels. This region is generally referred to as a 
continuum. 

The (d,p) reactions with Q greater than —2.23 Mev 
can occur in two possible ways. The first possibility is 
for the deuteron to enter the nucleus as a unit, forming 
a compound nucleus, with the subsequent emission of a 
proton. The very high cross sections observed with low 
deuteron bombarding energies could not be explained 
by this picture, in which the deuterons were required to 
penetrate the Coulomb barrier. In order to explain 
these high cross sections, Oppenheimer and Phillips! 
proposed that the deuteron is polarized in the Coulomb 
field of the nucleus and the neutron is captured without 
the proton entering the nucleus. Later, Peaslee? con- 
cluded that the compound-nucleus formation is less 
important than the Oppenheimer-Phillips, or stripping, 
reaction at all deuteron bombarding energies. Peaslee 
formulated a semiclassical theory that is in agreement 
with observed (d,) excitation functions. 

More recently, a wave-mechanical description of the 
(d,p) stripping reaction was formulated by Butler® 
which neglected Coulomb effects. The agreement be- 
tween experimental data‘ and Butler’s formulation, in 
which the neutron is captured by the target nucleus, 
has made it possible to determine the orbital quantum 
number of the captured neutron in many cases. 

The protons with energies corresponding to (d,p) 
reactions with Q less than —2.23 Mev can result from 
another process. This is the electric breakup of the 
deuteron by the ‘Coulomb field of the nucleus. Cross 
sections for the electric breakup process have been 
calculated by Guth and Mullin® to be of the order of 
200 millibarns for targets of Z greater than 29 bom- 
barded with 15-Mev deuterons. This would predict a 
strong competition between the electric breakup process 
and (d,p) stripping. 

The development of a convenient particle-selection 
technique at the M. I. T. cyclotron has made it possible 


1 J. R. Oppenheimer and M. Phillips, pis do Rev. 48, 500 (1935). 
21D. C. Peaslee, Phys. Rev. 74, 1001 (1948). 
3S. T. Butler, Proc. Phys. Soc. (London) 208, 559 (1951). 
‘C. F. Black, Ph.D. thesis, Massachusetts Institute of Tech- 
nology, February 1953 (unpublished). 
5 C. J. Mullin and E. Guth, Phys. Rev. 82, 141 (1951). 


ASCHENBRENNER 


to study the entire proton spectra from targets with Z 
greater than 41. A study of the low-energy protons 
from selected targets bombarded with the M. I. T. 
cyclotron deuteron beam has been conducted to deter- 
mine what processes are most important in producing 
the low-energy protons. 


Il. EXPERIMENTAL PROCEDURE 
A. Cyclotron and Emergent Beam 


The source of high-energy deuterons used for these 
experiments has been the M. I. T. cyclotron, which 
produces an external beam of approximately 15 Mev. 
The scattering chamber is connected to the cyclotron 
with a tube through which the deuterons are conducted. 
The tube contains several tantalum baffles to prevent 
the target from seeing small-angle scattered deuterons, 
A defining aperture is placed at the entrance of the 
scattering chamber. The deuterons are focused on the 
target at the center of the scattering chamber with a 
focus magnet that is located in the cyclotron vault. 
The focusing system produces a spot on the target 
that is approximately } inch wide and ? inch high. 

For some of the experiments, a foil changer was 
placed between the conducting tube and the scattering 
chamber. This foil changer made it possible to insert 
aluminum foils in the deuteron beam to reduce the 
beam energy at the target. 

The scattering chamber has been previously described 
by Harvey.’ 


B. Particle-Selection Technique 


A convenient method for identifying the charged 
particles from deuteron induced reactions has been 
found to be a simultaneous determination of the energy 
and the initial specific ionization of each reaction 
particle. For this purpose two scintillation counters are 
used (Fig. 1). The first is a thin plastic scintillation 
counter which measures the initial specific ionization 
of the reaction particles. The second is a Nal(TI) 
scintillation counter which measures the remaining 
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Fic. 1. Schematic diagram of particle selective counter. A— 
Aluminum; B—Lucite; C—Nal(T1) ; D—space; E—plastic scintil- 
lator; F—aluminum cylinder; G—aluminum foil; H—lead. 


6 M. S. Livingston, J. Appl. Phys. 15, 2 (1944). 
7J. A. Harvey, Phys. Rev. 81, 353 (1951). 
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PROTONS FROM TARGETS BOMBARDED BY DEUTERONS 


energy of the reaction particles after they pass through 
the thin counter. The combined information from these 
counters makes it possible to identify protons, deu- 
terons, tritons, and alpha particles with ranges large 
enough to pass through the first counter and strike 
the NaI(TI) crystal. 

Calculations from range-energy curves show that 
protons, deuterons, and tritons with equal incident 
energies lose amounts of energy in the plastic scintillator 
in the 1:1.8:2.6. However, since plastic scintillators 
have a nonlinear response for particles of high dE/dx 
(similar to stilbene and anthracene‘), the ratios of the 
pulses for these particles coming from the thin counter 
deviate from the calculated ratios. The deviations 
depend upon the incident energies. Because the infor- 
mation from the thin counter is used only to identify 
the reaction particles, these deviations are serious only 
at the lower part of the energy spectrum. 

During most of the experiments, a 28-mg/cm? thick 
Pilot scintillator B was used in the first counter.’ The 
scintillator was machined to this thickness from a larger 
piece with a machine-shop lathe. The resolution ob- 
_ tained for 15-Mev deuterons scattered 45° elastically 
| with a thin gold foil was 13 percent. In this case, the 
deuterons lost approximately 2 Mev in the plastic 
scintillator. 

Separated particle energy groups can readily be 
| identified and measured using an oscilloscope display 
/ system in conjunction with the counter combination. 
| The procedure that can be used is as follows: 

The output pulses from the two scintillation counters 
are shaped so that they have flat tops, and then they 
} are displayed on the two axes of an oscilloscope. The 
} pulses from each of the scintillation counters are also 
) sent through two very stable single-channel analyzers 
| anda coincident circuit. The coincident in time is used to 
trigger a Schmitt trigger circuit whose output pulse is 
| applied to the intensity grid of the oscilloscope. The 
delay of the coincident pulse is arranged so that it 
intensifies the beam of the oscilloscope only when the 
pulses displayed on the two axes are at their maxima. 
This results in a small spot appearing on the screen of 
the oscilloscope. The position of this spot shows the 
amplitudes of the two pulses coming from the two 
counters. 

Figure 2(a) shows a time-exposure photograph of the 
oscilloscope screen with the particle selective counter 
observing the reaction particles from a C”+H! target 
bombarded with 15-Mev deuterons at an angle of 30° 
from the incident deuteron beam. Figure 2(b) shows 
the same thing when a partially oxidized Be® target is 
observed at an angle of 35° from the incident deuteron 
beam. In both cases the pulses from the thin plastic 
scintillation counter (E,) are displayed on the X-axis 


® Taylor, Jentschke, Remley, Eby, and Kruger, Phys. Rev. 84, 
1034 (1951). 

*The plastic scintillator was obtained from Pilot Chemicals, 
Inc., 47 Felton Street, Waltham, Massachusetts. 
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Fic. 2. Time exposure photographs of the oscilloscope screen 
with the particle selective counter observing reaction particles 
from 15-Mev deuteron induced reactions. Pulses from the thin 
plastic scintillation counter (£;) are displayed on the X-axis and 
the pulses from the NaI(T1) counter (£2) are displayed on the 
Y-axis. Reprinted in part from M. I. T. Laboratory for Nuclear 
Science, Progress Report (August 31, 1953). 


and the pulses from the NaI(Tl) counter (2) are 
displayed on the Y-axis. In the photographs several 
particle energy groups can be observed. Included in 
Fig. 2 are sketches showing the identification of some 
of the groups. For the groups that are well separated, 
one can visually adjust the bias and window width of 
each of the single channel analyzers so that only the 
spot corresponding to the group desired remains on the 
oscilloscope screen. The intensity of this group can 
then be measured by feeding the coincidence pulses 
into a scaler. 

There is a theoretical quantum-mechanical relation- 
ship which predicts dE/dx caused by collision processes. 
As given by Livingston and Bethe,” this relationship 
is 


(dE/dx) = — (4re’z?N /mv*){Z[log.(2mv?/T) 
—log.(1—v/c) —v°/e]—C;,}, 
where z is the charge of the particles, v is the velocity 


of the particles, e is the charge on the electron, m is the 
mass of the electron, N is the atomic density of the 


10M. S. Livingston and H. A. Bethe, Revs. Modern Phys. 1, 
263 (1937). 
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Fic. 3. Block diagram showing the arrangement of the electronic 
apparatus. E;—Thin plastic scintillation counter; E,—NalI(T1) 
scintillation counter; A+S—pulse amplifier and shaper; P.H.A 
—pulse height analyzer; X—pulse multiplier; -+-—pulse adder; 
C—coincidence circuit. 


absorber, Z is the effective nuclear charge of the 
absorber, J is the effective ionization potential of the 
absorber, c is the velocity of light, and C; is a correction 
term unimportant at high speeds. For nonrelativistic 
particles, the above expression reduces to 


(dE/dx) .= K2?/+’, 


where K varies only slightly with energy. Thus, the 
product E(dE/dx) for nonrelativistic particles is 
approximately Cz’*M, where C is a constant and M is 
the mass. 

In the case of the particle selective counter, the 
particles lose an appreciable amount of energy in the 
plastic scintillator which is used to measure dE/dx. 
Therefore, the product £,-E2, where £; is the energy 
loss in the plastic scintillator and E, is the energy loss 
in the NalI(TI) crystal, is not proportional to 2°M. 
Calculations from range-energy curves show that the 
product E-E;, where E= E,+ £2, is a constant propor- 
tional to the mass for protons in the region 5 to 20 Mev, 
for deuterons in the region 7 to 20 Mev, and for tritons 
in the region 9 to 20 Mev. The products for protons, 
deuterons, and tritons have ratios 1:1.8:2.6. 

Figure 3 shows a block diagram of the electronic 
apparatus used when the product E-£; is used to 
identify the reaction particles. The pulses from the two 
scintillation counters are first added electronically and 
then fed into one input of the pulse multiplier,"-” 
while at the same time the pulses from the plastic 
scintillation counter are fed into the other input. The 
output from the pulse multiplier is then displayed on 
the X-axis of the oscilloscope, and the output from the 
NaI(T]) scintillation counter is displayed on the Y-axis. 
The relative gains of the pulse amplifiers are then 
adjusted to make the protons appear on a straight line. 
Figure 4(a) is a time-exposure photograph of the 


1 The multiplier circuit is a slight extension of a multiplier 
designed by C. W. Johnstone of Los Alamos, having a 5X5 array 
of 6BN6 tubes for multiplying instead of the 3X4 originally used 
by Johnstone. The use of the 5X5 array was suggested by John- 
stone. 

12 F, A. Aschenbrenner, M. I. T. Laboratory for Nuclear Science, 
Progress Report, August 31, 1953 (unpublished). 


oscilloscope screen with the particle selective counter 
observing the reaction particles from the oxidized Be 
target bombarded with 15-Mev deuterons at an angle 
of 45 degrees from the incident deuteron beam. The 
deviation of the deuteron spots from a straight line is 
believed to be due to the nonlinear response of the 
plastic scintillator to particles of high dE/dx. In the 
photograph the elastic deuteron group appears to bea 
doublet. That is because the center-of-mass effect 
causes the elastic deuterons from Be® to have lower 
energies than those from O'*. 

The advantage of using the product E- E, to identify 
the reaction particles is that a large part of the energy 
spectrum can be observed with the E» pulse-height 
analyzer while using only one adjustment of the product 
analyzer. This is demonstrated in Figs. 4(b) and 4(c). 

When bombarding targets of high atomic number, 
no low-energy deuterons are observed. In these cases, 
a pulse-height analysis of the entire proton energy 
spectrum can be made using only one adjustment of 
the product analyzer. Figure 5 shows one example. 
Figure 5(b) shows all the reaction particles emitted at 
90 degrees when Pb** is bombarded with 15-Mev 
deuterons. Figure 5(a) shows the same thing when the 
bias and window width of the product analyzer is 
adjusted to count only protons. 

The human eye does not integrate well the light 
flashes on the oscilloscope screen. Therefore, time- 
exposure photographs of the oscilloscope screen are 
made with a Polaroid Land Camera to determine 
whether or not the visual adjustments of the amplifier 
gains and the analyzer bias and window widths are 
correct. 


C. Beam Energy Measurement and Energy 
Calibration 


To determine the deuteron beam energy a 0.002-inch 
thick polyethylene target is inserted in the beam at the 
center of the scattering chamber. A scintillation spec- 
trometer is used to observe the energy spectrum of the 
protons after they pass through a 217.7-mg/cm? thick 
aluminum absorber at an angle of 45 degrees from the 


(a) (c) 


Fic. 4. Photograph of oscilloscope screen when counter is 
observing oxidized Be target at 45 degrees from the incident 
deuteron beam. Beam energy is approximately 15 Mev. Multiplier 
output is displayed on X-axis and £2 is displayed on Y-axis. 
(a) Analyzers adjusted to count all particles. (b) Product analyzer 
adjusted to count protons. Some low-energy deuterons are leaking 
through. (c) Analyzers adjusted to count only protons. This 
shows the part of the proton spectrum that can be measured 
with only one adjustment of the product analyzer. 
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Fic. 5. Photograph of oscilloscope screen when counter is 
observing Pb*®* target bombarded with 15-Mev deuterons. Multi- 
plier output displayed on X-axis, EZ, displayed on Y-axis. Counter 
angle 90 degrees. (a) Product analyzer adjusted for protons. 
(b) Analyzers adjusted for all particles. 


incident deuteron beam. The ratio E,/E,’ where E, 
and E,’ are the energies of the protons incident on the 
Nal(Tl) crystal from the reactions C"(d,p)C™ and 
C#(d,p’)C*, is determined by measuring the positions 
of the two highest-energy proton groups. Since E, and 
E,' depend upon the energy of the incident deuterons, 
the ratio E,/E,’ can be used to determine the deuteron 
beam energy. 

After the deuteron beam energy is determined, the 
proton energy from the reaction C”(d,p)C® is calcu- 
lated; then with the help of range-energy curves, the 
energy of this proton group in the second counter (E») 
of the particle selective counter is determined. The 
position of the peak is also measured with the particle 
selective counter, which then determines £2 as a func- 
| tion of pulse height. After the EZ, spectrum of protons 
from an unknown target is measured with the particle 
selective counter, range-energy curves are consulted to 
determine the corresponding energies of the protons 

coming from the center of the target. 


D. Cross-Section Measurements 


The beam monitor consists of a scintillation spec- 
| trometer which is mounted so that it observes particles 
| scattered 45 degrees from the incident deuteron beam 
by a thin gold foil. The bias and window width of the 
' monitor differential discriminator were adjusted so 
that it accepted only those pulses which were due to 
the particles with energy in the vicinity of the elastic 
deuterons. For incident deuteron beam energies between 
10 and 15 Mev, over 97 percent of these particles are 
elastic deuterons. Previous measurements of these cross 
sections agree within 10 percent with the cross sections 
calculated for Rutherford scattering.” 

Since the beam monitor does not measure directly 
the deuteron beam, the differential cross sections were 
measured relative to a differential cross section that 
has been previously measured by three independent 
methods. This cross section is for protons from the 
reaction Ta!*!(d,p)Ta!® with Q greater than —2.32 Mev 
at 90 degrees from a 14-Mev deuteron beam." The 
differential cross sections can readily be expressed in 


4H. E. Gove, M. I. T. Laboratory for Nuclear Science and 
Engineering, Progress Report, July 1, 1950 (unpublished). 

4 Gove, Harvey, Livingston, Boyer, and Zimmerman, M. I. T. 
Laboratory for Nuclear Science and Engineering, Progress Report, 
April 1, 1950 (unpublished). 


terms of this standard: 
C/N A/T cosd 
C= Os, 
Gil Ns fT cos, 





where o=differential cross section in mb/atom-:ste- 
radian in the laboratory system, C= integral counts or 
area under the differential spectrum curve, V = number 
of incident deuterons, A=atomic weight of target, 
T=thickness of target, ¢=angle normal of target 
makes with deuteron beam, and s=subscript denoting 
the same value for the standard measurement. Assuming 
that the monitor counts only elastically scattered 
deuterons, then V < M/Qe., where M is the number of 
monitor counts, 2 is the monitor counter solid angle, 
and og, is the differential cross section for elastic deu- 
terons. Assuming further that the differential cross 
section for elastic deuterons is given by the Rutherford 
cross sections, then; o,«1/E? or N«ME,?/Q and 
N.« ME?/Q,, where Eq is the deuteron beam energy 
at the monitor counter. 

The deuteron beam energy was reduced to 14 Mev 
for the standard measurement by inserting aluminum 
foils in the deuteron beam. Total cross sections were 
obtained by integrating graphically the angular distri- 
butions of the differential cross sections. Since, however, 
extreme forward angles could not be measured, the 
values for total cross sections obtained are only approxi- 
mate values. 


E. Experimental Uncertainties 


The separation of the protons and deuterons for all 
the targets observed in this study was quite good. 
Figure 5 shows one example. The photographs (Fig. 5) 
give the impression that, with the correct adjustments 
of the product analyzer bias and window width, clean 
proton energy spectra are observed. This is a wrong 
impression. Because of the long resolving time required 
for the coincident circuit, chance coincidences between 
y rays and protons are possible. However, these chance 
coincidences are appreciable only at the low end of the 
energy spectrum where the y-ray intensity is high. It 
was possible to establish the approximate shape and 
magnitude of the chance coincidence background by 
observing the E, spectra with a very thin plastic 
scintillator in the first counter. 

The following sources of error effect the beam energy 
measurement and energy calibration: (1) Error in 
thickness measurements of plastic scintillators and 
aluminum foils in the first counter; (2) error in range- 
energy curves; (3) nonlinear response of NalI(TI) 
crystals; (4) error in C"(d,p)C® and C!(d,p’)C™* 
Q-values; (5) error in locating the centers of the 
C¥(d,p)C8 and C(d,p’)C™* proton peaks; and (6) 
incorrect determinations of counter angles and target 
angles. After careful consideration of all the sources of 
error, it is estimated that the deuteron beam energies 
were determined to well within 200 kev, and the proton 





F. A. ASCHENBRENNER 





E2 


480+ 
400 
320 
240 


80 





| | i 


FIRST COUNTER 


TARGET THICKNESS 
TARGET 


TARGET ANGLE 
Eqg(CENTER OF TARGET) 


Q=-2.23 MEV’ 


~ 20.09 MB/ATOM-STERADIAN 


28 MGS/CM? PLASTIC SCINTILLATOR 
ENERGY IN SECOND COUNTER 

4.8 MGS/cM2 

57.2% 5,SB/2! 

42.8% »5,sB'25 

30° 

14.70 MEV 


~10.27 MB/ATOM-STERADIAN 








| | 





l 
PULSE HEIGHT 0 50-200 
' I 
E,(MEV) O | 


250 


i 
300 350 400 


Fic. 6. Energy spectrum of protons from Sb as observed in the second counter. Counter angle 60 degrees. 
Deuteron beam energy 14.78 Mev. 


energy calibrations are estimated to be accurate to 
within 350 kev. Checks on proton groups with previ- 
ously measured Q-values indicate that, in most cases, 
the energy calibrations were considerably better than 
the values quoted here. : 

The accuracy of the differential cross sections depend 
upon the accuracy of target thickness determinations, 
the extent to which the monitor counter observed 


Rutherford scattered deuterons, the saturation of the 
monitor counter caused by high counting rates and the 
accuracy of the value assumed for the standard. It is 
estimated that the differential cross sections are correct 
only to within 20 percent. Since the differential cross 
sections for extreme forward angles were not measured, 
the values quoted for the total cross sections can only 
be considered as rough estimates that are probably 
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Fic. 7, Energy spectrum of protons from Pb*’ as observed in the second counter. Counter angle 75 degrees. 
Deuteron beam energy 14.85 Mev. 
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Fic. 8. Energy spectrum of protons from U** as observed in the second counter. Counter angle 90 degrees. 
Deuteron beam energy 14.82 Mev. 


correct to only +40 percent, and in some cases they 
may be less accurate. 


Ill. EXPERIMENTAL RESULTS 


The proton energy spectra from niobium, silver, 
antimony, tantalum, three lead isotopes, and uranium 
bombarded with the direct deuteron beam were ob- 
served at several angles. Figures 6, 7, and 8 show three 
examples. In addition the proton energy spectrum from 
tantalum was observed at several deuteron beam 
energies ranging from approximately 10.5 to 15 Mev. 
In these experiments, the direct deuteron beam energy 
was reduced by inserting aluminum foils. 

The proton energy spectra were divided into two 
parts, using Q equal to — 2.23 Mev as the dividing line. 
This division is made because the protons from (d,p) 
reactions with Q greater than —2.23 Mev leave the 
residual nucleus in states in which the neutron is bound. 
The protons for which Q is less than —2.23 Mev leave 
the residual nucleus in unbounded states, making it 
possible for the residual nucleus to decay by neutron 
emission. Proton spectra from (d,p) reactions with Q 
greater than — 2.23 Mev have been previously studied“ 
and are included here only for a comparison with the 
proton spectra for Q less than —2.23 Mev. 

In considering the proton spectra with Q less than 
-2.23 Mev, a broad peak is observed in each case. 
Superposed on this broad peak is a variation of proton 
intensity indicating a variation of level density in the 
residual nucleus, especially between the broad peak 
and the line for Q equal to —2.23 Mev. For experi- 


mental reasons the spectra were not investigated in 
sufficient detail to establish the exact energy-level 
structure. 

The low-energy parts of the proton spectra show 
what appears to be a Coulomb barrier effect. It is be- 
lieved that, if the y-proton coincidence background was 
absent, an experimental cutoff would be observed, where 
“experimental cutoff” is construed to mean that the 
intensity decreases to a very small fraction of the 
intensity that could be observed with the experimental 
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Fic. 9. Angular distribution of protons emitted when Pb*’ is 
bombarded with 14.8-Mev deuterons. 
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TaBLE I. Summary of estimated cross sections and apparent 
experimental cut-off energies.* 








Ea 
(c.m.) B oT 
Mev Mev mb 


14.53 14.25 
14.35 13.37 
14.42 13.37 
14.37 = 13.37 
14.24 12.38 
13.47 12.38 
12.32 12.38 
11.25 12.38 
10.35 = 12.38 
14.23 9.87 
14.30 9.48 
13.85 8.69 


Ea 
Mev 
14.82 

14.8 

14.85 
14.80 
14.75 
13.97 
12.80 
11.71 
10.84 
14.78 
14.94 
14.89 


Target 


9238 
s2Pb™® 
s2Pb™” 
s2Pb™ 
73Ta®! 
13Ta!®l 
Ta! 
n3sTal® 
73Ta!l 
s1Sb'21.123 
g7Agio7 109 
a1Nb*® 





363 
396 
358 
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511 
413 
405 
384 
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8s Ea=deuteron beam energy in laboratory coordinates, Ea(c.m.) =deu- 
teron beam energy in center-of-mass coordinates, B =the Coulomb barrier 
height, o<=the estimated cross section for Q<—2.23 Mev, oe, =the 
estimated cross section for Q>-—2.23 Mev, or=the total cross section, 
E. =apparent experimental cut-off energy. 


setup. The data curves were extrapolated to zero 
intensity in order to obtain an estimate of where the 
experimental cutoff would be. Although it was not 
definitely established that an experimental cutoff exists, 
a study of the extrapolated points is justified because 
it offers a method for studying the slope and position 
of the Coulomb barrier effect. 

The properties of the proton spectra for Q less than 
— 2.23 Mev can be summarized as follows: 

(1) In each case a broad peak was observed. 

(2) Superposed on the broad peak is a variation of 
proton intensity, especially between the peak and the 
line at Q= —2.23 Mev. 

(3) The angular distribution for all the protons with 
Q less than —2.23 Mev in each case is peaked forward, 
and the shape of this angular distribution is very similar 
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to that for Q greater than —2.23 Mev, Fig. 9 shows 
one example. 

(4) The total cross sections for Q less than —2.23 
Mev are of the same order of magnitude as for Q greater 
than —2.23 Mev. (See Table I.) 

(5) The low-energy part of each proton spectrum 
shows what appears to be a Coulomb barrier effect. 
However, protons are observed several Mev below the 
Coulomb barrier for protons, indicating that the barrier 
effect differs from the ordinary Coulomb barrier pene- 
tration of protons emerging from a compound nucleus. 

(6) An apparent experimental cutoff (£,) is observed 
at the low-energy end of the spectrum which has the 
following properties: (a) E, is independent of angle 
within the accuracy of the experiments; (b) £, is the 
same for neighboring isotopes within the accuracy of 
the experiments; (c) E, varies less than 500 kev from 
deutron bombarding energies ranging from 10.84 to 
14.75 Mev for the one case studied (see Fig. 10 and 
Table I) ; (d) £, increases with increasing barrier height 
(see Fig. 11 and Table I). 


IV. CONCLUSIONS 


All the properties noted above appear to be qualita- 
tively consistent with a stripping model in which the 
deuteron is first polarized and stretched by the Coulomb 
field, and then the neutron is stripped off leaving the 
proton outside the Coulomb barrier. Peaslee, using a 
semiclassical theory for (d,p) stripping, calculated (d,/) 
excitation functions which show fair agreement with 
experimental excitation functions.? These excitation 
functions show the same kind of barrier effect as 
observed in the proton spectra in the present experi- 
ments. By extrapolating the excitation functions to 
zero at low deuteron energies, one can obtain an ap- 
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Fic. 10. Variation of low-energy part of proton spectrum with deuteron beam energy. 
Dashed lines obtained by extrapolation. 
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Fic. 11. Variation of low-energy 
part of proton spectrum with 
atomic number. Dashed lines ob- 
tained by extrapolation. 
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parent deuteron threshold energy for (d,p) reactions 
due to the Coulomb barrier. The apparent deuteron 
threshold energies obtained in this manner have nearly 
the same values as the apparent experimental cut-off 
energies in the proton spectra. It, therefore, seems 
likely that a slight variation of Peaslee’s theory can be 


used to explain the low-energy parts of the proton 
spectra. 

The possibility exists that some of the low-energy 
protons observed are due to the electric breakup of 
| the deuteron by the Coulomb field of the nucleus. 
Mullin and Guth calculated cross sections for the 
electric breakup process.’ Their calculations indicate 
that the electric breakup process competes favorably 
with stripping for targets of Z greater than 29 bom- 
barded by 15-Mev deuterons. Since their calculations 
do not show the proton energy spectra for the electric 
breakup, no direct comparison can be made at this time. 

To establish definitely what part of the proton 
spectra observed are due to electric breakup, it will be 
necessary to determine what happens to the neutrons 
which are separated from the observed protons. One 
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possible way might be to use a neutron counter i 
coincidence with the proton counter. 
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Transmission measurements of the total neutron cross section of deuterium have been made with an 
accuracy of about 2 percent at 29 energies between 0.2 and 22 Mev, using deuterium gas in a cell 1 meter 
long. The cross section decreases monotonically with increasing energy, and its reciprocal appears to be 
a linear function of neutron energy over the interval from 1.5 to 22 Mev: 


o=14.35(E,+3.6 Mev) barn. 





INTRODUCTION 


EVERAL transmission measurements!" of the total 
neutron cross section for deuterium have been re- 
ported ; these are indicated in Table I. With the excep- 
tion of the Brookhaven measurement? at 14.1 Mev and 
the high-energy measurements,*° all these experiments 
were performed in relatively “poor geometry” with a 
probable error of about 5 percent, and a comparable 
(and uncertain) correction for inscattering. Moreover, 
all these determinations of o7(D) were obtained by the 
indirect method from measurements of the cross sections 
of hydrogenous compounds. 

The present experiment was designed to measure the 
cross section for deuterium gas over the neutron energy 
range 0.2 to 22 Mev ina uniform manner to an accuracy 
of two percent using very good geometry. 


PROCEDURE 


Neutrons were obtained at the large Los Alamos elec- 
trostatic generator by using the T(p,m)He’, D(d,n)He’, 
and T(d,n)He!‘ reactions. The target gas was contained 
in a cell 3.1 cm long having 0.25-mm thick walls and a 
1.25-micron Ni entrance foil. Neutrons in the forward 
direction were used to maximize the yield and minimize 
background effects. A stilbene scintillator 2 cm in 
diameter and 2 cm long in a conventional photo- 
multiplier assembly was employed as the neutron 
detector. 

Pulses from the detector were amplified by two inde- 
pendent systems in parallel. The output of one system 
went to two discriminator-scalers with different bias 
settings, and the output of the other was counted by a 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. ; 

1 Zinn, Seely, and Cohen, Phys. Rev. 56, 260 (1939). 

2H. Aoki, Proc. Phys. Math. Soc. Japan 21, 232 (1939). 

3. Bretscher and E. B. Martin, Helv. Phys. Acta 23, 15 

1950). 

4 Nuckolls, Bailey, Bennett, Bergstralh, Richards, and Williams, 
Phys. Rev. 70, 806 (1946). 

ad agen Amaldi, Bocciarelli, and Trabacchi, Phys. Rev. 71, 
20 (1947). 

6 R. H. Hildebrand and C. E. Leith, Phys. Rev. 80, 842 (1950). 

7 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 75, 7 
(1949). 

8 J. DeJuren and N. Knable, Phys. Rev. 77, 611 (1950). 

® Poss, Salant, Snow, and Yuan, Phys. Rev. 87, 11 (1952). 

% Adair, Okazaki, and Walt, Phys. Rev. 89, 1165 (1953). 

1 C, F. Cook and T. W. Bonner, Phys. Rev. 94, 651 (1954). 


scaler with both upper and lower discriminators. Suit- 
able amplifier gains and discriminator settings were 
determined for each energy such that only pulses corre- 
sponding to neutrons were counted, and the pulse- 
height distributions were observed on a 10-channel 
pulse-height analyzer. Bombardments were made by 
reference to a beam current integrator, and a com- 
pletely separate scintillator detector observed neutrons 
at 40° from the axis of the charged-particle beam to 
serve as a monitor. 

Transmission cells 100 cm long were placed sym- 
metrically between the source and detector, which were 
154 cm apart. Details of the transmission cells are given 
in Appendix I. Alignment of the cells and detector with 
the beam axis was accomplished optically, and could be 
done to within a few tenths of a millimeter. 

The principal sources of background in this experi- 
ment were taken into account in the cycle of measure- 
ments made at each energy. To obtain the background 
from neutrons and gamma rays not coming directly 
from the target, a 24-inch long copper rod was inserted 
into an open-ended cell to serve as a shadow bar. To 
evaluate the background originating in the target 
window, collimators, and control slits, an additional 
complete cycle of measurements was made with the 
target cell evacuated. Each run was terminated by a 
precision beam current integrator, and the length and 
number of runs with filled and empty cell in position 
were adjusted so that approximately 20 000 neutrons 
were counted in each case. A normal cycle was as 
follows: evacuated cell, gas-filled cell shadow bar, gas- 


TABLE I. Previous measurements of the fast neutron 
total cross section of deuterium. 








Refer- 


ence Neutron energy, Mev Year Institution 





Columbia University 
Japan (Aoki) 

Cavendish Laboratories 
Univ. of Minnesota 
Rome (Ageno ¢¢ al.) 
Univ. of Calif. serene 
Univ. of Calif. (Berkeley) 
Univ. of Calif. (Berkeley) 
Brookhaven Nat]. Lab. 
Univ. of Wisconsin 

Rice Institute 
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filled cell, evacuated cell. The symmetrical order of 
measurement compensated for linear drifts in neutron 
intensity and electronic equipment. By observation of 
drifts and comparison of transmission values obtained 
from the several channels of the instrumentation good 
control of the time-dependent variables was secured. 
The errors due to nonlinear drifts were much smaller 
than the statistical uncertainties. 

It is shown in Appendix III that for the geometry 
used in this experiment, corrections for inscattering by 
the gas are less than 0.2 percent, and were not applied. 
From the transmission J and values nZ shown in 
Table IV (Appendix II), preliminary cross sections 
were calculated from the usual relation T= e—"*“, where 
nis the atom density of the filling, Z the cell length, 
and o the cross section. 

The number of atoms in the cell was calculated from 
weight data by computing the average atomic weight 
from the mass spectrometer analysis, and also from 
PVT data by using the assumption that the impurities 
had the same equation of state as deuterium. Very 
good agreement was noted. The impurities in the gas 
contribute to the observed cross section in proportion 
to the amount their cross sections differ from op. It can 
readily be shown that 


=-£4(=-1), 


TaBLE II. Total cross section of deuterium for fast neutrons. 








Depar- 
ture from 
approxi- 
mation 
(percent) 


Probable 
error 
barns 


+0.046 
0.040 
0.039 
0.036 
0.030 
0.038 
0.036 
0.035 
0.042 


Cross 
section 
barns 


3.022 
2.944 
2.854 
2.754 
2.690 
2.492 
2.395 
2.140 
1.851 


1.805 
1.678 
1.664 
1.548 
1.436 
1.368 
1.297 
1.269 
1.237 


0.767 
0.753 
0.734 
0.689 
0.661 
0.632 
0.620 
0.591 
0.567 
0.571 
0.564 


Energy 
Mev 





0.267 
0.640 
0.995 
1.371 
1.750 
2.124 
2.504 
3.262 
4.002 


D(d,n)He® 


T(d,n)He! 











TOTAL CROSS SECTION, BARNS 
is B = 


9 
@ 








! ! L 
8 12 16 20 


NEUTRON ENERGY, MEV 


Fic. 1. Total neutron cross section of deuterium. The solid curve 
is the approximation ¢= 14.35 (E,+3.6 Mev)~ barn. 





where f; are the atomic fractions of the impurities, 
and o; the corresponding cross sections.” This correc- 
tion was applied to the preliminary cross sections and 
was less than 0.4 percent for all energies except 0.26 
Mev where it jumped to 1.08 percent largely because of 
the rapid rise of oy at this energy. 


RESULTS 


The total cross section for deuterium was measured 
at 29 neutron energies between 0.2 and 22 Mev with 
an average probable error of 2 percent. The results are 
tabulated in Table II, and presented graphically in 
Fig. 1. Disagreement with previous work is appreciable, 
in view of the quoted uncertainties; there seems to be 
a systematic discrepancy with reference 11. The present 
data joins smoothly with the high-energy results.*-° 

In view of the smooth decrease of cross section with 
increasing energy, an attempt was made to find a 
simple mathematical expression by which the results 
might be approximately represented. The formula 


o= 14.35(E,+3.6 Mev)— barn 


represents the present results over the energy range 1.5 


2 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952). 
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to 22 Mev with an rms fractional deviation of 1.4 
percent which is better than the probable error of any 
of the data points. This function is plotted in Fig. 1, 
and the percent deviations of the individual points from 
the curve are included in Table IT. The function given 
above probably represents with comparable precision 
the neutron energy range 8-14 Mev, where it was not 
feasible to make measurements. 
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APPENDIX I 
Transmission Cell 


The transmission cell was developed in 1951 by R. L. Mills, 
F. J. Edeskuty, and A. Sesonsky of this laboratory for use in 
neutron transmission experiments and has been used previously 
by J. H. Coon and others at pressures up to 4000 psi. 

The cell is nominally 1 meter long inside, with 0.100-in. end 
plates, 1-in. outside diameter, and 7¢-in. wall thickness. The tube 
was made of Type 321 stainless steel, but to avoid distortion of 
the ends by the process of attachment, the ends were machined 
in the form of flat-bottomed cups about 1 in. deep from Type 347 
stainless steel flat stock, and these were welded to the main tube 
without distortion of the ends. An inlet nipple of Type 347 stain- 
less steel was threaded and silver-soldered into the side of the tube 
at its center, and a 4-foot length of stainless steel capillary of 
0.027-in. outside diameter and 0.010-in. inside diameter was silver- 
soldered at one end to the cell nipple. The other end of the capillary 
was silver-soldered to a jam fitting’® which was in turn joined to 
two straight-through 60 000-psi valves.!* Soldered joints of the 
capillary were protected by tightly-coiled tapered springs which 
clamped over shoulders on the nipple and the jam fitting to 
prevent sharp bending of the capillary at these points. Two com- 
plete assemblies were built, so that one could be used to contain 
the gas sample, and the other evacuated for use in measuring the 
neutron intensity. 

Outside dimensions of the cells were measured with high pre- 
cision, and the joints were radiographed. The cell selected as the 
sample cell was within 0.024 in. of straight, and the end windows 
were perpendicular to the axis of the tube to within 10 minutes 
of arc. Both cells were filled with helium at 4000 psi and examined 
for leaks with a helium leak detector with negative results, and 
left at that pressure for seven days in equilibrium with a sensitive 
pressure gauge, with no indicated loss of gas. 

The volume of the sample cell was determined prior to attaching 
the capillary tube by determining the weight of freshly-boiled 
distilled water which would just fill the cell to its nipple, when the 
cell was immersed in a thirty-gallon constant-temperature bath. 
The weighings of the cell were performed on a Seederer-Kohlbusch 
balance modified so that hooks to hold the cell and a dummy 
weight projected down through the case into a cabinet large 
enough to enclose the cells. The volume of the sample cell was 
determined from the mean of 5 independent trials to be 383.487 
+0.037 cm? at 30.00°C. The inside length of the cell is 0.99972 
meters at 30°C. From measurements on the cell as a function of 
gas pressure, it was found that the length changes by 0.29 mm/ 
1000 psi, and the volume by about 0.165 cm*/1000 psi. (These 
measured pressure coefficients of length and volume imply the 


18 Made by Autoclave Engineering Company. 
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reasonable value 0.29 for Poisson’s ratio.) Since all measurements 
and fillings were made at the same temperature, no temperature 
corrections were necessary. 


APPENDIX II 
Deuterium Gas Filling 


The atomic density of the contents of the cell was determined 
in two independent ways, by means of the equation of state for 
deuterium," and by weighing supplemented by mass-spectrometry 
of the gas. The cell was filled while immersed in the constant- 
temperature bath and the equilibrium pressure read on a 16-in. 
Heise Bourdon gauge which was calibrated with a dead-weight 
testing apparatus just before using. Since De gas was available at 
only 1500 psi, the actual filling to 2500 psi was achieved by cooling 
the cell in liquid nitrogen until a sufficient amount of deuterium 
had been collected from the source tank. The cell was then allowed 
to warm to room temperature and was finally placed in the water 
bath. A sample for mass-spectrometry was collected from the gas 
released in approaching the desired pressure. From the PVT data, 
the atomic density could be computed from the information given 
in Table III, computed from the equation of state.'-!5 The pres- 


TABLE III. The equation of state for deuterium at 30.00°C. 








n atoms/cm! 


1.2842 10# 
2.9600 


P psi 


395.53 
930.76 
1489.59 
1798.79 
2240.85 
2780.78 


Vp, em*/mole 


938.43 
407.12 
259.95 
217.86 
177.88 
146.32 


Vp./Videal 


1.0147 
1.0359 
1.0586 
1.0713 
1.0897 
1.1123 











sures in Table III were chosen for convenience in calculation of 
molar volumes. The atomic densities of the actual fillings were 
computed by means of the tabulated function VD2/V1dea1 which 
is also the ratio of the pressure required per unit number of atoms/ 
cm* to the corresponding value for an ideal gas (3035.5 psi/ 
10” atoms/cm’). A convenient approximation which gives the 
ratio to within 0.1 percent between 0 and 2500 psi is 


(VD2/V dea) 30°c = 1+3.605 X 10->P+1.760 X 10 P?, 


where P is the pressure in psi (absolute). 

Mass spectrometer analysis of the gas sample withdrawn from 
the cell after filling gave the following composition in atom per- 
cent: 99.13 D, 0.54 H, 0.02 O, and 0.31 N. This analysis leads to 
an average atomic weight of 2.0495+-0.0060 amu. The result of 
weighings of the cell before and after filling led to an atom density 
almost precisely equal to that calculated from the PVT data. 
The results are tabulated in Table IV. While such extreme agree- 


TABLE IV. Determination of transmission cell contents. 








Pres- nL 
sure Mass (PTV) (Mass) atoms/ 
psi grams 102! atoms/cm? barn o barns 


2480.7 9.699 7.426 7.427 0.5-0.8 
1090.5 cee 3.446 see 1.2-1.8 
600.5 2.5177 1.929 1.929 





0.7429 
0.3446 


0.1929 1.8-3.0 








ment is surely fortuitous, it is gratifying to find that an accuracy 
of better than 0.3 percent can be attained by these methods. The 
uncertainty in the average molecular weight is due primarily to 
the uncertainty in the mass-spectrometer determination of the 


144 Wooley, Scott, and Brickwedde, J. Research Natl. Bur. 
Standards 41, 379 (1948). 
18 The molar volumes were kindly computed from reference 14 


by F. G. Brickwedde. 
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nitrogen impurity in the gas. In view of the excellent agreement of 
the calculations from PVT and from weighing data, the pressure 
was simply dropped after the high-energy run to the intermediate 
pressure, and no weighing was made until after the pressure had 
been dropped to the lowest value, where good agreement was 
again observed. 


APPENDIX III 
Inscattering Correction 


It can be shown that the correction for neutrons singly-scattered 
into the detector by a long scattering sample is given by 
Ac _ 8a cOF. 1 __, tanh? ed 
1—(L/S)?" L/S ; 





¢ Sor 
where L=length of the scattering sample, S=source to detector 
distance, a=cross sectional area of the sample (a<.S*), o (0) =dif- 


ferential cross section for forward scattering by the sample, and 
or=total cross section. For LS, the quantity in brackets in the 
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above equation reduces to 2, and the equation is equivalent to 
the usual equation quoted elsewhere;}*!” for the present experi- 
ment, the value was 2.92. «(0)/or for deuterium increases slowly 
with energy, and may be calculated!* with sufficient precision for 
purposes of correction. In this experiment, the correction was 
less than 0.2 percent at 14.1 Mev and was not applied. Multiple 
scattering would produce a much smaller effect due to the elon- 
gated shape of the sample employed. In a “poor geometry” 
experiment at high energies, it would also be necessary to consider 
the effect of the neutrons from the inelastic n-d interaction, 
which are forward-peaked, and whose energy distribution is 
peaked at the upper end.!*”° on/o7 is nearly } at E,=14.1 Mev,” 
and increases rapidly with energy. No such correction was re- 
quired in the present experiment. 


16 R, B. Day and R. L. Henkel, Phys. Rev. 92, 358 (1953). 
v7 _ Hornyak, Falk, Snow, and Coor, Phys. Rev. 89, 204 
1953). 
18 R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 
19 R. M. Frank and J. L. Gammel, Phys. Rev. 93, 463 (1954). 
% J. D. Seagrave, Phys. Rev. 97, 757 (1955). 
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New measurements of the total cross section of Be® (resolution 
4 kev) give maxima of 7.75+0.20 barns (T=25 kev) and 5.25 
+0.20 barns ([=8 kev) for the 0.62 Mev and 0.81 Mev reso- 
nances, consistent with J=3 and J=2 for the respective com- 
pound state spin values. Elastic scattering angular distributions 
indicate that the 0.62-Mev resonance may be formed by p-wave 
neutrons with the s-wave potential scattering (59=—54.2°) 
spin-dependent and all channel spin 1, or possibly by d-wave 
neutrons with the resonance scattering all channel spin 2. Po- 
tential scattering phase shifts for B" are 6)5= —53.5° at 0.55 Mev; 
5)= — 60.7°, 5: = —4.0° at 1.00 Mev; and d9= —66.9°, 5: = — 10.3°, 


I. INTRODUCTION 


‘OOD energy resolution measurements of the total 
elastic scattering cross sections of fast neutrons 
permit the unambiguous assignment of the spin (J) 
of energy levels observed in the compound nucleus. 
The width of the level will place limits on the parity to 
be assigned ; but more information is needed, in general, 
to insure that this value is unique. Angular distri- 
butions of the elastically scattered neutrons should 
determine the parity as well as serve as a check on the 
J-value. 
In principle such data can be obtained by bombarding 
a small sample of the substance to be investigated with 
a well-defined beam of neutrons, and detecting the 
scattered wave with a counter subtending a small 
solid angle. In practice severe limitations are imposed 
by source strength, multiple scattering in the sample, 
detector efficiency, and background. Recently Walt 
and Barschall! have succeeded in obtaining differential 


1M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 


and 62=—2.9° at 1.50 Mev. The 0.43-Mev resonance in B4, 
agrees with a J =2,/=1 assignment, while the 1.28-Mev resonance 
is best fitted by J=3, /=2; with a mixing ratio of channel spin 
2 equal to 10 times channel spin 1. Potential scattering is nearly 
all s-wave up to 1.50 Mev where 59= —90°. C!2 has pure s-wave 
scattering at 0.55 Mev (59=—50.1°) and 1.00 Mev (69= —68.9°), 
and at 1.50 Mev a small amount of p-wave appears, (59= —79.4°, 
51= —5.7°). In general the observed s-wave phase shifts are larger 
than those calculated from a hard sphere model, whereas the p- and 
d-wave phase shifts are smaller. 


cross sections for 1-Mev neutrons elastically scattered 
by 28 elements from titanium through thorium. The 
present work modifies their method to scattering 
from light nuclei with good energy resolution. 


II. EXPERIMENTAL METHOD 


Figure 1 shows the geometry employed. The 
Li’(p,m)Be’ reaction served as a source of 0.2- to 
1.5-Mev neutrons. This reaction.is not monoergic, but 
the second group which appears above 0.6 Mev was 
corrected for by using the observed values for the 
fraction of the primary group.? Targets of varying 
thickness (dictated by the width of the resonance 
studied) were prepared by evaporating in place lithium 
metal onto a rotating 10-mil tantalum backing. Cy- 
lindrical scattering samples, 3 inches long and with 
diameters such as to give a minimum transmission of 
70 percent (about one-third of a mean free path), 


2 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 334 
1952). 
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Fic. 1. Geometry for the neutron elastic scattering 
angular distributions. 


were located 18 to 24 inches from the target in the 
forward direction. Under these conditions the maximum 
half angle subtended by the sample was less than 5 
degrees. Scattered neutrons were detected with a 
hydrogen recoil proportional counter filled to 1 atmos- 
phere with propane gas. The sensitive volume, a 
cylinder 1 inch in diameter 4 inches long was located a 
mean distance of 4.5 inches from the center of the 
scattering sample. This counter, with a 4-mil center 
wire, operated with an applied voltage of 2650 volts. 
Since the energy of the neutrons scattered from the 
light nuclei involved varies rapidly with the angle in 
the laboratory system, the bias of the counter was 
always set so that the response was relatively flat for 
neutrons of 60 to 100 percent that of the incident 
neutron energy. A typical curve measured relative 
to a long counter** (assumed flat) is shown in Fig. 2. 
Paraffin wedges were used to shield the detector from 
neutrons coming directly from the target. 

i, Measurements were taken with the counter at 0° and 
sample out, and at laboratory angles from 30° to 120° 
with both the sample in and out. Backgrounds ob- 
tained in this manner varied from 35 to 70 percent of 
the total counting rate. Absolute cross sections were 
obtained by calculation using mean distances. Integra- 
tion of the area under the curves agrees well in most 
cases with measured values of the total elastic scattering 
cross sections. 

Corrections were made for attenuation and multiple 
scattering of the neutrons in the sample in the manner 
described by Walt!-® and also for the large solid angle 
subtended by the detector. Both errors tend to make 
the measured distributions more isotropic. 

In most cases the energy resolution was less than 
half of the level width of the resonance studied. Statis- 
tical errors were in general less than 5 percent. The 
over-all error in the shape of the curves is estimated 
to be +15 percent. All cross sections have been con- 
verted to the center-of-mass system and are plotted 


3 A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
4R. A. Nobles, et al., Rev. Sci. Instr. 25, 334 (19 54). 
Ph.D. 


5M. Walt, thesis, University of Wisconsin, 1953 


(unpublished). 
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against «=cos¢, where ¢ is the center-of-mass angle of 
scattering. Errors shown are statistical only. 


III. RESULTS AND DISCUSSION 


An attempt has been made to fit all data using the 
theory of Blatt and Biedenharn® for single resonance 
levels in the compound nuclei. It was found that the 
potential scattering was not adequately described in 
all cases using a hard sphere model with a reasonable 
choice of channel radius. This is due, in part, to the 
fact that distant s-levels below the binding energy are 
contributing to the total cross section,’ hence giving 
much larger s-wave phase shifts. In addition, the p- 
and d-wave phase shifts calculated from the hard 
sphere model are much larger than those observed. 

In cases where 2 channel spins are possible, the 
states were mixed to give the best agreement with the 
experimental data. It is, of course, also possible to mix 
the /-values of the incoming neutrons, but this did not 
produce better agreement between theory and experi- 
ment in the present study. The theoretical curves, 
shown as solid or dotted lines have been altered to 
account for the finite energy resolution in the present 
experiments. As an additional aid in detecting inter- 
ference terms, the ratio of the differential cross 
section for x= +0.58 and x= —0.58 was measured as a 
function of neutron energy in the region of the reso- 
nance. Table I summarizes the results. Phase shifts 
shown in parenthesis are calculated from a hard sphere 
model assuming a channel radius of R=1.40(A!+1) 
X10-* cm. 
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Fic. 2. Relative response of the recoil counter 
to monoergic neutrons. 


6 J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 


258 (1952). 
7R. G. Thomas, Phys. Rev. 88, 1109 (1952). 
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TaBLE I. A summary of the information obtained. A is the nucleus bombarded, £, is the bombarding energy in the laboratory system 
in Mev, J is the spin value of the excited state in the compound nucleus, / is the angular momentum of resonantly scattered neutrons, 
Joa(¢)dQ is the integrated elastic scattering cross section, ¢r—gap is the leastic scattering cross section obtained by subtracting the 
absorption cross section from the total cross section, and do, 61, and 4: are the s-wave, p-wave, and d-wave potential scattering phase 
shifts. Numbers in parenthesis are hard sphere phase shifts calculated assuming a channel radius of 1.40(A!+-1)10~* cm. In the case 


of B4, the cross-section values are for normal boron. 
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Be? 


Resonances are observed in the total cross section®? 
) at 0.62 and 0.81 Mev with maxima of 7.2 and 4.8 barns, 
' and level widths of 30 and <11 kev, respectively. By 
locating the propane counter a mean distance of 18 
' inches from a 4-kev Li’ target, and measuring the 
transmission of a disk of Be? 1 inch in diameter, and } 
» inch thick placed at the midpoint, the total cross 
| section was redetermined in this region. The 0.62-Mev 
resonance had a peak cross section of 7.75+0.20 barns 
» and a level width of 25 kev. After subtraction of the 
' 340 barns of potential scattering, the remaining 
» contribution of 4.35 barns of resonance scattering is in 


4 0.54 Mev 
@ 062 Mev 
® 0.70 Mev 


“a (¢) (barns per steradion) 


10 08 O06 O04 02 0 -02 -04 -06 -08 -10 
COS ¢ (CENTER OF MASS) 


Fic. 3. Differential cross section for elastically scattered 
neutrons from Be? at 0.54, 0.62, and 0.70 Mev. Curve A is calcu- 
lated under the assumption that J =3, /=2, and that the 0.62-Mev 
resonance is due to 100 percent channel spin 2. Curve B is the 
theoretical curve for J=3, /=1 and the potential scattering 100 
percent channel spin 1. 


°C. K. Bockelman, Phys. Rev. 80, 1011 (1950). 
eae Miller, Adair, and Barschall, Phys. Rev. 84, 69 


good agreement with the theoretical value of 4.52 
barns for J=3. At 0.81 Mev the maximum cross 
section was 5.25+0.20 barns, consistent with J=2 for 
the level in the compound nucleus. The natural width 
of this level is about 8 kev. No other resonances appear 
below 2-Mev neutron energy. 

Angular distributions were obtained at 0.54, 0.62, 
and 0.70 Mev with 8-kev resolution as shown in Fig. 3. 
Symmetry about 90° in the center-of-mass system, 
measured from 0.58 to 0.68 Mev and plotted in Fig. 4, 
indicates that there is no interference between reso- 
nance and potential scattering waves of opposite 
parity. The potential scattering measured at 0.54 
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Fic. 4. The measured differential cross section ratio for x=0.58 
to x=—0.58 in the center-of-mass system for Be® as a function 
of neutron energy. Symmetry is shown as a solid curve. Asym- 
metry, calculated assuming J=3, J/=1, and s-wave potential 
scattering phase shifts equal for both channel spins 1 and 2, is 
shown as a dotted curve. 
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. 5. Differential cross sections for elastically scattered neutrons 
from B® at 0.55, 1.00, and 0.70 Mev. 


Mev is all s-wave and requires a phase shift of 
5o= —49.2°. It was first assumed that the resonance was 
due to d-wave neutrons, but the “best-fit” (labeled A 
in Fig. 3) obtained by assuming the level is all due to 
channel spin 2 does not agree too well with the data. 
When it is assumed that J=3, J=1, s=2 and the 
S-wave potential scattering is statistically mixed in 
channel spins, the theory predicts a strong interference 
term, which would manifest itself as the dotted curve 
in Fig. 4. However, if the potential scattering were 
spin-dependent and all channel,spin 1, then the inter- 
ference term becomes zero, and the angular distri- 
bution at resonance appears as curve B in Fig. 3. 
Although this assignment corresponds more closely 
to the data, it does not seem to be entirely justified 
in view of the fact that the scattering is spin- 
independent at thermal energies.” It is in agreement 
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Fic. 6. Differential cross sections for elastically scattered 
neutrons from normal boron at 0.43 Mev and 0.70 Mev. The 
solid curves are calculated by assuming that the 0.43-Mev 
resonance in B" is due to /=2, /=1 and correcting for resolution 
and B" content. 


10H. Palevsky and R. R. Smith, Phys. Rev. 86, 604(A) (1952). 


with an analysis of the Be®(d,p)Be™” reaction at 14 
Mev." No measurements were made over the 0.81-Mey 
resonance as the counting times with good resolutions 
were prohibitive. 


Bi 


There are no observed resonances in the total cross 
section of B® up to 2.00 Mev.®® The (n,a) reaction has 
a positive Q of 2.79 Mev? and a strong resonance is 
observed at 1.9 Mev.” Inelastic scattering is possible 
above 0.71 Mev, but the cross section has been shown 
to be small in the region studied.? Accordingly, the 
total elastic scattering cross section is very nearly equal 
to the total cross section minus the (m,«) cross section, 
neglecting radiative capture, which is small. Separated 
(purity 96 percent) B” powder" was compressed into 
thin-walled brass cans for scattering samples, and 
duplicate empty cans were used for background 
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Fic. 7. Differential cross sections for elastically scattered 
neutrons from normal boron at 1.00, 1.28, and 1.50 Mev. The 
solid curve at 1.28 Mev was calculated by assuming that J=3, 
l=2, channel spin 2 equal 10 times channel spin 1, for the level 
in B®, and correcting for resolution and the B” content. 


measurements. Figure 5 shows the differential cross 
sections for 0.55, 1.00, and 1.50-Mev neutrons measured 
with 50-kev resolution. At 0.55 Mev the data are 
fitted with an s-wave phase shift of d9==—53.5°, 1.00 
Mev requires an s-wave phase shift of 59=—60.7° 
plus a p-wave of 6;=—4.0°, while the 1.50-Mev data 
needs s-wave 59=—66.9°, p-wave 6:=—10.3°, and 
d-wave 5.= —2.9°. The integrated total elastic scatter- 
ing cross sections do not agree with the measured 
values (¢:—¢n,a) as well as expected. This may be due 
to a nonuniform density in the samples used. 


J. N. McGruer, quoted as a private communication in the 
revision of ‘Energy Levels of Light Nuclei” by F. Ajzenberg and 
T. Lauritsen, Revs. Modern Phys. (to be published). 

12 Petree, Johnson, and Miller, Phys. Rev. 83, 1141 (1951). 

18 Material furnished by the Stable Isotopes Division of this 
Laboratory. 








ANGULAR DISTRIBUTIONS OF FAST NEUTRONS 


Bu 


The total cross section of normal boron®® below 1.5 
Mev shows resonances at 0.43 and 1.28 Mev with 
widths of 40 and 150 kev, respectively. These are due 
to B" and the assigned spin values of the compound 
states are J=2 and J=3, respectively. Scattering 
samples were made by compressing normal boron 
powder into thin-walled brass cylinders; duplicate 
empty cans were used for background measurements. 
Differential cross sections were measured at 0.43 and 
0.70 Mev with 15 kev resolution and 1.00, 1.28, and 
1.50 Mev with 35-kev resolution as shown in Figs. 
6 and 7. Nonsymmetry about «=0 at 0.43 Mev indi- 
cates interference between the s-wave potential scatter- 
ing 69>= —38.7° and an odd angular momentum state. 
The best fit is obtained with J=2, /=1, all channel 
spin 1, or all channel spin 2. This also agrees well with 
' the measured asymmetry ratio plotted in Fig. 8. 
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| Fic. 8. The measured differential cross section ratio for x=0.58 
/ to s=—0.58 in the center-of-mass system for normal boron as 
» a function of neutron energy in the region of the 0.43-Mev reso- 
nance. The asymmetry calculated by assuming J=2, /=1, and 
) the s-wave potential scattering phase shifts equal for both channel 
spins 1 and 2, is shown as a solid curve. Corrections have been 
made for resolution and the B” content. Symmetry is shown as a 
dotted curve. 


Since the coefficient of P(x) (Legendre polynomial) 
depends on the difference of the widths for the two 
possible channel spins, it is impossible to distinguish 
between them. The resonance at 1.28 Mev can be 
fitted by J=3, /=2, and the level width of channel 
spin 2 equal to 10 times the level width of channel spin 
1. The symmetry about x=0 shown in Fig. 9 is in 
agreement with this assignment. Potential scattering 
at 1.5 Mev is nearly all s-wave and equal to a phase 
shift of d9== —90°. 


C12 


There are no observed resonances in the total cross 
section of carbon*®® for neutrons below 2 Mev. In 
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Fic. 9. The measured differential cross section ratio for x=0.58 
to x=—0.58 in the center-of-mass system for normal boron 
as a function of neutron energy in the region of the 0.43-Mev 
resonance. Symmetry is shown as a solid curve. The asymmetry 
calculated by assuming J=3, /=1 and the s-wave potential 
scattering phase shifts equal for both channel spins 1 and 2, 
is shown as a dotted curve. Corrections have been made for 
resolution and the B” content. 
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Fic. 10. Differential cross sections for elastically scattered 
neutrons from C® at 0.55, 1.00, and 1.50 Mev. 


addition, inelastic scattering and production of charged 
particles are forbidden in this region by energy con- 
siderations. Therefore, except for the negligibly small 
amount of radiative capture, the total cross section 
is equal to the total elastic scattering cross section. 
Cylindrical samples of pure graphite rod were used as 
scatterers. Angular distributions measured at 0.55, 
1.00, and 1.50 Mev with 50-kev resolution are shown 
in Fig. 10. At 0.55 and 1.00 Mev the data are fitted 
with s-wave phase shifts of 59==—50.1° and —68.9°, 
respectively, while the 1.50-Mev results require 
do= —79.4° and a p-wave phase shift of 6;=—5.7°. 
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The radiations from As” have been studied by means of a thick lens magnetic spectrometer and a scintil- 
lation coincidence spectrometer. Five gamma rays of energies 0.55 Mev, 0.64 Mev, 1.20 Mev, 1.40 Mev, 
and 2.05 Mev were observed by measurement of the photospectrum and they were fitted into a disintegration 
scheme with data obtained from gamma-gamma and beta-gamma scintillation coincidence measurements. 
The beta-ray spectrum was measured and the data treated by Fermi plot analysis; the end point, branching 
ratio, and log ft values found for each beta ray component are as follows: 2.965 Mev, 2.41 Mev, 1.76 Mev, 
and 0.36 Mev; 50.5 percent, 31.0 percent, 16.0 percent, and 2.5 percent; 8.4, 8.2, 7.9, and 5.6, respectively. 





INTRODUCTION 


INCE the radioactive isotope As’ was first dis- 

covered by Amaldi! ef al., the radiations from this 
isotope have been investigated by many groups’ and 
the disintegration scheme as presented in Fig. 1(a) has 
become well accepted. Recently, two different dis- 
integration schemes were proposed; one by Hubert? 
after beta-ray and gamma-ray measurements with a 
spectrometer and beta-gamma coincidence measure- 
ments, the other by Kraushaar and Goldhaber* using 
a gamma-gamma scintillation coincidence spectrometer. 
Figures 1(b) and 1(c) are the disintegration schemes 
proposed by these two groups, respectively. 

In the present work, the aim was to verify the 
energies of the gamma rays of energy 0.64 Mev, 
1.40 Mev and 1.75 Mev by simultaneous measurements 
on a thick lens magnetic spectrometer and scintillation 
spectrometer. The 1.20-Mev gamma ray was clearly 
placed in the disintegration scheme by a beta-gamma 
scintillation coincidence method. 


GAMMA-RAY MEASUREMENTS 
All activities were obtained from Oak Ridge National 
Laboratory and were purified by distillation of arsenic 
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Fic. 1. Disintegration scheme of As”* proposed 
by previous investigators.?~* 


1E. Amaldi et al., Proc. Roy. Soc. (London) A149, 522 (1935). 

2L. C. Miller and L. F. Curtiss, Phys. Rev. 70, 983 (1946); 
K. Seigbahn, Arkiv. Nat. Astron. Physik 34A, No. 7 (1947); 
Havens, Rainwater, and Wu, Phys. Rev. 74, 1248 (1948); N. 
Marty, Ann. pie. 6, 662 (1951); J. K. Bair and F. Mainschein, 
Phys. Rev. 81, 463 (1951). 

3 P. Hubert, thesis, Paris, 1953 (unpublished). 
( 98) Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
1953). 


trichloride in a stream of hydrogen chloride. Subse- 
quently the arsenic was precipitated as the sulfide and 
all samples were in the sulfide form. 

The photoelectron spectrum of the gamma rays was 
measured by a thick lens magnetic spectrometer. 
Figure 2 is the total photospectrum obtained using a 
uranium radiator of 70 mg/cm?. The following gamma 
rays were observed, 0.55-Mev K and L peak, 0.64-Mev 
L peak, 1.20-Mev K and L peak, and 2.05-Mev K peak. 
The 1.40-Mev gamma ray was observed using a uranium 
radiator of 70 mg/cm? and a source several times as 
intense as that used in the previous experiment. The 
results are shown in Fig. 3. In order to determine 
precisely the energy and intensity of the 0.64-Mev 
gamma ray, a tin radiator of 30 mg/cm? was used. 
(See inset Fig. 2.) A uranium radiator of 20 mg/cm’ 
was, also, used for intensity measurements of the 0.55- 
Mev and the 1.20-Mev gamma rays. Table I is a 
tabulation of the gamma-ray energy and intensity 
measurements. Data taken on a scintillation spec- 
trometer is included, also. Figure 4 shows the total 
scintillation spectrum, including an inset showing the 
low-energy part of the scintillation spectrum. The 
0.55-Mev and 0.64-Mev gamma rays are resolved. A 
scintillation spectrum of the 1.5-Mev to 2.1-Mev 
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Fic. 2. Photoelectron spectrum of the gamma rays of As‘® 


produced by a 70-mg/cm? uranium radiator. Inset Sn radiator, 
30 mg/cm. 
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Fic. 3. Photoelectron spectrum of 1.20-Mev and 1.40-Mev 
gamma rays. Uranium radiator 70 mg/cm’. 


region of Pr“ was used as a comparison with that of 
As®, From this comparison, the 1.7-Mev “peak” may 
be interpreted as the compton peak of the 2.05-Mev 
gamma ray of As’*, The intensities from the scintil- 
lation spectrum were obtained using an experimental 
' counting efficiency curve. 


COINCIDENCE EXPERIMENTS 


The coincidence spectrum was taken with a scintil- 
) lation coincidence spectrometer which has a coincidence 
) time constant of 5X10-7 sec. Gamma-gamma coin- 
cidence experiments showed coincidence between 0.55- 
| Mev and 0.64-Mev region, the 1.2-Mev and 1.2-Mev 
| region, 0.55-Mev and 2.1-Mev region and an indication 
of coincidence between 0.55-Mev and 1.4-Mev region. 
As the presence of the 1.40-Mev gamma ray was 
confirmed, the above data could be explained by the 
cascade transition between the 0.55-Mev and 0.64-Mev 
gamma rays, between the 1.20-Mev and 1.40-Mev 
gamma rays and between the 0.55-Mev and 2.05-Mev 
gamma rays. 

From the gamma-gamma coincidence experiments no 
exact location of the 1.20-Mev gamma ray can be made 
in the disintegration scheme. To clarify this point 
beta-gamma coincidence measurements were made. A 
stilbene crystal (1 in.X1 in.) coupled to a 5819 photo- 
multiplier tube was used as a beta counter. This 
arrangement gives a good linear pulse-height distri- 
bution for the upper limit region of the beta-ray 
spectrum and the maximum pulse height is proportional 
to the end-point energy of the beta-ray spectrum. 
Figure 5 shows the results of the beta-gamma 


TaBLeE I. Gamma rays in the disintegration of As”. 
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* The energy was obtained from photospectrum data. 
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Fic. 4. Scintillation spectrum of the gamma rays of As’®. Closed 
circle plot is scintillation spectrum of Pr! from 1.5 to 2.1 Mev. 
In the inset the 0.55-Mev gamma-ray peak is shown. The dotted 
line is the extrapolated 0.64-Mev gamma ray. 


coincidence experiments. In the inset the gamma pulse 
height distribution from channel I is shown. Channel II 
was calibrated with Co-56 and Cs'*7. Curve (A) is 
the pulse height spectrum using only channel II and an 
endpoint of 2.97 Mev was obtained. Curves (B) and 
(C) are the coincidence spectra taken by setting the 
bias at the point B and C of channel I respectively as 
marked on the gamma spectrum shown in the inset. 
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Fic. 5. Beta-gamma scintillation coincidence spectrum. Curve 
A is the beta ray spectrum. Curve B is the beta-ray spectrum in 
coincidence 0.55-Mev gamma ray. Curve C is the beta-ray 
spectrum in coincidence with the 1.20-Mev gamma ray. The 
inset is the gamma-ray scintillation spectrum. B and C are the 
gamma-ray peaks of 0.55-Mev and 1.20-Mev, respectively. 
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Fic. 6. Beta-ray components of As” obtained from Fermi plot. 


The end points obtained were 2.41 Mev and 1.76 Mev, 
respectively. 

These results indicate clearly that the first beta 
component decays to the ground state, the second 
beta component decays to the 0.55-Mev excited level, 
and the third component decays to the 1.20-Mev 
excited level. From these results the disintegration 
scheme shown in Fig. 1(c) fits the data best. The 
first two excited levels of Se”® have been assigned as 
2+ ;*° therefore, the second and third beta-ray transi- 
tion may have the same characteristics. 


BETA-RAY MEASUREMENT 


The beta-ray spectrum was measured by a thick-lens 
magnetic spectrometer. With this spectrometer a 
Fermi plot of P® was linear down to an energy of 
0.18 Mev. 

The beta-ray spectrum of As’* has been measured by 
many groups, and it was found difficult to decompose a 
complex spectrum such as the present case by the 
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Fic. 7. Fermi plot of upper limit region of first beta-ray com- 
ponent. Open circle is the ordinary Fermi plot. Closed circle is the 
Fermi plot after the alpha-type correction. 


5F. R. Metzger and W. B. Todd, J. Franklin Inst. 227, 256 
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Fic. 8. Disintegration scheme of As”*, with data 
obtained in present work. 


conventional Fermi plot subtraction and to obtain 
accurately the end-point energy and the branching 
ratio of each component. Therefore, the method used 
was to decompose the beta-ray spectrum according to 
the disintegration scheme established in the preceding 
sections. Figure 6 presents the results of this method 
for each beta-ray component and the characteristics of 
these components are tabulated in Table II. As found 
by other investigators,*:* the main beta-ray component 
has the first forbidden alpha-type spectrum which 
can be seen in Fig. 7. The upper limit was 2.965 
+0.010-Mev. 

The result is presented in the fourth column of 
Table IT. 


DISCUSSION 


k As’® has a nuclear configuration fs2—go/2 according 
to the shell model and by Nordheim’s’ empirical rule 
its spin and parity are probably 2—. This agrees with 
the fact that the first component of the beta spectrum 
has the alpha forbidden type spectrum and that the 
log ft(we’—1), is 10.1. 

. The’ log ft;value of 8.2 and 7.9 for the second and 
third beta ray are near the average value of 7.55 
i 


TABLE II. Beta components of the disintegration of As”. 








Relative 
intensity of 
beta components 
from gamma 
Trays 


Branching 
ratio from 
beta com- 
log ft 
values 


ponents 
(percent) 





50.5 8.4 
31.0 8.2 
16.0 64 79 

2.5 .08 5.6 








6 E. P. Tomlinson and S. L. Ridgway, Phys. Rev. 88, 170(A) 


(1952). 
7C. W. Nordheim, Revs. Modern Phys. 23, 322 (1951). 
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deduced from the systematics for the beta-ray transition 
of 2-—72+-.8 This fact is consistent with the results of 

) the angular correlation measurement*® which assigned 
2+ and 2+ for the second and third excited levels, 
respectively. 

The 2.5 percent branching ratio and 5.6 logft value 
are obtained for the fourth beta-ray component which 
is assumed to decay to the third excited level. Since 
the gamma ray going to ground state was not observed, 


§R. W. King and D. C. Peaslee, Phys. Rev. 94, 1284 (1954). 
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the spin value of 1+ and 2+ may not be assigned to 
this level. The most probable spin value may be 3+. 
Then this beta component has the first forbidden 
characteristics of AJ=1; yes. But the assignment of 
3— cannot be excluded. Figure 8 presents a decay 
scheme including all data obtained in the present work. 
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and from the Ohio State University Development Fund 
are gratefully acknowledged by the authors, 


NUMBER 3 MAY 2, 12955 


Interaction of 4.1-Mev Neutrons with Nuclei* 
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The differential cross sections for elastic scattering of 4.1-Mev neutrons by Be, C, Al, Ti, Fe, Zn, Zr, 
Cd, Sn, Ta, W, Au, Pb, and Bi were measured using a biased scintillation detector with thresholds at about 
2.0, 2.6, and 3.2 Mev. Multiple scattering corrections were made by an approximate method, the accuracy 
of which was investigated by Monte Carlo calculations. Inelastic collision cross sections and elastic transport 
cross sections were computed from the data. The experimental results are compared with theoretical cross 
sections calculated using the complex square-well potential of Feshbach, Porter, and Weisskopf. 


I, INTRODUCTION 


EASUREMENTS of angular distributions for 
scattering of fast neutrons have been performed 

by many investigators over a wide range of energies.1~” 
In many of these experiments the angular distributions 
for elements with almost the same atomic weight were 
} observed to have similar shapes. This fact suggests 
that in the continuum region, where the experimental 
quantities represent averages over many resonances, 
the interaction of neutrons with nuclei can be under- 
stood in terms of a model employing parameters which 
vary slowly with atomic weight. In the continuum 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

Amaldi, Bocciarelli, Cacciapuoti, and Trabacchi, Nuovo 
cimento 3, 203 (1946). These authors measured elastic scattering 
of 14-Mev neutrons by Pb. 

*E. T. Jurney and C. W. Zabel, Phys. Rev. 86, 594(A) (1952). 
Angular distribution of fission spectrum neutrons scattered from 
many elements were measured using threshold detectors. 

Baldinger, Huber, Ricamo ef al., Helv. Phys. Acta 25, 142, 435, 
444, 447 1982). Elastic scattering of neutrons by several light 
elements was measured at many energies up to 4 Mev. 

‘W. D. Whitehead and S. C. Snowden, Phys. Rev. 92, 114 
(1953); 94, 1267 (1954). Scattering of 3.7-Mev neutrons by six 
elements was measured. 

5M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1953). 
Elastic scattering of 1-Mev neutrons by 28 intermediate and 
heavy elements was measured. ; 

6]. H. Coon (to be published). Elastic scattering of 14-Mev 
neutrons was measured for five elements. 

"A. Langsdorf (private communication). Total scattering of 
neutrons by several elements was measured for many energies u 
to about 1.5-Mev; Willard, Bair, and Kington (to be published). 
Elastic scattering of neutrons by several light elements was meas- 
ured at energies up to 1.5 Mev. 


region the total cross section can be represented as a 
sum of the cross sections for elastic scattering and for 
reactions. 

F:=GFertGy. 


It has been shown that the elastic scattering cross 
section can be decomposed into a shape-elastic term 
and a compound-elastic term.®9 


Fel=SeetCce. 


This division of the elastic cross section can be inter- 
preted in a simple fashion. The shape-elastic term oy, 
represents elastic scattering which does not involve 
compound nucleus formation, and the compound 
elastic term o,- denotes elastic scattering produced by 
the decay of the compound nucleus through the 
entrance channel. The reaction term ¢, indicates a 
true reaction process such as (m,p), (m,y), (m,n’) etc. 
Hence, the sum 
Fr+Oce=Ce 


gives the cross section for compound nucleus formation. 
Recently Feshbach, Porter, and Weisskopf* have 

proposed a nuclear model which gives reasonable 

agreement with measured total neutron cross sections 

at energies from about 0.1 to 3 Mev and with the 

differential elastic scattering cross sections at 1 Mev. 
® Feshbach, Porter, and Weisskopf, Phys. Rev. 96, 448 (1954). 
®R. G. Thomas, Phys. Rev. 97, 224 (1955). 


10 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953); 
Atomic Energy Commission Report NYO-3076, 1953 (un- 


published) 
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This theory represents the nucleus by a complex 
square-well potential of the form 


V=0, 


r<R 
r>R 


where R is the nuclear radius. The parameters which 
best fit the total cross section data® are a well depth 
V )=42 Mev, an absorption parameter ¢=0.03, and a 
nuclear radius R=1.45A!X10-" cm where A is the 
number of nucleons in the nucleus. However, several 
discrepancies of detail do occur between theory and 
experiment. The measured inelastic collision cross 
sections at 1 Mev are in some cases much larger than 
the calculated cross sections for compound nucleus 
formation. Also, the differential cross sections for 
elastic scattering of 1-Mev neutrons differ slightly 
from those predicted by the theory. For example, the 
secondary maximum which appears at about 110° 
for elements of atomic weight near 200 occurs at about 
A= 180 in the theory. 

The comparison of theory with experiment at 1 Mev 
is complicated by the fact that at this low energy 
there are few levels in the residual nucleus available 
for inelastic scattering. Thus, the compound nucleus 
has an excellent chance to decay by the entrance 
channel, producing compound-elastic scattering. Since 
compound-elastic scattering is experimentally indistin- 
guishable from the shape-elastic scattering, the meas- 
ured elastic scattering cross sections are composed of 
an unknown mixture of the compound-elastic and 
shape-elastic scattering cross sections. By using a 
higher bombarding energy so that more levels are 
available for inelastic scattering, this complication 
can be lessened somewhat. It was therefore decided, 
as a further test of the theory, to measure the differential 
elastic scattering cross sections for a number of elements 
at an energy high enough to avoid the ambiguities 
introduced by the presence of considerable compound- 
elastic scattering. An energy of about 4 Mev was 
chosen because neutrons of this energy could con- 
veniently be produced by the H*(,m)He* reaction and 
because all but the lightest elements have several 
excited states below this energy. 
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Fic. 1. Top view of experimental arrangement. 


1 R. K. Adair, Phys. Rev. 94, 737 (1954). 
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II. EQUIPMENT AND EXPERIMENTAL PROCEDURE 


The geometry of the experimental arrangement js 
shown in Fig. 1. Neutrons produced at the source were 
scattered by a cylindrical sample of the element being 
investigated and the intensity of the scattered beam 
was measured as a function of the angle 6 by an energy 
sensitive counter. The detector was shielded from the 
neutron source by polyethylene wedges. 

As described previously,®> the differential cross 
sections, subject to several corrections, are given by 
the formula 

o(6)=(A—B)&/CN, (1) 


where A, B, and C are the counting rates for a constant 
neutron source strength observed under three experi- 
mental conditions: (A) with the detector at angle 4 
and the scattering cylinder in position; (B) with the 
detector at angle 6 and the scattering cylinder removed; 
and (C) with the detector in the position normally 
occupied by the scattering sample. N is the total 
number of nuclei in the scattering sample, and d is the 
distance from the sample to the neutron detector. 

The procedure for taking the data was as follows. 
At each of several angles a number of runs were taken 
with the scattering sample alternately in place and 
removed. A run lasted about two minutes, the time 
being controlled by a current integrator which ended 
the run when a predetermined proton charge was 
collected at the target. At frequent intervals the 
counter was placed in the direct beam in-order to 
measure the counting rate for condition (C). In general 
the cross sections were measured for values of 6 equal 
to 12.5°, 20°, 30°, 45°, 60°, 75°, 90°, 105°, 120°, 135°, 
and 150°. However, in some cases where the shape of 
the curve was still in doubt after measurements at 
these angles had been made, additional angles were 
used. For angles of 20° or greater the center of the 
counter was 8.5 cm from the center of the sample. The 
12.5° data were obtained with the detector 15 cm from 
the sample, and the point at 20° was duplicated with 
the counter at this greater distance. Because of the 
finite length of the scattering cylinders, the average 
scattering angle was somewhat different from the 
angle 6 of Fig. 1. In all of the data presented on the 
following pages corrections have been made for this 
effect. 

The distance d from the scattering sample to the 
center of the active volume of the detector was measured 
directly and was also determined by observing the 
counting rate as a function of distance from the neutron 
source. The results obtained by these two methods 
agreed to within 0.5 percent. 

The effect of the polyethylene wedges upon the 
incident neutron flux striking the scattering cylinder 
was investigated by placing the detector in the position 
normally occupied by the scattering sample and 
comparing the counting rate observed with the wedge 
in position with the counting rate measured with the 
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INTERACTION OF 4.1-MEV NEUTRONS 


polyethylene removed. Repeated measurements indi- 
cated that the effect of the wedge on the counting rate 
was less than 0.5 percent. 

Neutrons of 4.1 Mev with an energy spread of about 
80 kev were produced by bombarding a tritium gas 
target with protons from an electrostatic generator. 
The gas target chamber was six cm in length and was 
separated from the accelerating fube vacuum system 
by a 0.0002-inch aluminum foil. The target pressure was 
maintained at about 60 cm of Hg, and a proton current 
of 5.0 microamperes was used throughout the experi- 
ment. The cylindrical scattering samples were about 6 
cm in length and had diameters between 1.27 cm 
and 2.54 cm depending upon the total cross section of the 
element and its nuclear density. The diameters were 
chosen to be about half of one mean free path for 
neutron collision. 

The neutron counter, which is described in more 
detail elsewhere,” was a scintillation detector of a type 
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o RELATIVE DETECTOR EFFICIENCY 





Fic. 2. Relative efficiency of the neutron detector as a function 
of neutron energy Ep. 


designed for the detection of neutrons in the presence of 
gamma rays.'* It consisted of nine plastic phosphor 
spheres, each 0.1 inch in diameter, separated from each 
other by about 1 cm of clear quartz. A quartz light pipe 
coupled the scintillating spheres to a Dumont 6467 
photomultiplier. In order to obtain estimates of the 
energy lost by the neutrons in inelastic collisions the 
detector was operated at three different biases having 
detection thresholds at about 2.0, 2.6, and 3.2 Mev. 
Thus, the presence of neutrons which lost less than 
2 Mev in inelastic collisions would be indicated by 
differences in the cross sections obtained at the three 
biases. The choice of biases was determined by the 
experimental conditions. At biases above the highest 
one used the counting rates were too low; at lower 
biases the counter was sensitive to gamma rays. The 
variation in the sensitivity of the detector with neutron 
energy at the various biases was obtained by comparing 


” Beyster, Henkel, Nobles, and Kister (to be published). 
3 McCrary, Taylor, and Bonner, Phys. Rev. 94, 808(A) (1954). 
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the counting rate of the scintillation detector with the 
counting rate of an energy insensitive long counter’! 
at different neutron energies. These results are shown 
in Fig. 2. 

As the analysis of the data required a knowledge of 
the total cross sections of the fourteen elements studied, 
transmission measurements were made with the same 
neutron source and detector used in obtaining the 
differential cross sections. In-scattering corrections, 
which amounted to about 0.2 percent of the total cross 
sections, were computed using the angular distributions 
obtained in the differential cross section measurements. 


III, ANALYSIS OF THE DATA 


Corrections to Eq. (1) were made for the difference 
in efficiency with which direct and scattered neutrons 
were detected, for the attenuation of the primary 
beam in the sample, and for multiple scattering. 
The procedure for making these corrections has been 
described elsewhere.*:!6 

Since the angular distributions of elastically scattered 
4,1-Mev neutrons were much more anisotropic than 
were the distributions at 1 Mev, it was decided that 
the multiple scattering correction procedure used in 
the previous work at 1-Mev should be tested again 
using the Monte Carlo method. The experimental data 
of four elements, C, Fe, Ta, and Pb, were corrected by 
the method described in references 5 and 16 and the 
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Fic. 3. Multiple scattering correction. The solid line is the 
experimental curve uncorrected for multiple scattering, and the 
dotted line shows the experimental curve after the correction for 
multiple scattering. The circles are the results of a Monte Carlo 
calculation and represent values which would be measured for an 
element whose true differential cross section is given by the 
dotted line. 
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4 A. O, Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 


15 Day, wore arvis, Kutarnia, McKibben, Perry, and Smith, 
Rev. Sci. Instr. 25, 334 (1954). 

16M. Walt, Ph.D. Thesis, University of Wisconsin, 1953 
(unpublished). 
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resulting differential elastic cross sections and inelastic 


collision cross sections were used to determine scattering 


probabilities for a Monte Carlo calculation using the 
same geometry as the experimental arrangement of 


Fig. 1. For each element between 50000 and 80000 
neutrons were traced through the scattering sample, 
and the number of scattered neutrons passing through 
a cylindrical counting band 8.5 cm in radius and 2 cm 
wide, coaxial with the scattering cylinder, was recorded 
as a function of the scattering angle 6. By comparing 
the cross sections obtained from the Monte Carlo 
calculation with the uncorrected experimental cross 
sections the accuracy of the method of analysis could 
be estimated. This comparison for Fe is shown in 
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Fic. 4. Differential cross sections in the laboratory system for 
scattering of 4.1-Mev neutrons by Be, C, and Al. The circles, 
triangles, and squares denote data taken by the high bias, medium 
bias, and low bias, respectively. 
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Fig. 3. The solid line is the experimental curve ty 
which the approximate correction procedure was 
applied. The dashed curve, which was used as the 
differential elastic cross section in the Monte Carl 
calculation, is the experimental curve after the approxi. 
mate correction for multiple scattering was made, 
The solid circles indicate the differential cross sections 
computed from the Monte Carlo results and represent 
the cross sections which would have been measured 
for an element with differential cross section and 
inelastic collision cross section equal to the Monte 
Carlo input information. If the approximate correction 
were exact, the Monte Carlo points would fit the solid 
curve except for statistical errors resulting from the 
limited number of neutrons used in the Monte Carlo 
calculation. The close agreement indicates that any 
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Fic. 5. Differential cross sections in the laboratory system for 
scattering of 4.1-Mev neutrons by Ti, Fe, and Zn. The circles, 
triangles, and squares denote data taken by the high bias, medium 
bias, and low bias, respectively. 
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Fic. 6. Differential cross sections in the laboratory system for 
scattering of 4.1-Mev neutrons by Zr, Cd, and Sn. The circles, 
triangles, and squares denote data taken by the high bias, medium 
bias, and low bias, respectively. 


errors introduced by the approximate correction 
procedure are considerably smaller than the errors of 
the experiment itself. Results similar to that of Fe were 
obtained for the other three elements tested in this 
manner. 

The inelastic collision cross sections were obtained 


by means of the equation 


Cin= of a (0)dw, 


Where o; is the total cross section obtained by the 
transmission measurements, o(@) is the differential 
ctoss section for elastic scattering, and dw is the solid 
angle between @ and 6+d0. The elastic transport cross 
section is also of interest and was obtained from the 


° 


° 


z 
> 
rat 
a 
oc 
” 
O 
‘“N 
w 
Zz 
a 
= 
ao 
@ 
— 
b 


1.0 0.5 -0.5 “1.0 


0 
COS 6 
Fic. 7. Differential cross sections in the laboratory system for 
scattering of 4.1-Mev neutrons by Ta, W, and Au. The circles, 
triangles, and squares denote data taken by the high bias, medium 
bias, and low bias, respectively. 


definition 


elec J o(0)(1—cos8)de. 


IV. RESULTS 


The differential cross sections for elastic scattering 
of 4.1-Mev neutrons from Be, C, Al, Ti, Fe, Zn, Zr, 
Cd, Sn, Ta, W, Au, Pb, and Bi are shown in Figs. 4 to 8. 
All quantities are in the laboratory system. The circles, 
triangles, and squares denote data taken with the high 
bias, medium bias, and low bias respectively. For Be 
and C, only the cross sections obtained with the lowest 
bias were plotted since the sensitivity of the detector to 
neutrons scattered at large angles was too low at the 
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Fic. 8. Differential cross sections in the laboratory system for 
scattering of 4.1-Mev neutrons by Pb and Bi. The circles, triangles, 


and squares denote data taken by the high bias, medium bias, 
and low bias, respectively. 


higher biases to give reliable results. At smaller scatter- 
ing angles there was no significant difference in the 
results obtained at the three biases. For all elements 


TABLE I. The first four columns list the elements investigated 
and the experimental values of the total cross sections, the 
inelastic collision cross sections, and the elastic transport cross 
sections. The next six columns give theoretical values of the total 
cross sections and the cross sections for compound nucleus 
formation at three values of the absorption parameter. 








Theory 
Vo=42 Mev, R=1.45A!x10-3 cm 
¢ =0.03 ¢=0.1 ¢=0.2 
Ct Cec ot Ce ce Ce 
1.37 0.49 1.31 0.66 1.19 0.62 


0.74 0.26 1.07 0.54 1.21 0.63 
2.39 0.44 2.12 0.74 2.05 0.82 


3.35 0.50 3.33 0.94 3.20 1.12 
3.10 0.600 3.58 1.23 3.86 


3.81 1.19 4.51 1.68 4.64 
7.50 1.75 6.54 2.07 6.17 
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except Be and C, if points for different biases fell s0 
close together that separate plotting was not possible, 
the point for the highest bias was used. The curves were 
drawn through the points obtained with the highest 
bias, since this bias had better discrimination against 
inelastically scattered neutrons. The statistical errors 
for the points taken with the two lower biases were not 
indicated as sufficient space was not available. In 
general the statistical errors of the cross sections 
obtained with the lowest bias were less than half as 
large as those obtained with the highest bias. Due to the 
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Fic. 9. Comparison of theory and experiment for Be, C, Al, 
and Fe. The values of the differential shape-elastic scattering 
cross sections calculated from the complex square-well potential 
of Feshbach, Porter, and Weisskopf with Vo=42 Mev, and 
R=1.45A!X 10 cm are shown as a function of the center-of-mass 
scattering angle 2. The solid line, broken line, and dot-and-dash 
line are for values of ¢=0.03, 0.1, and 0.2, respectively. The solid 
circles are the experimental points. All quantities are in the 
center-of-mass system. 
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large statistical errors of the measurements at back 
angles for some of the heavy elements, the manner in 
which the curves were drawn was somewhat subjective. 
For elements such as Ta, W, and Au where the high 
bias data were very uncertain, the curves were drawn 
with some consideration to the shapes indicated by 
the more precise data taken at the lower biases. 

Since at the high, medium, and low biases the 
detector was sensitive to neutrons with energies greater 
than about 3.2, 2.6, and 2.0 Mev, respectively, the 
differences between the cross sections obtained with 
the high bias and those obtained with the lower biases 
can be attributed to neutrons which were scattered with 
less than 2.0 Mev loss of energy. These differences were 
plotted as a function of angle to obtain an estimate of 
the angular distribution of the inelastically scattered 
neutrons. In no case did this angular distribution differ 
significantly from isotropy, although the errors in the 
differences were large, and a 20 percent effect would 
probably not have been noticeable. For Be and C 
there was no measurable difference in the cross sections 
obtained at the different biases. The inelastic collision 
cross section of Be is probably due to the (m,2n) 
reaction and neither of the resulting neutrons had 
sufficient energy to be detected at any bias. Carbon 
showed no bias effect as the inelastic collision cross 
section is approximately zero at 4.1 Mev. 

In Table I are listed the elements studied, the total 
cross sections, the inelastic collision cross sections, 
and the elastic transport cross sections. In all cases 
except Be and C, the inelastic collision cross sections 
and elastic transport cross sections were computed 
from the data taken with the highest bias. 
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V. DISCUSSION OF RESULTS 


The most extensive previous angular distribution 
measurements in this energy region were those per- 
formed by Whitehead and Snowden‘ at 3.7 Mev. The 
general shapes of the angular distribution curves 
presented here are in reasonable agreement with their 
results although the absolute values of the differential 
elastic cross sections of Figs. 4 to 8 are in some cases 
considerably smaller than their values. In view of the 
differences in the results obtained at the three biases 
it is apparent that the measured differential cross 
sections depend strongly on the ability of the detector 
to discriminate against inelastically scattered neutrons. 
Hence, the lack of agreement between the present 
results and those of reference 4 can possibly be attrib- 
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Fic. 10. Comparison of theory and experiment for Zr, Sn, Ta, 
and Pb. The values of the differential shape-elastic scattering 
cross sections calculated from the complex square-well potential 
of Feshbach, Porter, and Weisskopf with Vo=42 Mev, and 
R=1.45AX 10—* cm are shown as a function of the center-of-mass 
scattering angle Q. The solid line, broken line, and dot-and-dash 
line are for values of ¢=0.03, 0.1, and 0.2, respectively. The solid 
Circles are the experimental points. All quantities are in the 
center-of-mass system. 
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uted to the difference in the energy sensitivities of the 
detectors used in the two experiments. 

In the present experiment the variation in the 
differential cross section with angle is similar for 
elements with nearly the same atomic weight. This 
similarity, which has been found in other experi- 
ments,?-*:5 again suggests that the interaction of neutrons 
with nuclei may be described by a model using param- 
eters which vary slowly with atomic weight. 

Comparison of the experimental differential cross 
sections with those calculated using the continuum 
theory of Feshbach, Porter, and Weisskopf was made 
for the representative elements Be, C, Al, Fe, Zr, Sn, 
Ta, and Pb. For most of the fourteen elements which 
were measured the compound nucleus formed by 
bombarding with 4.1-Mev neutrons has sufficient 
modes of decay to give small probability of compound- 
elastic scattering. Therefore, the theoretical curves 
with which the experimental results were compared were 
those calculated for shape-elastic scattering only. 
The parameters used in the calculation were Vo=42 
Mev, R=1.45A!X10-® cm, and ¢=0.03, 0.1, and 0.2. 
This comparison is presented in Figs. 9 and 10. The 
solid curve, dash curve, and dot-and-dash curve 
represent the differential shape-elastic cross sections 
using values of ¢=0.03, 0.1, and 0.2, respectively. 
The circles indicate the experimental points obtained 
using the highest bias. All quantities are in the center- 
of-mass system. With the exception of the two lightest 
elements measured, Be and C, the general features of 
the experimental data can be accounted for at least 
qualitatively by the theory. The agreement appears to 
be best for values of ¢ between 0.1 and 0.2. The compari- 
son of the cross sections of Be and C with theory is 
perhaps too severe a test since a statistical theory may 
not be applicable to cases in which the level spacing of 
the compound system is on the order of one Mev. Also 
for small values of A the character of the curves 
changes rapidly with small changes of the parameters, 
and it is possible that minor adjustments of the 
parameters may produce theoretical curves which will 
agree with experiment. The assumption of no com- 
pound-elastic scattering is certainly not valid for 
carbon, but as the compound-elastic scattering is 
symmetric about 90° in the center-of-mass system and 
is at most about equal to the shape-elastic scattering, 
the addition of this contribution cannot greatly improve 
the agreement between theory and experiment. 
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In Table I the experimental total cross sections and 
the inelastic collision cross sections are compared with 
the theoretical total cross sections and cross sections for 
compound nucleus formation. The cross section for 
compound nucleus formation is the maximum possible 
value of the inelastic collision cross section. It is clear 
that even with an absorption parameter as large as 
0.2, the theory cannot account for the large observed 
inelastic collision cross sections. 

Another point of disagreement between the theory 
and experiment is that the observed maxima and 
minima of the differential cross section curves for 
Sn, Ta, and Pb occur at somewhat larger angles than 
do the calculated maxima and minima. An attempt 
was made to improve the agreement by decreasing 
the nuclear radius. Calculations were performed using 
values of R=1.1A*X10-%, 1.2A?X10-%, and 1.34! 
10-8 cm and values of Vo such that R/V remained 
constant in order to preserve the agreement in the 
low energy total cross sections. Although the positions 
of the maxima and minima were more nearly correct 
for Pb and Ta using smaller nuclear radii, the computed 
total cross sections and inelastic collision cross sections 
were decreased to values quite incompatible with 
experiment. 

The most outstanding disagreement between theory 
and experiment is in the values of the inelastic collision 
cross sections. It has been suggested*® that- the sharp 
boundary of the square-well potential may -cause too 
much reflection at the nuclear surface and hence limit 
the amount of compound nucleus formation permitted 
by the theory. Recent calculations performed by 
Porter!” substantiate this view. 
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Angular distributions of several fission fragments from 22-Mev proton-induced fission of U8, U5, U8, 
Th*?, and Th were measured. The data are fitted to V (0) =a+-5 cos*@ where b ranges from 0.08¢ to 0.28c. 
The coefficients for possible ‘‘cos#” terms (i.e., terms asymmetric about 90 deg) are no larger than 0.01¢. 
In every case, asymmetric fission gives more anisotropic angular distributions than symmetric fission. 
The anisotropy in symmetric fission is about the same for all target elements; in asymmetric fission, the 
thorium isotopes have larger anisotropies than the uranium isotopes. Among the latter, the anisotropies 
are quite similar for U* and U**5, but somewhat smaller for U?*, Explanations for various aspects of the 


phenomena are proposed. 





N a previous paper (A),! the importance of studies 

of angular distributions of various fission fragments 
from proton-induced fission was discussed, and results 
were presented for fragments of five different masses 
resulting from 22-Mev proton-induced fission of Th”. 
In this paper, results are presented for similar work on 
U8, U5, U3, and Th™, and the data for all of these 
and for Th are extended to include a greater range of 
fragment masses. The four-angle method, described 
in detail in A, was used throughout. To recapitulate 
briefly, the target assembly consists essentially of a 
one-mil platinum foil target,* plated on one side with a 
narrow strip of fissionable material about 0.4 mg/cm? 
thick, and placed at the center of a 3.5-inch radius 
semicircle, along the circumference of which is placed 
a one-mil aluminum foil. The internal, circulating, 
22-Mev proton beam from the ORNL 86-inch cyclotron 
passes through the target and induces fission reactions ; 
the fission fragments are stopped in the aluminum foil. 
After the bombardment, the foil is removed and cut 
into several pieces, and each piece is radio-chemically 
processed for various fission products. These are then 
counted under end-window Geiger counters to deter- 
mine their activities, and weighed to determine chemical 
ields. The specific activities in the various foils are 
Proportional to the intensity of fission fragments 
emitted at the angles at which the foils were located 
during the bombardment. Separate runs are necessary 
for the forward (0 to 90 deg) and backward (90 to 180 
deg) directions. It was concluded in A that the data 
could be satisfactorily fitted by an angular distribution 
of the form 


N (6)=a+6 cos’, (1) 


and that the principal result to be obtained is the ratio 
b/a which is a measure of the anisotropy. It was 
decided that this could be determined most efficiently 
by measurements at only four angles (12, 20, 75, and 


‘Cohen, Jones, McCormick, and Ferrell, Phys. Rev. 94, 625 
1954), hereafter referred to as “A”. 

* Note added in proof.—The target was so oriented that the 
ltagments studied were emitted at angles less than 45° from the 
normal to the surface. 


83 deg for the forward runs, and 163, 155, 102, and 
93 deg for the backward runs). The data at these 
angles were fitted by least-squares methods to Eq. (1) 
to determine b/a. Since separate runs were made in the 
forward and backward directions, independent deter- 
minations of b/a from the 0°/90° and 180°/90° ratios 
were obtained so that the symmetry about 90 deg 
was checked. 

The principal change with respect to A was the 
inclusion of data for bromine fission products which 
gives a very important point on the anisotropy vs mass 
ratio curve. The data analysis was slightly different, 
in that run results were thrown out when the determina- 
tions at one of the two pairs of adjacent angles differed 
by more than three S.D.’s,? or when determinations at 
each of the two pairs differed by more than two S.D.’s. 

One important question to be investigated is the 
symmetry of the angular distributions about 90 deg. 
This is inextricably tied up with the determination of 
asymmetries introduced by the experimental methods, 
so that the two (hereafter termed “true” and “experi- 
mental’’) must be determined simultaneously. The 
difference between b/a measured in the forward and 
backward directions is shown in Table I for various 
target materials and fragment masses. For symmetric 
fission (represented by Ag) there can be no true 
asymmetry, and for asymmetric fission, the true 
asymmetries for light fragments (represented by Zr, 


TABLE I. b/a from 0°/90° ratio minus b/a from 180°/90° 
(multiplied by 100). 








Fission fragment 


Agiiz,13 Zr Sr%t.92 Br8 Bal 





10+5 243 


—744 —1+43 
—545 


—4+6 1+11 
—1.542.5 0.522 


2+3 
7+4 
—143 
7+6 


3.842 


—54 
0+%2 
143 
6+5 


0.52 


143 
—244 
—442 

0+3 


=~ 1.34:1.5 





Average 








2“S.D.” denotes “standard deviations”. In this paper, all 
errors quoted are one standard deviation, determined from the 
reproducibility of the results. 
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Fic. 1. Anisotropy in angular distributions of fragments from 
22-Mev proton-induced fission of Th*? vs mass ratio (mass of 
heavy fragment divided by mass of light fragment). Values plotted 
are average of 0°/90° and 180°/90° ratios. Errors shown are one 
standard deviation as determined by reproducibility. 


Sr, and Br) must be equal and opposite to those for 
heavy fragments (represented by Ba). From the 
symmetric fission, the experimental asymmetry is 
—0.01340.015. From the asymmetric fission, the 
experimental asymmetry is 0.007+0.015, and the true 
asymmetry is 0.004+0.025. 

Another method of determining the true asymmetry, 
as discussed in A, is by comparing anisotropies of two 
fragments emitted in the same reaction. Three cases 
of this type are available. In U™® fission, Ba and Zr 
correspond to the same mass ratio; the asymmetry 
favors the light fragment going forward with a difference 
in anisotropies of 0.0030.025. In U** fission, Ba and 
Sr correspond to the same mass ratio; the light fragment 
going forward has a larger anisotropy by 0.03--0.05. 
For Th, Ba, and Sr have approximately the same 
mass ratio; the heavy fragment going forward is 
favored with an anisotropy difference of 0.025+0.03. 

Both methods therefore indicate no significant true 
asymmetry about 90 deg within a standard deviation of 





u23%(,1) 


ANISOTROPY 





! I | ! 
13 1.4 1S 16 Ww 1.8 
MASS RATIO 








Fic. 2. Anisotropy in angular distributions of fragments from 
ly proton-induced fission of U* vs mass ratio. See caption 
or Fig. 1. 
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about 0.02. This corresponds to a coefficient of a 
possible cos# term in (1) no larger than about 0.01¢. 

The experimental asymmetry also appears to be 
quite small; averaging the two above determinations 
gives —0.002+0.01. Evidently the experimental asym- 
metry’ discussed in A was overestimated, although the 
preliminary values of 0.03+0.03 and 0.02+0.03 found 
by two different methods in that paper are not in 
disagreement with this result. 

Since it has been concluded that the angular distribu- 
tions are truly symmetric about 90 deg, values of 
anisotropies obtained by forward direction and back- 
ward direction runs were averaged, and the S.D. of 
the average is estimated from the agreement between 
the two and their separate S.D.’s (note that this is a 
somewhat more conservative procedure than used in 
A). The separate S.D.’s were determined strictly from 
the reproducibility of the results. 

The results for Th”, U8, U5, and U** are shown in 
Figs. 1 to 4 and summarized in Fig. 5. For Th, 
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Fic. 3. Anisotropy in angular distributions of fragments from 
22-Mev proton-induced fission of U* vs mass ratio. See caption 
for Fig. 1. 


considerably less data were available so that a plot is 
not shown; the anisotropies for that element are given 
in Table IT. 

In general, the variations in standard deviations are 
due to the number of runs carried out, although the 
larger errors for the bromine points are generally due to 
poorer reproducibility. A ruthenium point for Th™ 
was given in A, but is not included here because of the 
very poor reproducibility and resultant large S.D. 

Qualitatively, the data are similar for all target 
elements in that the anisotropy for asymmetric fission 
is larger than for symmetric fission. The anisotropy for 
symmetric fission is about the same for all elements 
studied ; for asymmetric fission it seems to be appreci- 
ably larger for the thorium than for the uranium 
isotopes. Among the uranium isotopes, U* seems to 
show the least variation of anisotropy with mass ratio; 
within the accuracy of the experiment it may have no 
such dependence. The curves through the U¥* and U™ 
data could easily be identical. An important difference 





Ammenaenaname. 





ANGULAR DISTRIBUTION OF FISSION FRAGMENTS 


between these curves and the curve drawn through the 
meager data of A is that the bromine points show very 
definitely that the curves are concave toward the mass- 
ratio axis. 

As pointed out in detail in A, the anisotropic angular 
distributions can be qualitatively explained by the 
Wheeler-Hill collective model*; but they can also be 
adequately explained by straightforward application of 
conservation of angular momentum in the statistical 
theory of nuclear reactions.‘ No quantitative calcula- 
tins have been made on either model, but since the 
latter explanation is more conventional and has been 
experimentally shown to explain similar angular 
distributions in cases where the Wheeler-Hill model 
could have no effect (angular distributions of neutrons 
from (a,”) reactions®), it will be adopted in the ensuing 
discussion. Actually, there is some indication that it is 
the correct model; in accordance with it, the larger 
anisotropies in asymmetric fission could be explained® 
by the fact that there is more energy available in these 
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Fic. 4. Anisotropy in angular distributions of fragments from 
= proton-induced fission of U8 vs mass ratio. See caption 
or Fig. 1. 


than in symmetric fission.” On the other hand, the 
Wheeler-Hill model assumes that the anisotropies are 
caused by Coulomb effects, and these would be stronger 
in symmetric fission. The increase in anisotropy with 
asymmetry would therefore be difficult to explain. 

The larger anisotropies for the thorium isotopes may 
becorrelated with the fact that the fission cross section 
is smaller in these.* For the uranium isotopes, fission 
occurs in practically every nuclear reaction; this 
probably includes many cases where a (,”) reaction is 


*D. L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953). 

‘L. Wolfenstein, Phys. Rev. 82, 690 (1951). 

*B. L. Cohen, Phys. Rev. 81, 632 (1951). 

*B. L. Cohen, unpublished report NP 1621, 1950 (unpublished). 

"P. Fong, Seminar at Oak Ridge National Laboratory, 1954 
(unpublished). 

°G. H. McCormick and B. L. Cohen, Phys. Rev. 96, 722 (1954); 
W. H. Jones (private communication). 
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Fic. 5. Anisotropy in angular distributions of fragments from 
22-Mev proton-induced fission of various target isotopes. Curves 
are taken from Figs. 1 to 4. 


TABLE ITI. Anisotropies for Th fission. 








Mass ratio 


1.48 
1.35 
1.02 


Anisotropy 


0.39+0.08 
0.19-+0.04 
0.22+0.08 


Fission product 


Spol.o2 
Zr 
Agii2.113 











followed by fission. In such cases, the energy available is 
quite low, so that the angular distributions would be 
more isotropic. Since low-energy fission is largely 
asymmetric, the symmetric fission angular distributions 
would not be affected. In thorium, on the other hand, 
(p,m) reactions are quite frequently followed by 
further neutron emission to give (p,2m) or (p,3m) 
reactions rather than fission,*® so that initial fission 
(i.e., not fission following neutron emission) makes up 
a larger share of the reactions. 

Additional evidence for this point of view may be 
obtained from fission mass distribution studies.” 
Symmetric fission has been found to be more probabel 
in Th* than in U8 and U™5, This larger probability 
for asymmetric fission in the latter could be explained 
by the lower excitation energies available when fission 
follows emission of a neutron. 

The authors are indebted to J. E. Eve for his help in 
some of the chemistry and counting operations, to 
J. L. Fowler and R. S. Livingston for their constant 
encouragement and cooperation in carrying out this 
project, and to H. R. Gwinn for preparing the plated 
foils. 


9H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952). 
10 Jones, Timnick, Paehler, and Handley, Phys. Rev. (to be 
published). Other work is also summarized there. 
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Holmium-167 


T. H. Hanntey, W. S. Lyon, ann E. L. Otson 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received May 12, 1954; revised manuscript received January 24, 1955) 


Proton bombardment of Er2Os; yielded a holmium activity with a half-life of 3.0 hours. It was found to 
decay by emitting two beta particles with energies of 1.0 and 0.28 Mev and with gamma rays of 0.35- and 
0.70-Mev energy. It was produced by Er!”°(p,2)Ho!*’ and Er'*7(n,p)Ho'® reactions, and is assigned to Ho'®’. 





AREFULLY purified Er.O; was bombarded with 
22.4-Mev protons in the Oak Ridge National 
Laboratory 86-inch cyclotron. Ion exchange methods! 
were used to separate the products. The erbium and 
thulium fractions were examined, and the results were 
published.?* Re-examination of old data indicated the 
presence of a holmium activity not previously reported. 
This activity was overlooked in previous work by 
confusing it with neutron-deficient activities of holmium 
whose half-lives were of the same magnitude. 

In the present investigation, the holmium fraction 
from the ion exchange separation was found to contain 
three activities, 27.2-hour Ho", a 3-hour activity, and 
a very long-lived activity—presumably 30-year Ho'®, 
Analysis of the decay curve of the holmium fraction, 
as taken with an end-window GM tube, showed the 
3-hour activity to be approximately ten times more 
abundant than the 27.2-hour. A curve for absorption 
in aluminum gave a ratio of 100 to 1 between the beta 
and gamma portions. Also, a gamma-ray spectrum did 
not show the presence of the 0.51-Mev annihilation 
peak associated with positron emitters. This eliminates 
positrons from the decay scheme. 

These holmium activities could have been produced 
from proton (22.4-Mev) bombardment by (,a), (p,an), 
or secondary (n,p) reactions. To determine the type of 
reaction which produced the 3-hour activity, and to aid 
in mass assignment, a second experiment was performed 
in which the energy of the incident proton beam was 
reduced to approximately 15 Mev by appropriate 
aluminum absorbers. Only two activities were found 
in the holmium fraction from this bombardment, a 
3-hour activity and a very small amount, approximately 
0.5 percent relative to the 3-hour, of a 9.4-day compo- 
nent, presumed to be Er!® resulting from poor sepa- 
ration. The 41-minute Ho!™ had decayed by the time 
separation was completed. Calculations based on the 
minimum amount of 27.2-hour Ho!® necessary for 
detection showed its production was reduced by a 
factor >100. Therefore, it is indicated that these 
activities were produced by (,a) and (p,am) in the first 
experiment and the 3-hour activity was produced by 
(pa) in the second experiment; a 15-Mev proton 
energy would exclude (f,am) reactions. This would 


( a a Ketelle and G. E. Boyd, J. Am. Chem. Soc. 69, 2800 
1947). 
? T. H. Handley and E. L. Olson, Phys. Rev. 92, 1260-61 (1953). 
3 T. H. Handley and E. L. Olson, Phys. Rev. 93, 524-25 (1954). 


assign to the 3-hour activity a mass of 167. This 
experiment also excludes the (,2p) reaction and the 
(n,p) secondary reaction for the formation of the 3-hour 
activity. The 27.2-hour Ho was excluded in the second 
experiment because there is no stable Er'® from which 
it could be produced by (f,a); in the first experiment, 
it was produced by the reaction Er!”(p,an)Ho", Also, 
the 3-hour activity was not observed as a product of 
bombarding holmium with 22.4-Mev protons. This 
would eliminate its assignment to Ho'®, or Ho!®, 

It is possible to produce a good flux of high-energy 
neutrons in the ORNL 86-inch cyclotron by bombarding 
a beryllium target with a relatively high current of 
protons (~1 ma). An erbium sample was placed in a 
cadmium capsule behind the beryllium target in such a 
manner that it would be exposed to fast neutrons 
produced by the protons bombarding beryllium. In 
this position, it was not exposed to protons, and thermal 
neutrons were absorbed by the cadmium capsule. 
Following bombardment, separations were performed 
by ion exchange methods. The holmium fraction was 
found to contain 27.2-hour Ho! and the 3-hour activity 
with a small amount of very long-lived activity pre- 
sumed to be 30-year Ho!®*, With corrections for time 
of bombardment, decay, and isotopic abundance, it was 
calculated that the 27.2-hour and 3.0-hour activities 
were produced with approximately the same cross 
section. From the differences in isotopic abundance it 
was calculated that the 3-hour activity was produced 
from Er'®7, which would again assign to it a mass of 167. 


Thus, with the chemistry identifying it as holmium, it} 


is given an assignment of Ho!®, 

A gamma-ray spectrum, as measured with a NaI(T]) 
scintillation spectrometer, showed the presence of 0.35- 
and 0.70-Mev gamma rays. The decay of these gammas, 
followed by setting the pulse-height selector appropri- 
ately, gave a half-life of 3 hours. 

Aluminum absorbers and a scintillation spectrometer 
were used in determining the beta-ray energies. The 
spectrometer consisted of an anthracene crystal mounted 
on top of a DuMont Type-6292 ten-stage photo- 
multiplier tube. Signals from the photomultiplier tube 
were fed into a preamplifier and further amplified by 4 
linear amplifier and fed into a single-channel pulse- 
height analyzer and a scaler. The beta spectrum was 
determined at least once every 3 hours for 28 hours. 
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The gamma background, obtained for each determi- 
nation of the spectrum by using an absorber, was 
subtracted. Decay of each experimental point was 
plotted and the decay curve analyzed for the 3-hour 
component. The results were plotted with counting 
rate vs pulse height as coordinates. The curve was then 
compared with a phosphorus-32 curve obtained under 
identical conditions. This comparison, plus a Kurie plot 
of the 3-hour holmium, gave a value of 1.0+0.1 Mev 
for the energy of the more energetic beta particle. An 
aluminum absorption curve showed the presence of two 
betas with energies of 0.96 and 0.28 Mev. No attempt 
was made to measure the energy of the less energetic 
beta by use of the spectrometer because of absorption 
difficulties and the 3-hour half-life. A quantitative 
estimation of total gammas present, made with a 
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previously calibrated scintillation spectrometer,‘ showed 
only one-fourth the gammas necessary to account for 
total betas present. An estimation of betas was made 
by use of aluminum absorption curves with extrapola- 
tion to zero absorber. The two betas were present in 
approximately equal quantities. 

There were approximately three times as many 0.35- 
Mev gammas as 0.70-Mev gammas. The 0.35-Mev 
gammas exceeded the maximum observed x-rays by a 
factor of approximately 18. The amount of conversion 
must be very small. Although this does not give a 
complete picture of the decay characteristics of this 
activity, continuation of the investigation at this time 
is impractical since the ORNL 86-inch cyclotron is shut- 
down for modifications. 


4B. Kahn and W. S. Lyon, Nucleonics 11, 61-63 (1953). 
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Nuclear Energy Levels of Be*® from Li’ (d,n)Be*® 


M. A. IHSAN 
Government College, Lyallpur, Punjab, Pakistan 


(Received November 10, 1954) 


The nuclear energy levels of Be® have been investigated by observing the neutron groups emitted when 
an isotopic target of Li’ is bombarded by 0.7-Mev deuterons. Evidence of levels in Be® was found at 2.98 


and 7.53 Mev, and of a probable level at 5.30 Mev. 


INTRODUCTION 


HE photographic plate technique has been used 
for the study of the spectrum of low-lying states 
of Be® from the reaction 


sLi?-+,D2—>Be®+ on!-+0, (A) 


which has a Q value of 15.03 Mev. The reaction (A) 
has been studied by Richards! and also by Green and 
Gibson.? Richards measured the energy distribution of 
the emitted neutrons at right angles to the direction 
of the incident deuteron beam, while Green and 
Gibson measured the neutron spectrum at 0° and 120° 
with respect to the initial direction of deuterons. They 
found evidence of the neutron group corresponding to 
the ground state of Be®, followed by a broad group 
for the first excited state, and accompanied by two 
more levels superposed on a continuous background. 
Recently, Trumpy and Graue® have studied the same 
reaction. They found evidence of energy levels in Be® 
at 2.9, 4.1, and 5.1 Mev. Their analysis suggests two 
energy levels at 4.1 and 2.92 Mev in place of the broad 
levels corresponding to the first excited state of Be’. 


ow Bonner, Richards, and Watt, Phys. Rev. 59, 904 
?L. L. Green and W. M. Gibson, Proc. Phys. Soc. (London) 
A62, 407 (1949). 
* Trumpy, Grotdal, and Graue, Nature 170, 1118 (1952). 


Erdés e¢ al.4 have resolved the first excited state of Be® 
into three energy levels at 2.2, 2.9, and 3.4 Mev. 

Lately, Malm and Inglis® have investigated the Be® 
energy levels using the following reaction: 


5B!-+ 1D*—>,Be®+-a+(. (B) 


They measured the energy of the a particles with a 
proportional counter, extending their investigations 
from 0 to 7 Mev excitation energy of Be*. They found 
a sharp peak corresponding to the formation of Be® 
in its ground state, having a width of 0.06 Mev, which 
is by far the best resolution so far reported. Their 
experimental evidence suggests that there is only one 
broad energy level at 2.9 Mev which corresponds to the 
first excited state of Be®. We have studied the reaction 
(A) in order to onvestigate the energy levels of Be® in 
general and its first excited state in particular. 


EXPERIMENTAL ARRANGEMENT 


A thin lithium target was used and kept cool during 
the time of bombardment. It was bombarded by a 
homogeneous beam of deuterons of mean energy 686 
kev from the Nuclear Physics Research Laboratory’s 
1-Mev H.T. generator. Ilford C 2400-micron nuclear 


4 Erdés, Stooll, and Scherrer, Helv. Phys. Acta 26, 207 (1953). 
5 R. Malm and D. R. Inglis, Phys. Rev. 92, 1326 (1953). 
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Fic. 1. Number of neutrons from the reaction Li’(d,n)Be® as a 
function of excitation energy, for the three angles combined. 


research plates were used for the detection of neutrons. 
The plates were held lengthwise so as to receive the 
incoming neutrons tangentially. After an exposure of 
two hours they were developed by the temperature 
control method. The proton tracks in the emulsion 
formed by the collision of inceming neutrons were 
scanned with a Cooke, Troughton, and Simm’s nuclear 
research microscope with an oil-immersed objective 
of X45 and a Kellner eye-piece of X10. The following 
criteria were used for the acceptance of a track for 
measurement: (1) angle (6) of proton in the forward 
direction <10°; (2) dip of proton track <4°. Only 
those tracks were measured whose range was greater 
than or equal to 119 microns or 4.99 Mev. 

Neutrons spectra were measured at three different 
angles, 90°, 115°, and 145°, respectively. The energy 
spectrum of Be®, obtained by plotting the excitation 
energy as abscissa against the number of neutron 
tracks, combined for the three angles, as ordinate at an 
energy interval of 0.22 Mev, is shown in Fig. 1. It 
shows a sharp peak corresponding to the ground state, 
having a half width of 0.5 Mev, followed by a broad 
peak for the first excited state and a level at 7.53 Mev 
which is in agreement with the other reported experi- 
mental results.?®.7 

In addition to these levels there is also an unresolved 


°H. T. Richards, Phys. Rev. 59, 796 (1941). 
7F. E. Steigert and M. B. Sampson, Phys. Rev. 92, 660 (1953). 
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peak at 5.35 Mev which will be consistent with some" 
and in disagreement with other investigators,5"-2 byt 
its intensity is so low that we cannot draw any con- 
clusion about it. 


ENERGY LEVELS OF Be,’ 


In addition to reaction (A) with which we are mainly 
concerned, there is a possibility of the following reaction 
as well: 

sLi’+1D*—>-He*+ on'+0. (C) 


The reaction (C), being a three-body disintegration 
of low Q, produces a continuous distribution of neutrons 
of low energy in the spectrum of Be® as seen in Fig. 1. 

There is contradictory experimental evidence about 
the energy levels of Be*, especially in the region of 
its first excited state. Except perhaps the asymmetry 
of the curve at the first excited state of Be®, shown in 
Fig. 1, which may be suggestive of another energy 
level at 4.1 Mev for this state, the main features of 
our result agree with Malm and Inglis,® in contrast to 
those of Trumpy ef al. Titterton'® has discussed the 


evidence for energy levels in Be® at 4.01, 5.3, and 7.5 F 


CR CERN CAN BICIRPL ne idan Henin GHAI 


Mev. Existence of 4.01-Mev level is suggested from F7 


Li’(d,n)Be®,’ B'(y,t)Be®,* B!(y,d)Be’> and Li’(p,7) 
X Be®,’ reactions, some"! of which have quite limited 
resolution and statistics, and this level is also not 


consistent with the experimental results of other®.®!216 | 
investigators, who had much better statistics. The | 
same broad first excited state of Be® has also been | 
observed in many different experiments, such as: | 


B" (p,q) Be®,!” BY(d,a)Be®,” Li’(p,v) Be®,® C?(7,a) Be’,* 
Li®(He’,p) Be®,!® and the 8 decay” of Li® and Be® have 
led to the same value for the energy of this state. 
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Soluble Problem in the Theory of Coulomb Excitation 


L. C. BIEDENHARN AND C. M. Ciass 
The Rice Institute, Houston, Texas 


(Received January 6, 1955) 


The quantum treatment of Coulomb excitation in the limiting case of no energy loss involves radial 
Coulomb integrals that can be expressed in simple terms. The excitation function, G, and particle parameter 
for the directional correlation, a2, are evaluated for this case and compared to the classical limit. The devia- 
tion from the classical limit is found to be negligible for the excitation function in the region of experimental 
interest, but for the particle parameter a2 the deviation is sizeable. 





HE Coulomb excitation of nuclear levels has been 
customarily treated! as an interaction involving 

the electric field of impinging particles traveling in defi- 
nite Kepler orbits. This use of classical trajectories is 
valid, according to Bohr,’ if the parameter n= Z,Z:2¢?/hv 
is large compared to unity. There have been two types 
of problem considered: the total cross section for the 
excitation process! as measured, say, by the y quanta 
produced, and the directional correlation? of these 
quanta with the incident particle beam. Numerous 
experiments in the range »~3 to 10 have shown gener- 


) ally good agreement with the approximate theory for 
' the total cross section, but recent data on the correlation 
’ has suggested appreciable deviations.‘ It is therefore of 
} some interest to examine more critically the validity of 


the classical approximation.® An essentially exact 
quantum mechanical treatment of both problems has 
been carried out,® reducing the problem to integrals 
over the radial Coulomb wave functions. (Evaluation 
of these integrals, a rather formidable task, is in progress 
using electronic computers.) The usual classical ap- 
proximation results from this exact quantum mechanical 
treatment by a simultaneous limiting process y>©, 
1—p—0, n(1—p)=-finite, where p is the ratio of the 
emergent to incident wave numbers for the impinging 
particle. This limit process is, in general, difficult, if not 
impossible, to carry through explicitly for the case of 
arbitrary energy losses.” For the particular case of no 


"j energy loss (£=0), however, the two limits may be 
} carried out separately, letting first p=1 and then y>~, 


Fortunately the relevant Coulomb integrals may be 





1K. A. Ter-Martirosyan, J. Exptl. Theoret. Phys. (U.S.S.R.) 
22, 284 (1952); see also V. Weisskopf, Phys. Rev. 53, 1018 (1938); 


) C. Mullin and’E. Guth, Phys. Rev. 82, 141 (1951); R. Huby and 
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integrated exactly in this case,® and it is thus possible to 
treat the approach to the classical limit in detail. It is 
obvious from Bohr’s considerations that the calculations 
must agree precisely in the limit 7, and we may 
therefore use the classical limit to normalize our results 
and simplify the discussion. 

The analogy between the classical calculation as 
given in reference 2, and the quantum mechanical 
calculations given in reference 6, is remarkably close. 
Let us restrict attention to the quadrupole transitions 
in the following. The excitation function then is defined? 
as: 


g2(0)= f de |S, (1) 


2 


while the quantum result® is, normalized as discussed 
above, 





é j=3a9 F ———— , , sL(L—1) 
me Fa (QL—1)(2L43) "| 2(2L—1) 


3 (L+1)(Z+2 
X11, 1-?-+- seer L, us (2a) 
2 (2L+3) 


Ir, ve f 1dr F 1(n,r)F v (1,1). (2b) 


(The Fz(y,r) are the radial Coulomb wave functions, 
and the Jz, 1 is taken to be zero if L+L’ <0.) 

Noting that the eccentricity ¢ is related to the angular 
momentum L by the equation ¢&=1+L?/n’, one sees 
already the close formal connection between the two 
calculations. The Coulomb integrals can be evaluated, 
with the result that: 


T1,.=(2L(L£+1)(2L+1) }°[2L+1—a 
— inh (L+1+in)+in)(L+1—in)], (3a) 
Ty, 142=1142,1=%|L+1+%9|4|L+2+i9|7. (3b) 


The function ¥(z) is the logarithmic derivative of the 
gamma function. 
For large values of L these integrals approach the 


8 This result is a special case taken from a paper on radial 
Coulomb matrix elements, in preparation. 
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Fic. 1. The excitation function G for no energy loss (¢=0) 
versus n. The lower curves are the AL=0,2 components. The dotted 
lines are the classical limits. 


functions S,@ given by Alder and Winther, and the 
correspondence between Eqs. (1) and (2a) is complete. 

Figure 1 shows the behavior of the exact G(n,1) 
function versus n. The classical limit is approached very 
quickly, the difference being only 9 percent at »=2. On 
the other hand, this behavior is to some extent for- 
tuitous, as shown by the curves of the AL=0,2 com- 
ponents, also plotted in Fig. 1. These depart in opposite 
directions from their classical limits by amounts which 
nearly cancel. 

If one measures only the angle of emission of the 
y-rays with respect to the incident particles, one 
obtains an angular distribution which is very similar to 
the angular correlation between two 7’s in cascade. It 
can be shown that the distribution function is 


W (0)=1+Bea2(n,p) P2(cosd)+Baas(n,p)Ps(cosd), (4) 


which is to be compared with the angular correlation 





| | | | | | 


= a 











Fic. 2. The particle parameter a2 versus » for no energy loss 
(€=0). The classical limit (dotted line) is 0.40567 while the 
intercept at 7=0 is 1.5467 


in the y—y cascade, 


E2 Y 
Je —> Je —- J}, 
given by 
W’'(6) =1+B2P, (cos@)-+ B,P,4(cosé). (5) 


The J’s are the spins of the initial, Coulomb-excited, 
and the final state after the y emission, respectively, 
The first y transition, being an electric quadrupole radi- 
ation, corresponds to the electric quadrupole excitation 


process. The B;, are tabulated in reference _9, among F 


others. 


Restricting attention to the coefficient of P2(cosé), F 


one finds in the quantum calculation that: 
3(L—2)(L—1)L 
(2L—1)? 





L, L-2 


aalnt)= [6 H4G20) 


L(L+1)(2L+1)(2L—3)(2L+5) 
(2L—1)?(2L+3)? 
| 3E+1)(L£+2)(L+3) 
(2L+3)? 





LL 





L, Lt 2 


(L—1)(L)(L+1) 
(2L—1)? 
L(L+1)(L+2) 
(2L+3)? 





+6 cos(o,—o 1-2 ° L, tl tL 





+6 cos(o,—o142 . 


(The oz, are the Coulomb phase shifts for angular | 


momentum L.) 
In the limit of large LZ this is seen to correspond pre- 


cisely term by term to the classical results given by | 


Alder and Winther. 


The behavior of the exact a2 as a function of 7 is shown 


hvala} (6) | 








in Fig. 2. It is immediately apparent that the deviations 
from the classical limit are more significant than for the § 
total cross section. This is not unexpected since the F 
particle parameter a» is “phase-sensitive,” and a clas- F 
sical approximation is generally inadequate. For | 
example, the results differ by a factor of 2 at n=2,— 


whereas the total cross section here differed by only af) 


few percent. 


The calculations at £=0 show great simplifications, F 
and the origin of this may be found in the fact that this 
parameter measures the ratio of the collision time to the F 


period of the emitted radiation. For ¢=0, therefore, 
the process is insensitive to all but the grossest details 
of the motion. The Coulomb integrals, in particular, 
show that the turning point radius, ry>~(L?+-n°)}, is 
effectively the only significant feature of the motion. 


®L. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25, 
729 (1953). 
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9%, 448 (1954); R. K. Adair, Phys. Rev. 94, 737 (1954). The first 
attempt to interpret the long-range fluctuations of the neutron 
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Since the major contribution to the sums comes from 
L~n, one sees that large 7 implies large L. Here the 
effects of quantization are small, and in this way the 
calculation becomes classical. 

The particular case =0 is not of too much intrinsic 
importance, but it does serve to illustrate several typical 
features of the problem and the importance of more 
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accurate calculations for the general case. Such calcu- 
lations are in progress. 
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In the consideration of the independent-particle model, a dis- 
tinction can be made between the spacing D of the levels of the 


whole nucleus and the spacing d of the levels of individual 


nucleons. Except in the immediate neighborhood of the normal 
state of closed-shell nuclei, d>>D. In the ‘“‘giant-resonance’”’ inter- 
pretation considered here, the deviations from the independent- 
particle model are strong enough to mix many states of the whole 


7 nucleus, but the mixing is restricted to an energy range which is 


less than the order of d. According to this interpretation, the 
reduced particle widths of the levels of the compound nucleus are, 


4 on the average, anomalously large close to the energy values of 
those states of the independent-particle model which correspond 


I. INTRODUCTION 


ESHBACH, Porter, and Weisskopf! have shown 
that a complex square well potential gives an 
accurate representation of some of the features of the 


Sneutron-nuclei interaction data at low and intermediate 


energies (<3 Mev), such as the total cross section 
measurements by Barschall, Nereson, and collaborators 
and the angular distribution data of Walt and Barschall.? 


* Work performed under the auspices of the U. S. Atomic Energy 


Commission. 


1 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953); 


cross sections by means of a simple potential is due to K. W. Ford 


jand D. Bohm, Phys. Rev. 79, 745 (1950). A similar model was 
‘Jused for the explanation of the high-energy cross sections b 


Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). In 


fact, the early explanations of the large neutron cross sections by, 
4 Amaldi, D’Agostino, Fermi, Pontecorvo, Rasetti, and Ségre [Proc. 
Roy. Soc. (London) A149, 522 (1935)], by H. A. Bethe [Phys. 
9) Rev. 47, 747 (1935) ], by G. Beck and L. H. Horsley [Phys. Rev. 


| 


7 


' 


47, 510 (1935)] by F. Perrin and W. M. Elsasser [J. phys. 
radium 6, 194 (1935)], were all based on a similar model. How- 
ever, Feshbach, Porter, and Weisskopf were the first ones to 
Tecognize that the cross section obtained from the simple potential 
Is not the actual cross section but only its average over many 
resonance levels, and they were the first ones who thoroughly 
explored the consequences of their model. 

*H. H. Barschall, Phys. Rev. 86, 431 (1952); Am. J. Phys. 
22, 517 (1954); N. Nereson and S. Darden, Phys. Rev. 89, 775 
(1953); 94, 1678 (1954); Walt, Becker, Okazaki, and Fields, Phys. 


to an unexcited target nucleus and a virtual level of the incident 
particle. As a consequence, the nuclear cross sections have a gross 
structure which is similar to a giant resonance, such as is implied 
by the complex square well representation of the nucleon-nucleus 
interaction. The position, width, and height of these maxima in 
the average cross sections are expressed in terms of the parameters 
of the independent-particle model and the departure of the actual 
nuclear potential which are responsible for the inaccuracy of this 
model. It is shown, however, that the conventional nuclear poten- 
tial gives far too large values for the widths of the giant resonances 
(that is, for the imaginary part of the presentative complex square 
well potential). 


It has also been shown by them and by one of us? that 
one implication of such a representation is that the sum 
of the reduced neutron widths 7,” per unit energy 
interval of the levels \ of the compound nucleus has a 
giant resonance-like dependence on the real energies E) 
of these levels. This sum plays a decisive part in the 
theoretical development and is referred to there as the 
strength function s,(E,)=(yan?)a/D, where D is the 
mean spacing of the £,. The maxima of the giant 
resonances are associated with the positions E, of the 
levels p of the real part of the representative potential, 
and their widths W, are related to twice the imaginary 
part. It is presumed that the real part of the potential 
is essentially that potential which determines the con- 
figuration assignments in the shell-model theory, while 
the imaginary part is considered as representing the 
departures from this theory which are expected to be 
important at the higher excitation energies involved in 
scattering and reaction phenomena. Although it is 
beyond the scope of the complex potential representa- 
tion to specify the properties of the individual resonance 


Rev. 89, 1271 (1953); Okazaki, Darden, and Walton, Phys. Rev. 
93, 461 (1954); M. Walt and H. H. Barschall, Phys. Rev. 93, 
1062 (1954). See also the early work of Fields, Russell, Sachs, and 
Wattenberg, Phys. Rev. 71, 508 (1947). 

3R. G. Thomas, Phys. Rev. 97, 224 (1955). 
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levels (that is, the fluctuations), it does give the aver- 
ages over many such levels of the total cross section and 
the cross section for compound-nucleus formation, the 
latter being interpreted as the sum of the contributions 
to reaction, elastic and inelastic scattering processes 
which proceed through the intermediary of a compound 
nucleus. In the interpretation of Feshbach, Porter, and 
Weisskopf these averages are found to reflect the giant 
resonance nature of the strength function s,. 

In view of the repeated success of the complex poten- 
tial representation,‘ it is natural to seek a deeper under- 
standing of it, that is to determine what it is a sub- 
stitution for; one would like to be able to relate the 
imaginary part of the potential to the internucleon 
interactions, the density of nucleons, etc., and to 
determine whether other representations exist which 
may even be more satisfactory. One would also like to 
know if the complex potential and other such repre- 
sentations involve any implications concerning the 
decay of the compound nucleus; that is, if it is possible 
to distinguish between the different processes, such as 
(n,n’), (n,p), (nex) which comprise the cross section for 
compound-nucleus formation. These matters are inves- 
tigated here by decomposing the wave functions for the 
levels of the compound nucleus into a sum of the 
products y, of the stationary-state wave functions of 
the residual nucleus and the wave functions for a single 
neutron (or proton) moving in an appropriate average 
real potential of the residual nucleus. 

The model which forms the basis of the following 
giant resonance interpretation may be considered as 
intermediate between the independent-particle model 
and the uniform model. In order to explain its character, 
it is necessary to define, within the independent-particle 
model, two types of level spacings: the spacing D of the 
levels of the whole nucleus and the spacing d(>>D) of 
the individual particle levels. Although the former is at 
least approximately the same order of magnitude as 
the actual level spacing, i.e., less than a few thousand 
volts whenever one can speak of average cross sections, 
the latter is greater than several Mev even in the heav- 
iest elements. The independent-particle model is ac- 
curate whenever the matrix elements of the Hamiltonian 
which connect the various combined states y, are small 
compared with D. In this case the real, characteristic 
functions X, of the Hamiltonian contain essentially 
only one y,, the admixture of adjacent y, being small. 
In the opposite case of the uniform model, the X, will 
contain many y, with roughly equal coefficients, in- 
cluding those y, which differ in the excitation of a single 
nucleon, the independent-particle energy of which 
differ by d or more. With such complete mixing of the 
y,, one will find hardly any trace left of the independent- 


‘Ostrofsky, Breit, and Johnson, Phys. Rev. 49, 22 (1936); 
H. A. Bethe, Phys. Rev. 57, 1125 (1940); M. Goldhaber and 
E. Teller, Phys. Rev. 74, 1046 (1948); H. Steinwedel and J. H. D. 
Jensen, Z. Naturforsch. 52, 413 (1950); B. Freeman and J. McHale, 
Phys. Rev. 89, 223 (1953); N.-C. Francis and K. M. Watson, 
Am. J. Phys. 21, 659 (1953). 
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particle aspect of the nuclear behavior, and this is the 
state of affairs which is usually considered as implied by 
“Bohr’s picture of the nucleus.”® For the interpretation 
of these data we will therefore consider a model which 
is intermediate between the independent-particle and 
uniform models.® In this intermediate model the spread 
W in energies E, of those X, containing an appreciable 
amount of a particular y, will satisfy the condition 
D<«W<<d, and the spread will be of the general form 
of a giant resonance. 


II. DECOMPOSITION OF THE WAVE FUNCTIONS 
FOR THE COMPOUND NUCLEUS 


The wave functions X, of the compound nucleus 
satisfy the wave equation 


HX)=E)X), (1) 


when certain fixed boundary conditions are imposed at 
the nuclear surface.”® These wave functions are decom- 
posed in the form®.’ 


Xy=L epCr; epe( 11,82, * +84) p(n), (2) 


where the y are the wave functions of the stationary 
states c of the residual nucleus of A particles. The 
Uy(fn) are the wave functions of the extra neutron n 
moving in the average potential of the residual nucleus. 
They are of the form 


Up(Tn) = Vp(Qn)Ro(rn), (2a) 


where Y,(Q,) are spherical harmonics, and the R,(r,) | 
are radial functions which satisfy the boundary condi- 
tions imposed on the X,. The subscript p designates one 
of the single-particle states of the average potential, 
such as 1s, 2s, 1p, etc. Since the yu», as well as the X), 
form a complete set of ortho-normal functions, the ex- 
pansion coefficients C);-p are the components of an 
orthogonal matrix with the usual properties, 


Lep C; ep’; ep=O’, 
da CQ; ep); ep! = SccD pp’. 


In order to obtain the partial widths with respect to 
the emission of protons and heavier particles, other § 


(3a) f 
(3b) 


5N. Bohr, Nature 137, 344 (1936); Science 86, 161 (1937); 
E. Wigner and G. Breit, Phys. Rev. 49, 642 (1936), Phys. Rev. 
49, 519 (1936). These last two articles, which were simultaneous 
with the first one, were often misunderstood to propose a some- 
what different model—actually the model which underlies the 
present article. ; 

6 A brief account of some aspects of the present work was given 
at the New York Meeting of the National Academy of Sciences, 
Nov. 9, 1954 (unpublished) ; E. P. Wigner, Science 120, 790 (1954). 
See also J. M. C. Scott, Phil. Mag. 45, 1322 (1954), who proposes 
the same picture. 

7T. Teichmann and E. P. Wigner, Phys. Rev. 87, 123 (1952). F 
The development in this section is largely a poe of the F 
arguments given in connection with Eq. (31) of this reference. [fF 

J. Blatt and V. Weisskopf, Theoretical Nuclear Physics (John 
Wiley and Sons, Inc., New York, 1952), Chap. VIII and X; R. G. 
Sachs, Nuclear Theory (Addison-Wesley Press, Cambridge, 1953), 
pp. 290-304. 
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decompositions of the X, must be used instead of (2) 
in which the coordinates of the extra proton (or heavier 
particle) play the role of r,. 

It is well to note that (2) is not antisymmetrized, i.e., 
that it neglects exchange. Inclusion of exchange effects, 
that is antisymmetrization of (2), would render all of 
the calculations more cumbersome and would introduce 
correction terms into almost all of the formulas. How- 
ever, it is believed that the essence of the proposed 
interpretation would not be affected by these terms. 

The functions yu, satisfy the equation 


Hw p= EcWbettp; (4) 


» where Hy contains the whole Hamiltonian of the residual 


) nucleus, the kinetic energy of the extra neutron and its 


cide ng Senerseasar okie 








average potential V(r,) in the field of the residual 
nucleus. The difference V= H— AH) is the departure of 
the actual potential, whith is experienced by the extra 
neutron, from the average potential 


vet U(ri,tn)— V (rn). (5) 


The quantities U(r,,r,) are the potentials which act 


between the neutron » and the ith particle of the 
) residual nucleus, and the average potential is 


Var)=2 VrO (Tita) Pedr, (Sa) 


where the integration is over the coordinates 7 of the 


) residual nucleus. It will be evident from the estimate of 


Sec. V that this potential is probably not very de- 
pendent on ¢, the state of excitation of the residual 
nucleus. However, should it be so dependent, the y, 
in (5a) shall be considered as the normal state Yo. It 


} follows from (5), (5a), and the normalization of y, that 


V cp; p= (Welly, Vp) =0. (6) 


Vp [p arbitrary, c=0 unless (5a) is independent of c]. 
In the theory of nuclear reactions the reduced widths 
for the states X) with respect to disintegrations into a 


* nucleon and the states ¢ (channels) of the residual 
} tucleus play an important role. They are denoted by 


Yne, Where® 
Yre= (ah? /2M)! f We*Vp(Qn)*XydrdQn. (7) 


Here the radial coordinate of the neutron, which is a 


) variable of X,, is to be set equal to the radius a of the 


2). 
the i 


boundary of the internal region, so that (7) is ac- 





* The reduced widths used here have the dimensions of energy» 


) as in reference 3 and in Chap. VIII of Blatt and Weisskopf 
(reference 8), rather than energy-times-distance, as in reference 7 
and in Sachs (reference 8). They differ from the latter by a factor a. 
Note the factor a# in (7). 
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tually a surface integral over this boundary. According 


to (7) and (2), the reduced-width amplitudes may be 
expressed as 
(7a) 


(7b) 


Yre= Lip Vrseps 
Va; ep= (ah?/2M)4C); epRp(a). 


The reduced widths appear then as a double sum over 
the single-particle levels p. In order to simplify matters, 
either one or both of two assumptions can be made: 
(a) The signs of the C),-, referring to different » are 
considered as likely to be positive as negative so that 
the cross terms can be disregarded in the consideration 
of the most probable value,’ 


where 


ne = Dip Vrsep’ (8a) 
(b) It may be assumed that, for each A, one of the terms 
in (7a) is much larger than the others, in which case the 
sum in (7a) can be replaced by a single term, and 
therefore 

(8b) 


Ya r. =”); o 


Assumption (6) will be valid if the coefficients C);-p of 
(2) are small when the energy E, of the compound state 
X) differs by more than a certain amount W from the 
energy E,., of the independent-particle state yu», 
provided that W is small compared with the spacing d 
of the individual-particle levels. At the same time, W 
can be, and usually will be, large compared with the 
spacing D of the levels E, of the compound nucleus, or 
the spacing of the levels of the residual nucleus. Hence, 
for given c and X, only one # will give an appreciable 
C);cp but, conversely, for a given c and p, many levels » 
will have a substantial C),-p. (Similarly, for given \ 
and p, many c will have appreciable C);-p.) The states 
X) in the expansion (2) of which, for a given c, the 
same p have appreciable C);-p will be said to form the 
p-group of states with respect to the channel c. The 
energies E) of these states will be within an interval the 
width of which is of the order W. Assumption (d) and 
hence Eq. (8b) are therefore appropriate for the inter- 
mediate-coupling case where the widths of the giant 
resonances are much less than the spacings between the 
single-particle levels, but larger than the spacings D of 
the F). 
It is convenient to introduce the single-particle 
reduced widths, 
S9°= (ah?/2M)R,(a)’, (9) 


which are expected to be of the order of magnitude’ of 
h?/Ma*. The £,? are the reduced widths which appear 
in the R-function expansion for the average single- 
particle potential (Sa), and the E, of (4) are the corre- 
sponding level positions. Sum rules for the reduced- 
width amplitudes, similar to the orthogonality relations 
(3), may be expressed in terms of the ¢,”: 


(10a) 
(10b) 


Deep Ya; evn"; ep (Sp) war’, 
da Yd; cpYd; cp’ = bpbccS pp’. 
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E (individual nuclea: 


E (Total) 
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Fic. 1. The extreme independent-particle picture. The top of 
the figure represents the energy levels of the individual nucleons; 
the full lines are occupied levels, the broken lines unoccupied. The 
energy levels of the compound nucleus (middle of the figure) 
which are marked with a cross correspond to the target nucleus 
in the normal state, and an incident particle. Of all of the levels 
of the compound nucleus, only these affect the cross section 
(bottom part of the figure). 





= (Total) 


In the approximation (8a), the first of these with A=)’ 
corresponds to the familiar channel sum rule, while the 
second is related to the general level sum rule, Eq. (23a) 
of reference 7. The latter rule follows by summing over 
all p, p’, with the result that the left side gives 
> YacYaer While the right side vanishes if cc’ and is 
infinite if c=c’. We shall be particularly concerned with 
(10b) when p=’, c=c’, . 


da v; op” =f,', 


a relation which shows that the sum of the reduced 
widths for a particular p-group is equal to the single- 
particle reduced width for that group.” 

Before developing the more quantitative implications 
of the decomposition (2), some of the qualitative ones 
will be described and the reasons for considering it in 
the first place will be made apparent. In the extreme 
form of the independent-particle model, the level Ao of 
the compound nucleus, which is formed as a result of the 
interaction of the neutron with the residual nucleus in 
its normal state, would have only one nonvanishing cp 
contribution in (2), namely 09, associated with a par- 
ticular single-particle state p. There is therefore only one 
nonvanishing reduced width 00” for that state, whose 
magnitude is approximately the single-particle reduced 
width %#?/Ma?. Only elastic scattering can occur, and 
its expected behavior for such an extreme picture is as 
illustrated in Fig. 1.11 There may be many adjacent 


(10b’) 


10 This sum rule has also been noted by A. Bohr and B. Mottel- 
son, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 27, 16 
(1953). These authors attribute the departure from the inde- 
pendent-particle model to the interaction of the neutron with the 
surface of the nucleus, an assumption which will not be made here. 

11 These facts were recognized by L. Eisenbud in his doctoral 
dissertation (Princeton, 1948). See also D. H. Wilkinson and A. M. 
Lane, Phys. Rev. 97, 1199 (1955). 


levels in the spectrum of the compound nucleus, but 
these are characterized, in a similar manner, as being 
combined states of the extra neutron and excited states 
of the residual nucleus. The singular dependence of the 
yx? on the E, is shown in Fig. 2 as the independent- 
particle model extreme. 

When the departure potential V of (5) is introduced, 
a mixing of the pure independent-particle model states 
may be expected to occur. The reduced width 700? will 
be diminished from its original value, and the state Xx 
will acquire ¥.u, terms associated with excited states 
of the residual nucleus, while the neighboring X) will 
acquire nonvanishing components from the normal 
state. In view of the sum rule (10b’), the yaoo? mag- 
nitude of the original Xo will be shared among the 
adjacent states resulting in a giant resonance of the 7°, 
as illustrated in Fig. 2 for the intermediate coupling 
model.” Inelastic scattering will occur, and elastic 
scattering will exhibit resonances at all the states of the 
compound nucleus, although these will be strongest in 
the vicinity of the original independent-particle model 
level. It may be emphasized here that in this model it 
is the ,0?, rather than the D~, which is anomalously 
large at the Barschall maxima. 

If the departure potential is allowed to increase, the 
width W of the spectrum of levels of the compound 
nucleus over which the original yoo” is appreciably f 
shared will also increase. Ultimately, this width may } 
become as large as the spacing d of the single-particle f 
levels. The uniform model of Fig. 2 is approached, and | 
the giant resonances of y,o” and of the average cross 
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Fic. 2. The reduced widths (neglecting fluctuations) of the 
levels \ of the compound nucleus of energy E in the independent- 
particle picture, intermediate coupling, and uniform models. The 
reduced widths of the levels are represented by the heights of the 
corresponding lines. In the independent-particle model the reduced 
widths of all levels vanish, with the exception of those marked 
with a cross in Fig. 1. In the uniform model, all reduced widths 
are roughly equal, apart from irregular fluctuations which are not 
indicated. In the intermediate case, the average widths of the 
levels are different in different parts of the spectrum: those close 
to the position of the very broad levels of the independent-particle 
model are broader than those situated further from these levels. 
W is the width of the energy spectrum over which the original 
single-particle reduced width is appreciably shared. 


2 The figure does not show the irregular fluctuations of the 
reduced widths which are expected to be important, as indicated 
in reference 7 in the section quoted there. See Seidl, Hughes, 
Palevsky, Levin, Kato, and Sjéstrand, Phys. Rev. 95, 476 (1954). 
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INTERPRETATION OF NUCLEON-NUCLEUS INTERACTION 


section will disappear. This extreme model was generally 
regarded as the correct one before the measurements of 
Barschall and collaborators? were made. It may also be 
mentioned that in this extreme the ratio of the reduced 
widths to the mean spacing D of the levels of the com- 
pound nucleus will obey the second sum rule of ref- 
erence 7. Thus, by replacing the sum in (10b’) over the 
levels \ of the group p of (8b) by an integration which 
is extended over the entire width d of the group, and 
by using the estimate d~(rh®K/Ma) for the single- 
particle level spacing, where K is the wave number 
characteristic of the neutron motion in the nucleus, 
one obtains (v0?) w/D= 1/rKa. 

It was pointed out before that in our model the 


) maxima of y,?/D are due to anomalously large )° 


itn ne CPC ee! ger ects 


rather than anomalously small D. Another consequence 


) of our model which we wish to point out concerns an 
) expected difference in the behavior of nuclei with J=0 
} on the one hand, and nuclei with J 0 on the other. 


In the former case, there will be, for every #,, only one 
\o level. Thus the giant maximum for s neutrons will be 
simple. Since a p neutron can have two states, the p; 


and ; state, the giant maximum for the p neutrons 
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} will be double and the same applies for d, f, etc. neutrons. 


If the J of the target nucleus is not zero, even an s 
neutron will give two Apo levels; their J values will 
differ by +4 from the J value of the target nucleus. 


even in the independent-particle picture. If their distance 
is smaller than the width W of the giant resonance, 


) the maximum in the average cross section will appear 


to be broadened. If their distance is larger than W, one 


} may expect two maxima in the average cross section for 


s neutrons. Similar remarks apply for neutrons with 


> higher angular momenta. 


Ill. STRENGTH FUNCTION 


As mentioned in the Introduction, in the intermediate 


) coupling case the strength function s.(Ey)=(ya2)w/D 
) is expected to manifest a giant resonance behavior. 


} Moreover, it is the strength function so(Z,) for the 
} normal state which plays a decisive role in the deter- 
) mination of the behavior of the average total cross 


section and the cross section for compound-nucleus 
formation of an incident beam of neutrons. These cross 


} sections are related to the average of the diagonal com- 


ponent of the collision matrix referring to the normal 
state, and this average depends’ upon the Stieltjes 
transform of so(Ey), 


f so(Fy)dEx/(Ex+4—-E-HT), (11) 


) where T and A are the mean absorption width and 
» shift, respectively. The strength function (and its 
} transform) fare therefore appropriate functions for 
representing the nucleon-nucleus interaction. 

In the approximations leading to (8), the strength 
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functions can be expressed as a sum of -group strength 
functions 
Se(Ex)= Dip Sep(Ey), (12) 


and the normalization of the individual s,, is obtained 
from (10b’) when the sum there is replaced by an 
integral, 


fi (Ey)dE,= ‘. (12a) 


In the following sections we shall attempt to learn 
something about the dependence of the s, on Ey by an 
investigation of their energy moments with respect to 
the single-particle level positions. 

It has been shown that the p-group strength function 
for the complex square well representation has the 
energy dependence’ (omitting the subscript c) 


 Sp(Ey)= (29) PW/L(Ep—Ex?+4W"]. (13) 


When there is no absorption, that is, '=0 in (11), this 
becomes the reciprocal logarithmic derivative at the 
radius of the wave function for a complex square well 
with imaginary part —3W; when there is absorption, 
the imaginary part is —}([+W). It is evident that 
the second and higher even moments of this strength 
function are infinite. More generally, it can be shown 
that the same moments of the group strength functions 
for any representative complex potential are infinite. 
Thus, one finds by the methods of the R-function theory 
that the reciprocal logarithmic derivatives for such 
complex potentials have expansions of the form 


Le f9"/(Ep— E—}iW >»). (14) 


The reduced widths ¢,’={p:’+ifpo? are in general 
complex, and the imaginary parts —}W, of the de- 
nominators are equal to the averages of the imaginary 
part of the complex potential, weighted according to 
the absolute square of the complex eigenfunctions of the 
potential. The f-group strength functions corre- 
sponding to (14) are 1/1-times the imaginary parts of 
the contributing terms: 


1 ¢ pe (E,— Ey) +3W,f. pl 


Sp(E,) =-: 
7 ‘ v (E,— E))*+3W;? 





(14a) 


Evidently these functions have in addition the property 
of becoming negative over part of the range of Fy 
values unless the imaginary parts {,2” should happen to 
vanish, as in the special case of the complex square 
well. A test of the validity of representative complex 
potentials would be a direct evaluation of the second 
moment of the sop(E,) to see whether or not they are 
infinite. 


IV. MOMENTS OF THE C COEFFICIENTS 
AND OF THE REDUCED WIDTHS 


It is possible to obtain directly the formal expressions 
for the energy moments of the squares of the C),-» and 
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of the reduced widths with respect to the single-particle 
level positions E.,. From the wave equation (1) it 
follows that 


(H—Eey)’X.= (E,—Eey)’Xx (15) 


for positive integers v. By substituting the expansion 
(2) into (15) and forming the scalar product of the 
resulting expression with the ¥., corresponding to E.», 
one obtains 


Dern’ Cr:erpWettp, (H— Ecp)"Pe'ty’) 

=(E,—Eey)'Ch;cp. (16) 
Both sides of this expression are multiplied by C),-» and 
then summed over all of the levels A, whereupon one 
finds that the moments are 


M,=D(Ex— Ecp)’Ca; cp” = Wettp, @ —Ecp)'Pely), (17) 


the reduction of the left side of (16) having been effected 
by means of (3b). 

The expressions for the moments of the reduced 
widths are somewhat more complicated because of the 
additional p-sum which appears in the relation (7a). 
However, if the p-group approximation (8a) or (8b) is 
valid, then it is of interest to consider the moments 
MM, of the ya;c,? of (8): 


N,= Dd a(Ex— Een) Mr; e2?=f 9M. (18) 


By replacing the sum over levels in (18) by an integral, 
the moments of the strength functions are obtained, 


f (Ay,—- Exp) "Sep (E,)dE, =,°M,. (18a) 


In view of the choice (5a) of the independent-particle 
potential, M@; vanishes, indicating that the center-of- 
mass of the p-groups coincides with the E-», as in Fig. 2. 
In order to simplify the expression for M2, one uses the 
Hermitean property of (H—E,,) and Eq. (4): 


M2= da (A,— Ecp)*C); op 
=((Ho—EeptV)Wettp, (Ho— Ecp + Vp ett) 
= (Wettp, Vpettp) = (V") ep; cp- 


The second moment, which should provide a measure 
of the square of the widths W of the giant resonances of 
Fig. 2, is thus proportional to the mean of the square 
of the departure potential, as one would expect. 


(17a) 


V. CALCULATION OF THE AVERAGE POTENTIAL AND 
THE SECOND MOMENT OF THE 
C COEFFICIENTS 


In order to determine the E,, and the M,, it is 
necessary to construct the average potential. Unfor- 
tunately, our knowledge of nuclear forces remains 
inadequate in spite of much excellent work on the 
subject, and we shall therefore simply adopt as the 
potential U(r;,r,) between two nucleons the expression 
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proposed by Yukawa, with half exchange, half non. 
exchange character, 


U(ri,tn) = 3(1+Pin)Ce*| {y-- r,,|— 
Xexp(—«|ri—tal)+T7, (19) 


the constarfts being given by Feshbach and Schwinger 
and by Hall and Powell, namely, C+—40, «=2.5 
mc*/é. The tensor force T will be neglected because its 
effect on V is small, and the second moment will tum 
out to be too large anyway. For the same reason the 
part of (19) containing the Majorana exchange operator 
Pi» will also be neglected. These approximations effec. 


tively reduce (19) to a central force which is half as F 
strong as that involved at low energies in the neutron- 


proton system. 


The average potential V of (5a) is then given by the } 
average density p(r) of the nucleons in the residual : 


nucleus, 


V(r,)=A f p(r)U(r,r,)dr, 


where A is the mass number of the residual nucleus. 
V(r,) evidently satisfies the differential equation 


VV (rn) —V (rn) = — 24 ACe’p(r,). (21) 
By assuming a constant nuclear density p=[(4/3)xa*}" 


inside a spherical nucleus of radius a=0.45A te?/me? and | 


zero density outside, one can readily integrate (21), 
obtaining 


V(r,)/B=1—(xr)(1+«a) sinher exp(—xa),  r<a, 
= (xa coshxa—sinhxa) (xr)! exp(—xr), r>a, 


(22) 


where the constant B=3ACe?/2ka’=54 Mev. This 


potential is plotted in Fig. 3 as a function of (r/a) for | 
A=30 (a=3.9X10-" cm) and for A=150 (a=6.7). F 


re) 1 i 1 my 
0 








(20) F 
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Fic. 3. The average potential V of (5a) for the extra nucleon 
is plotted as a function of the distance r from the center of the 


nucleus in units of B=3ACe/2x2a*~54 Mev, where a=0.45A te?/ 
m¢ is the nuclear radius, x~!=0.4e/m¢ is the range of the inter- 
nucleon force [Eq. (19), C=-—40 is the corresponding strength, 
and A is the mass number. 


3H. Feshbach and J. Schwinger, Phys. Rev. 84, 194 (1951); 
H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 (1953). 
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The averages of this potential are 3B and 3B for A=30 
and 150, respectively, which are somewhat less than 
the equivalent 55 Mev necessary to fit the neutron 
interaction data and the 46 Mev necessary to explain 
the observed stable single-particle levels, using in each 
case the same nuclear radius as assumed above. The 
disagreements are perhaps not serious, even considering 
that a rather substantial amount of electrostatic poten- 
tial must be subtracted, because there is considerable 
uncertainty in the potential (19), particularly its 
exchange character. The rather strong tail of the 
potential (22) extending beyond the nuclear radius 
may be noted; this tail may be helpful for explaining 
the anomalously small cross section for backward 
scattering of high-energy protons" and the rather large 
absorption of high-energy neutrons.'® 
The second moment for the normal state is 


X{LiisV (rite) V (15,8n) — CV (r,) P}drdr,. (23) 


The A terms in the double sum with i=7 may be 
written as 


A f p(t) |up(ta)|*20(ryr5)Pdrdr,. (24a) 


| When the integration is carried out over all coordinates 


of the residual nucleus with the exception of the ith 
and jth, the remaining A(A—1) terms become 


} 4(4-1) f (t,2") | p(x) |20(4,r2) 


XU(r',r,)drdr’dr,, (24b) 


) where p(r,r’) is the probability for the simultaneous 


PR PEALE a I cha 


Shean 
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location of two nucleons at r and r’, respectively. This 


| probability may be approximated by the expression 


which is valid for an assembly of free fermions, 


) A(A-1)p(4,0")= Lp (n)o(r) 


—(0p/A)J(|r—'|)], (25) 


where the quantity J represents the correlations caused 


} by the antisymmetric nature of Yo. The integration over 


r’ involving J is unity, corresponding to a “hole” of 


} unit volume in the distribution of the other nucleons 


around a given nucleon. Therefore, the p(r,r’) of (25) 


4R. D. Woods and D. S. Saxon, Phys. Rev. 95, 577 (1954). 
16 Measurements and interpretations by M. Walt and J. R. 


) Beyster [Bull. Am. Phys. Soc. 29, No. 8, 31 (1954)] of the inter- 
+ action of 4.1-Mev neutrons with nuclei show that the complex 
') square-well potential cannot give enough absorption, no matter 
) what value is used for the imaginary part of the potential. The same 
) difficulty was noticed by H. E. DeWitt in the interpretation of 
) the 14-Mev interaction data of J. H. Coon, Phys. Rev. 94, 785(A) 


(1954) and of Phillips, Davis, and Graves, Phys. Rev. 88, 600 
(1952). These difficulties indicate that the abrupt discontinuity 
at the surface of the square-well potential reflects too much and 
thus does not allow the incident wave to penetrate into the 
interior where it can be absorbed. 
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is properly normalized, apart from surface corrections. 
The explicit form of J, which is calculated in the theory 
of free electrons,!* is not needed here. 

By inserting (25) into (24b) and then (24b) and (24a) 
into (23), one finds that the first term of (25), just 
cancels the [V (rj) ? of (23). Assuming again a constant 
p=[(4/3)ra*}" inside, zero outside, of the nuclear 
sphere, one thereby obtains 


Ma=A f plug(t0)|*6r0 f dr0(4,r0) 


x far E6(65")—7(Ix—¥'|) JOC) (26) 


The integral in (26) with respect to r and r’ is the 
product of the potentials of two coincident nucleons 
(6(r,r’)) diminished by the product of the potentials of 
two nucleons which are correlated by the function J. 
The integral over r’ is very small if the range of J is very 
small compared with the range of U; in this event, J 
could be approximated in (26) by a 6 function and 
would cancel the first term. On the other hand, should 
the range of J be large compared with the range of U, 
the second term in (26) would be much smaller than 
the first. 

Although the integral (26) could be evaluated directly, 
the following indirect but simpler method is used. 
Instead of restricting the integration over r’ to the 
inside of the residual nucleus, it is extended over 
all space, thus neglecting surface corrections. The inte- 
gration with respect to r’ then has the form of a con- 
volution, and its Fourier transform is therefore the 
product of the Fourier transforms of 6(r,r’)— J (| r—r’|) 
and of U. The transform of the former is 1—/j(k), 
where!6.17 


_ {1-Gk/4K)+(#/16K%), k<2K 


i(k 7 
j(R) 0, — (27a) 


is the ratio of the common volume of two spheres of 
radius K centered a distance k apart, to the volume of 
one of the spheres; K is the maximum momentum of 
the free particles which were substituted for Yo. The 
transform of the latter (VU) is 


f itr wel en(~aenee 
= aCe (PH). (27D) 


16 F, P. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933), Eq. (6). 

1 J(r)isasum Ly,” expli(k’—k”)-r], where both k’ and k”’ 
are vectors inside a sphere of radius K, the maximum momentum 
of the free fermions. Hence, the Fourier transform of J, that is the 
coefficient of a definite exp(ik-r) in the sum, is the number of 
ways k can be written as k=k’—k’” with both |k’| <K, |k’’| <K. 
By approximating the double sum by integrations, this number 
is found to be proportional to the common volume of two spheres 
of radius K centered a distance k apart. The corresponding ex- 
pression for J is J(r)= (3K*/2x*)[(z cosz—sinz)/z* ?, where = Kr. 
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Fic. 4. The solid line is the calculated value of the second 
moment of the giant resonance, M2 of Eq. (28), plotted in units of 
F=2ApC*e*/K as a function of x=x/2K, where x™ is the range 
of the internucleon interaction, and K is the maximum momentum 
of the free particles which were substituted for the normal state 
of the residual nucleus. The values assumed for the quantities in 
F are those given in the caption to Fig. 3, and o=[(4/3)xat} 
is the average density of a nucleon in the nucleus. The dashed 
line is the limiting form +/8x of M2/F for large x, which would 
apply for all x if the residual nucleus were idealized as an ordinary 
rather than as a degenerate Fermi gas. 


The Fourier transform f(k) of the r’ integral of (26) is 
therefore, as a function of r—r,, given by 


2nCe? = ( (3k/4K)— (k8/16K*), k<2K 


k)= 
sane as k>2K. 


27 
e+e (1, ag 


Neglecting again the surface effects, the r, integration 
is extended over all space rather than just over the 
nucleus. As a result, one can integrate the product of 
the Fourier transforms of the two factors over k and 
divide by (27)* instead of integrating over r,. The 
transform of the second factor is (27c) while that of 
the first factor is 2rpCe*/(x°-+R?) if |up(r,) |? is replaced 
by p. The resulting integral no longer depends upon r, 
and therefore the r integration simply cancels a p, with 
the result that 


M2=A(2m)-%p f dk f(#)2nCé/ (x2-+#) 


= FUR tare 3+ (+42) In(l +], (28) 
where F= 2A pCe!/K and x=x/2K. With the constants 
K= (9rA/8a*)'=3.4 me?/e?, pA=2.6 (mc*/e)’, 


the factor F=(24.4 Mev)*. The quantity M:/F is 
plotted in Fig. 4 as a function of x. For the assumed 
value x= 2.5/(2X3.38)=0.37, the numerical value of 
M2} is 22.5 Mev, which is at least an order of magnitude 
larger than the width of the giant resonance inferred 
from the low-energy neutron data, that is, the imaginary 
part of the complex potential of Feshbach e/ al. If the 
residual nucleus had been idealized as an ordinary 


rather than as a degenerate Fermi gas, the function 
M>/F of (28) would have become equal for all x to 
1/8x, its limiting form for large x. Although the appii- 
cation of the exclusion principle to the residual nucleus 
decreases M> and hence the deviation from the inde. 
pendent-particle model,!® the decrease is far from 
enough (only 23 percent in the above evaluation) to 
explain the approximate validity of this model. The 
above calculation is surely inaccurate, and the calcv- 
lation of V shows that the surface terms may indeed 
reduce the result by a factor two. On the other hand, 
the result would be increased by taking into account 
the Majorana and tensor parts of the interaction. It 


may also be noted that with the simple potential (19), F 


the third and higher moments are infinite. 


As explained in Sec. III, the fact that a finite second 
moment is calculated is not consistent with any complex F 


potential representation. However, it is of course 
possible that there are interaction terms more singular 
than (19) which would make M,; infinite. Barring this 
possibility, the finiteness of M» and the nonfiniteness of 
M, would be consistent with a strength function of the 
form 


Sp(Ey)dEy= 5," (2!W?/8m)dEy/[(Ey—E,)*+ (GW), 


among others. However, the half-width 3W of this 
function is equal to the square root of the second 
moment, indicating that for such a function our calcu- 
lated value of M,$ (about 23 Mev) disagrees by an 
order of magnitude with the observed value (about 1} 


Mev, the half-width of the giant resonance of the [7 
: 


complex square well). 


Agreement with the observed width W~1} Mev |) 
could be obtained in two ways. One may either arbi- [7 
trarily increase the range «~! of the forces by about a [7 
factor 3 and decrease their strength C [see Eq. (19) ] by 
a factor 9 so that the space integral of the potential [7 
remains the same. This would naturally reduce the F 
fluctuations of the departure potential V, and (28) fF 
shows that it would reduce M, to the magnitude of the F 


observed value. The possibility that the meson cloud 
is smeared out in heavier nuclei to such an extent that 
the potential is fairly smooth has often been considered. 

Another way to bring calculation and observations 
into agreement is based on the fact that decompositions 


18 V. Weisskopf, Science 113, 101 (1951). See also Morrison, 
Muirhead, and Rosser, Phil. Mag. 44, 1326 (1953); M. L. Gold- 
berger, Phys. Rev. 74, 1269 (1948). 

19 The situation is similar to, but more extreme than in the 
normal state of nuclei. See E. P. Wigner, On the Shell Model for 
Nuclei (L. Farkas Memorial Volume, Jerusalem, 1952), p. 45. 
This article calculates the deviations from the independent- 
particle model wave functions for the normal states of nuclei, 
assuming a potential similar to (19). Although the exclusion 


principle is fully taken into account in the calculation, [rather F 


than only partially as in the present calculation, see the remark 
after (3) ] the conclusion is arrived at that the wave function of 
the independent-particle model (i.e., a single Slater determinant) 
represents only a rather small part of the actual wave function. 
However, this fraction becomes even smaller, in fact very much 
smaller, if one disregards the exclusion principle. 
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SUE i LORIN ARON. ROLE 


INTERPRETATION OF NUCLEON-NUCLEUS INTERACTION 


of the X, which are more general than (2) may be used. 
In the first place, although it is probably most con- 
venient to use (5a) for the potential energy of up, it is 
not necessary to do so, and one may consider the use of 
an independent-particle potential energy which mini- 
mizes the spread W of the p-group strength functions. 
Secondly, it is apparent that, with the exception of (4) 
and (5), the formulas of II remain valid even if the y, 
are allowed to depend parametrically on the coordinate 
r, of the incident particle. Such a parametric dependence 
of y, on r, corresponds to a polarization of the residual 
nucleus” by the incident nucleon, and one may hope 
that the corresponding y¥,(11,f2,-+:14; Tn)M%p(tn) takes 
the interaction of the last nucleon with the residual 
nucleus more fully into account than the y,w, of (2). 
As a result, the square integral of (V—E.p)Wcu» will 

* The polarization of the nucleus by one of the particles con- 
tained therein was discussed by K. M. Watson, Phys. Rev. 89, 
575 (1953); N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 
(1953); Brueckner, Levinson, and Mahmoud, Phys. Rev. 95, 655 


fom Gyo Takedo and K. M. Watson, Phys. Rev. 97, 1336 
(1955). 
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become smaller and the calculated width of the giant 
resonance less than as given above. This second possi- 
bility would seem to contradict the calculations carried 
out above and are, in fact, compatible with them only 
if (8a) and (8b) are not valid. The explanation is that 
the terms of (7a) can interfere destructively between 
giant resonances and constructively at these resonances 
so that the results based on the absence of such inter- 
ferences, in particular the calculation of Sec. V, becomes 
invalid. We have as yet not found convincing evidence 
for the viewpoints just put forward. 

Finally, it is noted that our formula (28) for M2 
shows no dependence on the energy of the incident par- 
ticle, although it is found that to explain the data the 
imaginary part of the complex potential must be in- 
creased from about 1} to 8 Mev as the energy of the 
incident particle increases from a few to about 20 
Mev."*!5 About one-half of this increase could be 
accounted for by the increase of the absorption width 
I which appears in the Stieltjes transform (11) (see 
Appendix B of reference 3). 
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Gamma Rays from the Inelastic Scattering of Neutrons 
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Monoenergetic neutrons from the H?(d,n)He® reaction were used to bombard scatterers each in the form 
of a ring surrounding an unshielded NaI(Tl) gamma-ray spectrometer. The gamma-ray spectrum for each 
scatterer was obtained by subtracting the background counting rate from the counting rate with the scatterer 
in place. An analysis of the gamma-ray spectra yields discrete gamma-rays for each scatterer as follows: 
Al: 0.422*, 0.843, 0.988, 1.69, and 2.10 Mev; Mg: 0.438, 0.555, 0.688, 0.837, 1.00, 1.34, 1.91, 2.08*, and 
2.44 Mev; Ag: 0.332*, 0.696, 0.795, 1.10, 1.99, 2.13*, 2.32, and 2.54* Mev. The starred gamma-ray energies 


denote those that have not been previously reported. 


INTRODUCTION 


N the neutron inelastic scattering process the in- 

cident neutron energy is reduced, and the target 
nucleus is left in an excited state. The excited nucleus 
generally decays to its ground state by the emission of 
one or more gamma rays. The nuclear energy levels may 
be obtained directly from a measurement of the energies 
of the groups of inelastically scattered neutrons. Very 
little information! has been obtained in this way due to 
the very poor energy resolution of neutron spectrom- 


} eters. Energy level separations may be determined by 


ther 


a measurement of the energies of the de-excitation 
gamma rays. The determination of the energies of the 
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de-excitation gamma rays has been the subject of 
many investigations.?~“" 


EXPERIMENTAL PROCEDURE 


Monoenergetic neutrons with an energy of ~2.7 
Mev were obtained from the H?(d,n)He® reaction. The 
deuterons were accelerated in the University of Ken- 
tucky 120-kv low-voltage accelerator. A neutron flux 


( ma Beghian, Preston, and Halban, Phys. Rev. 82, 969 
1951). 
3R. B. Day, Phys. Rev. 89, 908 (1953). 
4 Scherrer, Smith, Allison, and Faust, Phys. Rev. 91, 768 (1953). 
5 Scherrer, Theus, and Faust, Phys. Rev. 91, 1476 (1953). 
6 Garrett, Hereford, and Sloope, Phys. Rev. 92, 1507 (1953). 
7L. C. Thompson, Phys. Rev. 89, 905 (1953). 
8 R. M. Kiehn and C. Goodman, Phys. Rev. 93, 177 (1954). 
( 9M. A. Rothman and C. E. Mandeville, Phys. Rev. 93, 796 
1954). 
10 Lafferty, Rayburn, and Hahn, Phys. Rev. 96, 381 (1954). 
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Fic. 1. Experimental arrangement of the neutron source, 
scatterer, and gamma-ray detector. 


PREAMP. 








+— TARGET 























CRYSTAL 


\ CHANNEL WIOTH 


WITH SCATTERER 


‘\ 


NO SCATTERER 


COUNTS + 64 
$ 
°o 


1 1 


— 1 1 
50 100 150 : 200 . 250 2 
PULSE HEIGHT - ARBITRARY UNITS 








300 


Fic. 2. Gross gamma-ray spectrum with and without the 
scatterer in place. 


of 10’ neutrons per sec was obtained from 200 ya of 
deuterons incident on a liquid-cooled deuterated paraffin 
target deposited on a sheet of 5-mil thick copper. These 
neutrons were used to bombard scatterers each in the 
form of a ring surrounding an unshielded NaI(TI) 
crystal, which was part of a gamma-ray spectrometer. 
The neutron flux was monitored by a pair of enriched 
BF; counters. The experimental arrangement is shown 
in Fig. 1. 

The NalI(TI) crystal was mounted on a DuMont 
6292 photomultiplier tube. The pulses from the photo- 
multiplier tube were analyzed with a single-channel 
differential pulse-height analyzer. The gamma-ray 
spectrometer was calibrated using the gamma rays from 
Na” (0.511 Mev) and Cs!” (0.661 Mev). The spec- 
trometer had a resolution of 10 percent as measured 
for the 0.661-Mev gamma ray from Cs'*’, 

The complex gamma-ray spectrum for each scatterer 
was obtained by subtracting the counting rate with the 
ring scatterer removed from the counting rate with the 
scatterer in place. An example of the gross gamma-ray 


spectrum with and without a scatterer (Cu, in this 
case) in place is shown in Fig. 2. The large peak in the 
no-scatterer curve in Fig. 2 is believed due in part to 
neutron capture in the iodine of the NaI crystal. The 
radioactive iodine that is produced has a measurable 
half-life of 25 min. Any contribution of this effect in 
the subtraction process may be eliminated by exposing 
the Nal crystal to the neutron flux for a sufficient time 
(~1 hr) so that secular equilibrium is reached before 
any usable data are taken. 


EXPERIMENTAL RESULTS 


In all of the figures showing the gamma-ray spectra 
for different scatterers, the ordinates have been nor- 
malized with respect to the BF; monitor counting rate. 
The counting time is greater for the higher-energy 
portions of the curves showing the spectrum for each 
scatterer in detail. In these figures the discrete gamma- 
rays are identified by their photoelectric peak, P; 
characteristic Compton edge, C; and pair peak, PR. 
The figures showing the spectrum for each scatterer 
plotted to the same scale were obtained from the 
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The gamma-ray spectrum from an aluminum scatterer. 
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Fic. 4. The gamma-ray spectrum from aluminum shown in 
greater detail. The channel width in region I was 0.022 Mev and 
in regions II and III 0.044 Mev. 





y RAYS FROM INELASTIC SCATTERING OF NEUTRONS 


TaBLE I. Comparison of gamma-ray energy values for Al; 
all energies are in Mev. 
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* See reference 3. 
b See reference 5. 
¢ See reference 6. 
4 Brolley, Sampson, and Mitchell, rage, Rev. 76, 624 (1949). 
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. M. Reilley et ‘al., Phys. Rev. 86, 857 (1952). 

3 e, Phys. Rev. 87, 262 (1952). 
. Van Patter and Ww. Ww. Waeuhenr, Phys. Rev. 87, 51 (1952). 


) detailed spectra by normalizing all portions to the 
| channel width and counting time of the first portion. 

| The gamma-ray spectrum obtained by the subtrac- 
' tion process for an aluminum scatterer is shown in 
» Fig. 3. The gamma-ray spectrum from an aluminum 
' scatterer is shown in greater detail in Fig. 4. As shown 
» in Fig. 4, there are discrete gamma-rays with energies 
~ of 0.422, 0.843, 0.988, 1.69, and 2.10 Mev. The gamma 
) ray at 0.422 Mev has not been previously reported. It 
’ is probable that this gamma ray arises from a transition 
’ between the 2.10-Mev and 1.69-Mev excited states. 
/ There are contributions to the spectrum from unre- 
/ solved gamma rays in the vicinity of 1.5 Mev (see 
) Fig. 4). These gamma-ray energies are compared with 
» those of other investigators in Table I. 

| The gamma-ray energies listed in columns (2), (3), 
' and (4) of Table I were found from neutron inelastic 
) scattering. Those listed in columns (5), (6), (7), and 
(8) were found from proton inelastic scattering. Those 
listed in column (9) were determined from the charged 
particle reaction Si?°(d,a)Al?’. 

The gamma-ray spectrum from a scatterer of mag- 
| nesium is shown in Fig. 5. The large, rather obvious 
photoelectric peak at 1.34 Mev is the only reported 
gamma ray seen in previous neutron inelastic scattering 
experiments. 

The gamma-ray spectrum from a magnesium scat- 
terer is shown in greater detail in Fig. 6. An analysis 
of this spectrum yields discrete gamma rays with 
) energies of 0.438, 0.555, 0.688, 0.837, 1.00, 1.34, 1.91, 
2.08, and 2.44 Mev. The gamma-ray at 2.08 Mev has 
not been previously reported. In Fig. 6 it is seen that 
the shape of the Compton distribution for the 2.44- 
Mev gamma ray has been somewhat altered by the 
2.08-Mev photoelectric peak. The pair peak for the 
2.44-Mev gamma ray falls under the 1.34-Mev photo- 
electric peak and consequently cannot be seen. The 
pair peak of the 2.08-Mev gamma ray falls under the 
| Compton peak of the 1.34-Mev gamma ray. The pair 
| peak for the 1.34-Mev gamma ray is only partly seen 
at the extreme low-energy end of the spectrum. The 
Compton peak for the 1.00-Mev gamma ray is partially 
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Fic. 5. The gamma-ray spectrum from a amgnesium scatterer. 
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Fic. 6. The gamma-ray spectrum from a magnesium scatterer 
shown in greater detail. The channel width in region I was 0.022 
Mev and in regions II, III, and IV, 0.044 Mev. 


obscured by the 0.837- and 0.688-Mev photoelectric 
peaks. The Compton peak for the 0.555-Mev gamma 
ray cannot be seen as such since the 0.438-Mev photo- 
electric peak falls on top of it. 


TABLE II. Comparison of gamma-ray energy values for Mg; 
all energies are in Mev. 








Other energy values 
(2) (3)b (Ae (S)4 (6)e (7)! (8)e 


0.41 


0.63 
0.80 


1.38 





0.57 


0.583 
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1.611 
1.957 


2.562 








® See reference 3. 

b See reference 6. 
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Fic. 7. The gamma-ray spectrum from a silver scatterer. 
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Fic. 8. The gamma-ray spectrum from a silver scatterer shown 
in greater detail. The channel width in region I was 0.022 Mev 
and in regions IT, III, and IV, 0.044 Mev. 


The gamma-ray energies reported here are compared 
with those of other investigators in Table II. The 
energies listed in columns (2) and (3) in Table II are 
from neutron inelastic scattering. Those listed in 
columns (4) and (5) are from proton inelastic scatter- 
ing. Those listed in column (6) are from the Al?’(d,a)- 
Mg”® reaction. Those listed in column (7) are from the 
Al?’ (d,a)Mg** and Mg*(d,p) Mg” reactions. Those listed 
in column (8) are from the Na*(p,7)Mg” reaction. In 
Fig. 6 some evidence of an unresolved gamma ray is 
seen at ~1.5 Mev; this probably corresponds to the 
1.6-Mev gamma ray reported by other workers (see 
Table IT). 


RAYBURN, LAFFERTY, AND HAHN 


The gamma-ray spectrum from a scatterer of silver 
is shown in Fig. 7. The spectrum for silver is shown in 
greater detail in Fig. 8. An analysis of the spectrum 
yields discrete gamma-rays with energies of 0.332, 
0.696, 0.795, 1.10, 1.99, 2.13, 2.32, and 2.54 Mev. It is 
seen in Fig. 8 that the 1.99-Mev photoelectric peak was 
not resolved; however, the Compton edge and pair 
peak are easily seen. The 2.32-Mev photoelectric peak 
was only partially resolved. These energy assignments 
are compared with those of other investigators in 
Table III. 

The gamma rays at 0.332, 2.13, and 2.54 Mev have 
not been previously reported. There is an indication of 
some unresolved peaks at approximately 1.6 Mev in 


TaBLE III. Comparison of gamma-ray energy values for Ag; 
all energies are in Mev. 
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® See reference 4. 
+H. Bradt et al., Helv. Phys. Acta 18, 351 (1945). 
eM. L. Wiedenbeck, Phys. Rev. 67, 59 (1945). 


Fig. 8. It is probable that this corresponds to the 1.5- 
Mev gamma ray reported by other workers (see Table 
III). In Table III the energies listed in column (2) were 
obtained from neutron inelastic scattering, those in 
column (3) from the decay of 6.7-hr Cd! and those 
in column (4) from nuclear excitation by high-energy 
X-rays. 


Note added in proof. —Due to the difficulty in properly displaying 
such complex spectra it is felt that some further remarks would be 
helpful. It was recognized that since the background was rela- 
tively large, small fluctuations in it or in the response of the de- 
tecting equipment would cause erroneous results. For this reason 
several independent spectra, with and without the scatterer in 
position, were obtained for each scatterer. The difference curves 
for these independent determinations showed no significant differ- 
ences. The mean of these independent determinations is what is 
shown for each scatterer. In order to use the experimental pro- 
cedure the contribution to the background by neutrons scattered 
into the detector by the scattering sample must be small. It was 
estimated from the size of the scattering samples used, their 
neutron cross sections, and the geometry that this contribution 
would be small. This estimate has been confirmed by the use of a 
carbon scatterer in the background determination (see reference 
10). 
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Photodisintegration of the Deuteron by 95-Mev Bremsstrahlung*t 


Lew ALLEN, Jr.f 
Physics Research Laboratory, University of Illinois, Champaign, Illinois 
(Received November 1, 1954) 


Photoprotons produced by irradiating deuterium gas with betatron x-rays have been detected with 
stacks of unsupported Ilford emulsions. The differential cross section was determined for photon energies 
between 20 and 65 Mev and for seven angles of proton emission. The observed angular distributions are 
well fitted by f(@)=(a+sin%) (1+28 cos). The experimental results for angular distribution and total 
cross section have been compared with theoretical predictions assuming a purely central force. Striking 
departures from the central force theory are observed as the photon energy increases from 20 Mev. 





INTRODUCTION 


N order to formulate a satisfactory theoretical 

treatment of the photodisintegration of the deu- 
B teron, one requires an understanding of the interaction 
) between the photon and the deuteron and also an ade- 
' quate understanding of the interaction between the 
j neutron and the proton. At low energies, hy 10 Mev, 
ithe de Broglie wavelength of the particles is large 
compared to the range of the nuclear force, and rather 
‘simple assumptions suffice to describe the neutron- 
’ proton interaction.' In this low-energy range the con- 
siderable amount of experimental data which is avail- 
able’ is in excellent agreement with the theory.’ While 
} giving little information regarding the nuclear force 
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} law, this agreement indicates that the interaction of the 
deuteron with the electromagnetic field is understood 
'y rather well. As the photon energy is increased to a 
) value above 10 Mev, but below 150 Mev, a region of 
intermediate energies is reached where the detailed 
nature of the force becomes experimentally important 
) but where certain simplifications can still be made. 
) These are that free mesonic effects can be neglected 
and that relativistic effects are still small. Within 
this intermediate energy region experimental data may 
yield valuable, and perhaps unambiguous, information 
regarding the nature of the neutron-proton interaction. 
» This paper describes an experiment in the region hy= 20 

Mev to hy=95 Mev which was carried out as part of a 

comprehensive investigation of the problem at this 

laboratory. This program was initiated with an experi- 
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ment for photon energies up to 22 Mev‘ and has been 
continued up to energies of 300 Mev.5.® 

Detailed theoretical calculations of total cross section 
and angular distribution have been made for 10Shv 
S150 Mev by Marshall and Guth’ and Schiff® with 
the assumption of purely central nuclear forces and 
various shapes of the potential well. The most signifi- 
cant of these shapes are the so-called long-tailed types, 
i.e., the exponential and the Yukawa, or the Hulthén 
approximation to the Yukawa. They have also con- 
sidered the effect of exchange forces, particularizing to 
the 50 percent Majorana and 50 percent ordinary inter- 
action, which seems indicated by high-energy scattering 
experiments. The total cross section calculated in this 
way is predominantly due to the electric dipole transi- 
tion and is relatively insensitive to the type of long- 
tailed potential chosen. The predicted angular distribu- 
tions have the form of sin’@ (from the electric dipole 
effect) with a fore-aft asymmetry due to interference 
between electric dipole and electric quadrupole transi- 
tions. The effects of magnetic quadrupole and mag- 
netic dipole transitions are predicted to be very small. 
For energies near 20 Mev the angular distribution of 
the emitted protons may be written 


f{(0)=a+5 sin’6(1+28 cosé), 


where a is due to the magnetic dipole effect and is 

therefore quite small, and where the term in parentheses 

is perhaps more familiar as a retardation term with 
=v/c of the protons. 

There have been several previous experiments per- 
formed at energies near 20 Mev, of which four will be 
mentioned here: (1) Barnes e¢ al.,9 using gamma rays 
with energies from 4 to 17.6 Mev, detected the protons 
with an ionization chamber and determined total cross 
sections; (2) Waffler and Younis” detected protons in 
deuterium-loaded photographic emulsions using the Li 
gammas (14.8 and 17.6 Mev); (3) Fuller‘ detected 
protons in nuclear emulsions using a gas target and a 


4E. G. Fuller, Phys. Rev. 79, 303 (1950). 


5 E. A. Whalin, Phys. Rev. 95, 1362 (1954). 

6 Schriever, Whalin, and Hanson, Phys. Rev. 94, 763 (1954). 
7J. F. Marshall and E. Guth, Phys. Rev. 78, 738 (1950). 
8L. I. Schiff, Phys. Rev. 78, 733 (1950). 

°C. A. Barnes ef al., Phys. Rev. 86, 359 (1952). 

10H, Waffler and S. Younis, Helv. Phys. Acta 24, 483 (1951). 
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22-Mev betatron; and (4) Halpern and Weinstock" 
used 22-Mev bremsstrahlung with ZnS proton de- 
tectors. If the results of these experiments are com- 
pared with the central force theory, it is seen that the 
total cross section is in good agreement for a long- 
tailed potential, ro=1.74X10-" cm and about 50 
percent charge exchange. The measured angular dis- 
tributions show the characteristic sin’? form; the for- 
ward shift of the peak due to the retardation term is 
observed, although its magnitude is subject to large 
experimental error. However, the value of the isotropic 
component observed is far too large to be explained by 
purely central forces. 

Therefore, it is seen that as the photon energy reaches 
about 20 Mev, the central force theory seems to become 
inadequate to explain the observations, and the de- 
partures from the theory are experimentally most 
evident in the angular distributions of the emitted 
particles. 

EXPERIMENTAL PROCEDURE 


The source of photons was the Illinois 300-Mev 
betatron operated at 95 Mev. The operating energy 
was determined from the integrator setting which was 
calibrated on the basis of field measurements at the 
position of the electron target. The value of 95 Mev is 
believed accurate to +2 percent. The photon beam was 
collimated by means of a tapered lead primary col- 
limator chosen to give a one-inch beam at the deuterium 
target, 3.4 meters from the betatron target. A secondary 
lead collimator, 0.8 inch in diameter, placed 2 meters 
from the betatron target, was used to aid in cleaning 
up the beam. The photon yield was measured with an 
8-inch flat Cu ionization chamber which had been 
calorimetrically calibrated.” It was necessary to ex- 
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Fic. 1. Deuterium gas target showing location of nuclear emul- 
sions. W is the 7-mil Mylar window held by an O-ring seal. S 
represents the slit-defining tungsten rods. The scanned portion 
of the emulsion stacks is represented by the solid black area. 
@ is the angle between the direction of the x-ray beam and the 
central ray to the emulsion stack. The emulsions are inclined at 
30° to this central ray. (Note 0=45° position.) 


1 J. Halpern and E. V. Weinstock, Phys. Rev. 91, 934 (1953). 
953). W. Kerst and P. D. Edwards, Rev. Sci. Instr. 24, 490 
(1953). 


LEW ALLEN, JR. 


trapolate this calibration from 150 Mev to 100 Mey. 
this extrapolation appeared to permit little variation 
and the calibration was felt to be accurate to +3 
percent. However, recent work" seems to indicate an 
error in the calibration at 150 Mev; this error causes 
the 100-Mev calibration to be in error by 10 percent, 
The error is in a direction such as to increase the cross 
sections by 10 percent. Further work is being done to 
check this point; the present results have not been 
corrected for this possible error. 

Since it was desired to detect protons which had 
been produced by photons with energies as low as 20 
Mev it was necessary to use a target with rather low 
self-absorption. Therefore, a deuterium gas (150 psi) 
target was used with a tungsten slit system to define 
the volume of the source of photoprotons. Figure 1 is 
a plan view of the target showing the positions of the 
emulsion stacks. The slit edges are defined by 3-inch 
tungsten rod; the large value of Z, density and radius 
of curvature make slit edge corrections negligible. The 
window through which the protons must pass is of 
7-mil “Mylar” DuPont polyester film. When the film 
is stretched into place by the pressure of the gas the 
window is only 0.02 g/cm? of CH. The target chamber 
was first evacuated, then flushed with hydrogen before 
filling with deuterium gas through a liquid-nitrogen 
cold trap. During the exposures the chamber and a 
12-in. calibrated Bourdon gauge were sealed off from 
the remainder of the system. In order to reduce proton 
scattering, the entire target assembly, including emul- 
sion stacks, was kept in a helium atmosphere. 

Sufficient emulsion thickness was provided at each 
observation angle to stop protons which were pro- 
duced by 50-Mev photons. This thickness was obtained 
by building stacks of 1-inchX3-inch, Ilford G-5, 600- 
micron, unsupported emulsions. The bottom member of 


each stack was an Ilford plate. Since a 50-Mev photon fy } 
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produces a more energetic proton in the forward direc- 


tion, four emulsions per stack were required at 6= 20° 
and 30°, three per stack at 45° and 60°, and two per 
stack at 105°, 135°, and 160°. The position of the 
emulsions in a stack with respect to one another was 
determined by x-ray index dots formed prior to ex- 
posure to the photoprotons. The emulsions were 
shielded from light by $-mil Al foil. 

Two data runs were made, one for about four hours 
betatron time (exposure= 5.82 108 ergs), and one for 
about two hours betatron time (exposure=2.86X 10° 
ergs). During the four-hour run the 30° observation 
point was used and not the 20°, while the reverse was 
true for the two-hour run. It was necessary to divide 
each exposure at these two most forward angles 
between two stacks of emulsions toavoid excessive back- 
ground fogging. Two background runs were made; the 
first was made with 150 psi of He in the target; the 
purpose of this run was to determine whether neutrons 


13 A. O. Hanson and.J. E. Leiss, University of Illinois Physics 
Research Laboratory Report (unpublished). 
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TaBLeE I. Differential cross sections as calculated from the observed numbers of protons at different angles in the laboratory system. 
The cross sections have been corrected for background and scanning efficiency and are expressed in the center-of-mass system. The units 
are microbarns per steradian. Np is the number of protons from which each cross section was computed. (hv’)a, (Mev, center of mass) is 
the computed mean photon energy to which each cross section is assigned. The energy bins are nominal since, for experimental reasons, 


the bins are not exactly the same for each angle. 
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produced in the betatron shield scattered many protons 
from the target gas. This was found not to be the case, 
hence (m,D) scattering was not considered to be an 
appreciable source of background tracks. The second 
background run was made with a target pressure of 
15 psi He. 

In order to facilitate the microscopic scanning of the 


‘top emulsion of each stack, swath defining lines were 
) photographically placed upon the surfaces of these 


‘ 
= 
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4 
4 
: 
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emulsions. These lines were 400 microns apart, 8 to 15 
microns wide, and about 15 microns deep; they served 
to define the swaths and considerably shortened the 
scanning time. Due to the shallow penetration of the 
lines it was possible to look beneath them and thus no 
area was lost. 

The emulsions were fastened to glass supports and 


» developed following in general the method described 


> by Stiller e¢ al." Following a suggestion of G. Bernardini, 


the plates were slightly underdeveloped to suppress 
electron background. The resulting processed plates 
were quite clear and essentially no emulsion area was 
lost due to bubble formation or peeling. Distortions 
were present but were an insignificant source of error 
in the range measurements. 

The top emulsion of each stack was surface scanned 


) to locate the proton tracks; the coordinates of each 


track were recorded and the projected range measured 
with a calibrated eyepiece reticle. If the track stopped, 
the depth at stopping was measured with the fine focus; 
but if the track passed through the emulsion, the exit 
coordinates were measured. In order to follow the pro- 
ton track through successive emulsions in the stack, the 


> lower plates were placed on oversized glass slides, and, 


using Canada balsam as a bond, were adjusted so that 
the coordinates of the index dots were the same as 
those of the upper emulsion. Scanning efficiency was 
98 percent to 99 percent and scanning rate was about 


) 5 tracks per scanner hour, including all measurements. 


ANALYSIS OF OBSERVATIONS 


Microscope readings were converted to proton 


ranges by using the measured emulsion shrinkage 


factors. Ranges were converted to proton energies by 


4 Stiller, Shapiro, and O’Dell, Rev. Sci. Instr. 25, 340 (1954). 


using the range-energy curve of Wilkins!® which was 
corrected for energy losses by using the curves of 
Aaron.'§ In making these corrections it was assumed 
that the proton originated at the center of the x-ray 
beam. A numerical integration showed that this ap- 
proximation introduced an error of 0.5 Mev for the 
associated mean photon energy in the worst case. The 
associated photon energy and the conversions to the 
center-of-mass system were obtained from the dy- 
namical relations which have been plotted'’ and tabu- 
lated'® for such use. 

In principle, all tracks which entered the surface of 
the top emulsion were accepted, since uncollimated 
tracks should appear on the background plates also 
and thus be subtracted. In practice, it was observed 
that certain generous selection criteria could be used 
with impunity. With these criteria, backgrounds were 
1 percent to 5 percent. The distribution of proton entry 
angles corresponded satisfactorily to that expected 
from consideration of the geometry. 

The numbers of protons were grouped according to 
their energies and converted into differential cross 
sections by a straightforward calculation which involved 
certain approximations. These approximations were 
computed to introduce an error of less than 1 percent. 
The cross section so calculated corresponds to a mean 
value for a range of photon energies. In order to com- 
pute the mean photon energy to which the calculated 
cross section is to be assigned, it was necessary to 
assume an energy dependence for the cross section. In 
first approximation the dependence was taken to be 
that calculated by Marshall and Guth; then, if neces- 
sary, this was corrected for the experimentally observed 
dependence. The calculated cross section also corre- 
sponds to a mean value for the range of @ which is 
permitted by the slit system, about +5°. The mean 
value of @ was taken to be the central value; this 


16 J. J. Wilkins, Atomic Energy Research Establishment, 
Harwell Report, G/R 664, 1951 (unpublished). 

16 W, A. Aaron, University of California Radiation Laboratory- 
1325, 1951 (unpublished). 

17M. Weiner, National Bureau of Standards Circular, 515, 
1951 (unpublished). 

18 J, Malmberg and L. J. Koester, Tables of Nuclear Reaction 
oo at Relativistic Energies (University of Illinois, Urbana, 
1953). 
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approximation is in error by about 1° in the worst case. 

When one considers all sources of error in the com- 
putation of absolute values for the differential cross 
section, but neglects the statistical uncertainty in the 
numbers of protons, a probable error of 8 percent is 
assigned to the differential cross sections at all energies 
except the highest, where an error of about 14 percent 
is assigned. The greater uncertainty for the highest 
energies (65 Mev) is due to the large size of the bin 
of photon energies (50 to 95 Mev). These errors do not 
include the possible error due to ion chamber calibra- 
tion which was previously mentioned and which could 
increase the cross sections by 10 percent. 


OBSERVATIONS 


The differential cross sections calculated from the 
observed number of protons are tabulated in Table I. 
These cross sections have also been plotted versus hy’, 
center-of-mass photon energy; two such plots are 
shown in Fig. 2. For those angles of observation near 
90° the observed values are in agreement with the 
predictions of central force theory, and hence the total 
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Fic. 2. Sample plots of differential cross section (center-of- 
mass system) versus hv’, the center-of-mass photon energy for a 
given laboratory angle of observation. The errors shown are only 
those due to statistics. The dotted line is a smooth curve con- 
necting the experimental points which was used for interpolation; 
the solid line represents the calculations of Marshall and Guth 
for 50 percent charge exchange, long-tailed potential, and an 
effective range of 1.74X 10-8 cm: 
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cross sections will roughly agree also. However, a 
evidenced in Fig. 2, there is a striking departure from 
theory for angles near 0° and 180°. 

The differential cross sections have also been plotted 
versus 9 (the angle between the incident x-ray beam 
and the emitted proton expressed in the center-of-mass 
system), and for a constant mean photon energy, 
Figure 3 shows samples of such plots. In many cases it 
was necessary to interpolate between measured values 
on the plots such as Fig. 2 in order to obtain values for 
a given energy; in such cases the smooth curves as 
drawn in Fig. 2 (dotted lines) were used and this smooth- 
ing is somewhat reflected in the plots of Figs. 3 and 4. 


Analytic curves were fitted to the measured points & 
of the angular distributions. The form of the fitted F 


curves is: 


f (0) = (a+sin’#) (1+26 cos). 


This form was chosen since it seems to fit the observa- i 
tions very well and may be suggestive in interpreting F 
the data. Fitting was performed by standard methods, 


but it should be noted that the determination of the F 


parameter 6 is dependent upon a previous determina- 
tion of a. The total cross section was obtained by 
integrating the fitted analytic function. Figure 4 is a 
plot of total cross section versus photon energy. The 


experimentally determined values of a and 8 are also F 


plotted in Fig. 4. 
The results of this experiment can be compared with 








the results of Halpern and Weinstock." From Fig. 4 


we may extrapolate to 20 Mev and obtain: 
Fror= (5.10.16) X 10-8 cm?, a=0.09+0.01, B~0.09. 
Also, at 20 Mev Halpern and Weinstock obtained: 


Orot= (5.420 percent) X 10-8 cm?, 


o=0.13-40.04, B~0.1. 


This agreement is considered satisfactory. Further ; 
extrapolation of Fig. 4 to 17.6-Mev yields a total cross F 


section which is some 20 percent below the previous | 
experiments with the Li gammas.’!”! This disagree- F 


ment is not considered serious because of the extrapola- 


tion required. The extrapolated angular distributions F 


appear to be in satisfactory agreement. 


The results of this experiment have previously been 
compared with the overlapping work of Whalin at F 
higher energies and the agreement is good. This com- F 


parison is shown in Fig. 2 of reference 5. 


DISCUSSION 


by 
F 


The total cross section is seen to agree with the F 


calculation of Marshall and Guth up to a photon 


energy of about 40 Mev (Fig. 4). This agreement, as 


well as the fact that the angular distribution suggests i 
a principally sin?@ dependence, indicates that the electric 


19 P. V. S. Hough, Phys. Rev. 80, 1096 (1950). 
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Fic. 3. Sample plots of differential cross sections (c.m.) versus 
6 (c.m.) for a constant mean photon energy. The points are the 
experimental points as shown in Fig. 2, except that when inter- 
polation was necessary the dotted curve of Fig. 2 was used as a 


) guide. Errors displayed are statistical only. The solid curve is of 


her : 


the form of f(@)=(a+sin%)(1+28 cos@) and has been fitted to 
the observed points. 


dipole transition is dominant and confirms the exchange 
character (about 50 percent) of the central force inter- 
action. However, the value of a appears inexplicable 


) on the basis of purely central forces. 


There have been a number of attempts to consider 
the effect of the noncentral forces*-* which are known 
to exist from the quadrupole moment of the deuteron. 
While these calculations are not entirely complete, 


|) they do indicate that it is difficult to explain the large 
} value of the isotropic component by other than a 
) strongly singular noncentral interaction. Further, these 


AER Oe hay 


calculations do not seem to explain the energy de- 





” W. Rarita and J. Schwinger, Phys. Rev. 59, 556 (1951). 
21T, Hu and H. S. W. Massey, Proc. Roy. Soc. (London) 
A196, 135 (1936). 


2 N. Austern, Phys. Rev. 85, 283 (1952). 
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pendence of the total cross section. Yamaguchi* has 
considered the two nucleon problem in terms of a 
separable, nonlocal potential which is strongly singular. 
On this basis he has been able to obtain the total cross 
section with some success. But the isotropic term is 
still low. 

The fore-aft asymmetry is most easily interpreted 
as a retardation effect. In the central force calculations 
this effect is taken into account by considering the 
interference between electric dipole and electric quad- 
rupole transitions. These calculations agree quali- 
tatively with the observed asymmetries, but it should 
be noted that the value of 8 obtained from the data is 
considerably below the value predicted. 

Several specific meson models have been proposed 
which show promise of explaining the observed cross 
sections not only above the meson threshold but also 
for energies somewhat below it.“-*¢ Further calculations 
of this type are being done at this laboratory by 
I. Hodes and Y. Yamaguchi. 
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Fic. 4. Total cross section (c.m.) versus photon energy (c.m.). 
Each point represents about 1000 proton tracks. Errors are sta- 
tistical plus the probable error arising from the integration of the 
observed angular distribution. The solid curve is that calculated 
by Marshall and Guth for central forces. The experimentally de- 
termined values of the angular distribution parameters are also 
plotted versus photon energy. No error in 8 is shown since it is 
not determined independently of a; however, for the plotted value 
of a and oot, 8 is determined to within about 10 percent. 


%8 Yoshio Yamaguchi and Yoriko Yamaguchi, Phys. Rev. 95, 
1635 (1954). 

2% R. R. Wilson, Phys. Rev. 86, 125 (1952). 

28 Y, Nagahara and J. Fujimara, Progr. Theoret. Phys. (Japan) 
8, 49 (1952). 

26 B. Bruno and S. Depken, Arkiv Fysik 6, 177 (1953). 
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In concluding, it may be said that the details of the 
experimentally observed angular distributions and the 
observed magnitude of the total cross section above 
40-Mev demonstrate the inadequacy of a theory which 
assumes purely central forces. Apparently further 
theoretical calculations are required before it is possible 
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to describe these results in[terms of present meson 
theories. 

The author wishes to express his gratitude to Pro. 
fessor A. O. Hanson, who supervised this work. Most 
of the microscope work was capably done by Mis 
Joan Terwilliger and Mrs. Lew Allen, Jr. 
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The gamma rays of 8.0-year Bi®’ have been studied with single-crystal and coincidence scintillation 
spectrometers. The measured relative intensities of the 0.570-, 1.07-, and 1.77-Mev transitions are 1, 0.84 
+0.06, and 0.096+0.007, respectively. Upper limits on the intensity of a 2.40-Mev and of a 1.47-Mev 
gamma ray of 0.05 percent and 0.2 percent (see note added in proof on page 713), respectively, of the 1.77- 
Mev gamma ray have been obtained. Coincidence spectrometry with the lead K x-rays indicates pure 
L-electron capture to the 2.34-Mev state and 2.8.0.3 percent K-electron capture to the 0.570-Mev level. 
Other coincidence measurements agree quantitatively with the proposed decay scheme. The angular corre- 
lation of the 1.77—0.570-Mev cascade has been measured and is also in agreement with the proposed 


decay scheme. 


I. INTRODUCTION 


HERE is considerable interest in the spins and 
energies of the levels in Pb™’ since the proton 
number is “magic” (82) and the neutron number is 
“magic” minus one (125). Prycé,! for example, assumed 
the levels were states of a single excited neutron and 
was able to combine pairs of these neutron levels to 
predict the term value order in Pb™®. In his calculations, 
the energies and spins of the levels in Pb*’ had to be 
assumed. Experimentally, much work has been done 
on these levels. They have been studied through a decay 
of Po*!,? through 6-decay of Tl’, and from electron 
capture of Bi®7.4-7 Levels at 0.570, 0.870, 1.64, 2.34, 
and 2.49 Mev have all been reported as well as other 
gamma radiation whose position in the suggested decay 
scheme was somewhat uncertain. Other levels in Pb’ 
have been found from (d,t) and (d,p) reactions on lead.® 
In addition, an isomeric transition with a half-life of 
0.84-0.02 second was found following the decay of 
Bi®7,° and from Pb”?(n,n’)Pb®™,!° and gamma rays of 


1M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952); 
D. Alburger and M. H. L. Pryce, Phys. Rev. 95, 1482 (1954). 
2H. M. Neumann and I. Perlman, Phys. Rev. 81, 958 (1951). 
3 J. Surugue, J. phys. radium 7, 145 (1946). 
4M. A. Grace and J. R. Prescott, Phys. Rev. 84, 1059 (1951). 
5J. R. Prescott, Proc. Phys. Soc. (London) A67, 530 (1954). 
*F,. K. McGowan and E. C. Campbell, Phys. Rev. 92, 523 
(1953); 92, 524 (1953). 
a a Wapstra, thesis University of Amsterdam, 1953 (unpub- 
8 J. Harvey, Can. J. Phys. 31, 278 (1953). 
®E. C. Campbell and F. Nelson, Phys. Rev. 91, 499 (1953); 
i Wilson, Ghiorso, and Perlman, Phys. Rev. 91, 498 
1 K 
1 E. C. Campbell and M. Goodrich, Phys. Rev. 78, 640 (1950). 


1.07 and 0.570 Mev were identifiable. The spin assign- fF) . 


ment 13/25/24} was made for the isomeric cascade. 
This was based on the measured conversion coefficient 
of the 1.07-Mev gamma ray (a1.07*=0.096-+0.010) and 
from the angular correlation of the gamma rays in the 
cascade.§ 

In view of the high energies of several of the reported 
gamma rays, Dr. E. C. Campbell of this laboratory 
suggested that our 3 in. diameter by 3 in. thick NaI(TI) 
crystals would be ideally suited for a quantitative 
study of the decay. Coincidence and single-crystal 
spectroscopy were performed and the angular corre- § 
lation of the 1.77—0.570-Mev cascade was also meas- 
ured. A quantitatively consistent level scheme may be 
constructed from the results. 


II. SOURCE 


The source used in the experiments described below F 
was made by a 25-Mev proton bombardment of lead in 
the ORNL cyclotron in November, 1952, and was taken 
from the same chemically separated sample used by 
McGowan and Campbell® for the previous angular 
correlation experiments. The same source was used for 
single-crystal and coincidence measurements. It con- 
sisted of 15 microliters of a solution of Bi(NOs)s 
evaporated to dryness on a piece of Scotch tape. For 
angular correlation measurements, the source was 4 
dilute solution of Bi(NOs)3, 25 wl in volume, enclosed 
in a fluorothene holder. 





DECAY OF 


Ill. SINGLE-CRYSTAL SPECTROMETER RESULTS 


The 3-in. diameter by 3-in. thick cylindrical NaI (TI) 
crystal"! was rough ground with No. 320 carborundum 
paper and placed in a 0.005-in. aluminum can sealed 
with R-313." A reflecting coating of a alumina was 
allowed to sift down the space between can and crystal. 
The assembly was mounted on a Dumont 6393 photo- 
multiplier. The aluminum can was sealed to the tube 
with Apiezon Q and black electrical tape and the air 
removed to provide firm mechanical support. The 
optical joint between tube and crystal was made with 
white opthalmological petrolatum.* With this arrange- 
ment the resolution determined from the full width at 
half-maximum counting rate of the peak obtained from 


» the 0.661-Mev gamma ray in Ba’ was about 8 percent. 


The source was placed 9.3 cm above the top of the 


) crystal and an absorber of 426 mg/cm? of polystyrene 


was inserted to stop the conversion electrons. Data 


' were taken with a multichannel analyzer designed by 


i 
| 


Bell, Kelley, and Goss.!® The spectrum obtained is 
shown in Fig. 1. 

To determine the number of gamma rays striking a 
crystal from the area under its full energy peak in the 
pulse-height spectrum, one must know the “intrinsic 
peak efficiency” of the crystal for that energy, i.e., the 
efficiency of the crystal to produce a pulse whose height 
is proportional to the full energy of the gamma ray 
either directly through a photoelectric interaction or 


) pair production, or indirectly by means of multiple 


Compton scatterings in the crystal. One may calculate 
the “intrinsic total efficiency” of the crystal, i.e., the 
probability of an interaction with a gamma ray origi- 
nating from a point source at a given height above the 
crystal divided by the solid angle. This efficiency 
depends only on the total absorption coefficient for 
sodium iodide (which has been published'*) and the 
thickness of sodium iodide penetrated by a gamma ray 


"emitted at a given angle. This calculation has been 


carried out by the Oak Ridge National Laboratory 
Mathematics Panel for various heights above the 
crystals normally used at this Laboratory. One may 
obtain the peak efficiency of the crystal for the gamma 
ray by measuring the pulse height spectrum and 
multiplying the calculated total efficiency by the ob- 
served ratio, R, of peak area to total area. Several 


| sources were found which emitted only one or two 


gamma rays, and in these cases this ratio could be 
measured. Care had to be taken that the spectra were 
not distorted by gamma rays scattering from the sur- 
rounding materials or by bremsstrahlung production 


4 Harshaw Chemical Company, Cleveland, Ohio. 

2 Carl H. Biggs Company, Los Angeles, California. 

* Linde A Abrasive, Linde Air Products Company, Chicago, 

ois, 

“Burroughs Brothers Manufacturing Company, Baltimore, 
Maryland. 

5 Bell, Kelley, and Goss, Oak Ridge National Laboratory 
Report ORNL-1278, 1951 (unpublished), p. 27. 

6G. White, National Bureau of Standards Report NBS 1003, 
1952 (unpublished). 
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Fic. 1. Pulse-height spectrum from gamma rays 
following decay of Bi®’. 


in thick absorbers. For this reason, only low-energy 
beta emitters or electron-capturing isotopes were used. 
In addition, the data for these isotopes were taken 
with the crystal and source both suspended in a shielded 
empty room. The scatter of points about the curve was 
less than 3 percent. However, the difficulty in obtaining 
the pulse distribution in the crystal due to the pure 
gamma ray would lead one to expect the values are no 
more accurate than 5 percent. Thus a maximum 
uncertainty in the intensity of an unknown gamma ray 
of 7 percent is probably not an unreasonable assign- 
ment. This figure is better than can be expected from 
the 13 in.X1 in. crystals which have become standard 
in this Laboratory, since R is smaller in these crystals 
and the error in determining the area outside the peak 
is correspondingly increased. The intensities of the 
gamma rays from Bi’ using the method indicated 
above, taking into account possible coincident absorp- 
tion as discussed below, are given in Table I. The 
listed errors are 7 percent of the measured values. 


TaBLE I. Relative intensity of gamma rays in lead 207. 








Relative transition 
intensity 


1 
0.84 +0.06 
0.096=0.007 


Relative gamma-ray 


Ey (Mev) intensity 


0.570 1 
1.07 0.77 +0.06 
1.77 0.0920.007 
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The energy calibrations of the gamma rays were 
obtained by observing the relevant portions of the 
spectra of calibration and bismuth sources simultane- 
ously. This was done to eliminate shifts in pulse height 
due to changes in counting rate. Shifts in these tubes 
and crystals of up to t0 percent in pulse height have 
been observed. Calibration sources of Be’ (0.479 Mev), 
Cs'87 (0.661 Mev), Na* (1.275 Mev), Y*® (0.908 and 
1.853 Mev), and ThC” (2.62 Mev) were used. 

A gamma ray at 2.46 Mev has been previously 
reported in Pb®?.2:5 Figure 2 shows a curve of this 
region with the source at 9.3 cm. The peak at 2.34 Mev 
may be entirely accounted for by the coincident 
absorption of both the 1.77-Mev and 0.570-Mev gamma 
rays in the crystal. We may calculate the counting rate 
due to this effect as follows: for every y: which is 
detected with its full energy dissipated in the crystal, 
the probability of y2 being similarly detected is 


P.= €2R;,QW (0°) qo/1, (1) 


where € is the total intrinsic efficiency of the crystal for 
detection of y2, Re= (peak area/total area)2, Q is the 
solid angle subtended by the crystal, go: is the number 
of y2 per 71 transition, and W(0°) is the angular distri- 
bution function of the two gamma rays integrated over 
the face of the crystal as indicated by Rose.!’ Then 
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Fic. 2. Pulse-height spectrum from gamma rays following decay 
of Bi’ for energies greater than 1.5 Mev. 


17M. E. Rose, Phys. Rev. 91, 610 (1953). 


N¢.s., the area under the coincident sum peak, neglecting 
for the moment random summing, is this factor, P,, 
multiplied by the number of y: per second which are 
detected with full energy absorbed by the crystal. The 
number of y; per second which are so detected, Nj), 
is related to N,, the number of y: emitted per second 


by the source, by 
M 


1-— QW (0°)ga. 





Nyp=N MRR Q= 


where J, is the area under the full-energy peak. Thus 


N62RQW (0°) go 
E | PO = +N,. (3) 
1— eQW (0°) gon 





N, is the rate which represents the statistical proba- & 
bility of two transitions occurring within the “resolving 
time” of the amplifier and with +: and the independent 
v2 radiations being completely absorbed in the crystal. 
This may be approximated by 


N,=27NwW2, (4) 0 


where 7 is a mean “resolving time” for the linear F 
amplifier and was taken as 1 ysec. The calculated sum 
area N,,s. agrees to 10 percent with the measured peak. F 
Even if 10 percent of the peak observed at 2.34 Mev & 
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Fic. 3. Pulse-height spectrum from gamma rays in Pb®? with 
source moved back to 18.6 cm. 
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Fic. 4. Block diagram of fast-slow coincidence circuit. 


" were taken as a maximum limit for the intensity of the 


cross-over gamma ray, this would represent a value of 
0.25 percent of the intensity of the 1.77-Mev gamma 
ray. Since one can attribute the peak observed to N,..., 
and there is no measurable asymmetry in the peak, 
one may set an upper limit for a 2.46-Mev gamma ray 
of 0.05 percent of the intensity of the 1.77-Mev gamma 
ray, a value which is a factor of 90 less than that 
previously reported.5 
A gamma ray is reported in the literature?® at 
| 146 Mev. Figure 1 shows a bulge at the side of the 
1.77-Mev gamma ray which is due to the coincident 
sum of the full energy of the 1.07- and 0.570-Mev 
gamma rays. Thus, it is to be expected that the region 
around the Compton edge (~1.5 Mev) of the 1.77-Mev 
gamma ray should be similarly distorted by the coinci- 
ident sum Compton edge. To reduce this effect, the 
| source was moved back to 18.6 cm. The spectrum 
obtained is shown in Fig. 3. Comparison of the shape 
of the Compton edge to that obtained from the 1.85- 
Mev gamma ray from Y* shows no indication of a 
peak at 1.46 Mev. An upper limit of 0.2 percent of the 
1.77-Mev gamma ray may be placed on the intensity 
of a 1.46-Mev gamma ray.* 
Low energy gamma rays (from 100 kev-500 kev) 
were looked for using a collimator to eliminate the 
peak at ~200 kev obtained from scattering from the 


* Note added in proof.—Re-examination of the analysis of the 
data indicates the foregoing limit should be 2 percent. 


lead shield!® around the crystal and source. No evidence 
of a peak was found in this region. 

McGowan and Campbell® indicate a gamma ray at 
0.700 Mev from this same sample which they found to 
be decaying with a different half-life than Bi’ and 
which appears to have decayed out from the source. 
A limit of 5 percent of the intensity of the 1.77-Mev 
gamma ray may be placed on this transition. 


IV. COINCIDENCE RESULTS 


To obtain coincidence spectra, two 3 in.X3 in. Nal 
crystals were mounted with their axes in a horizontal 
line and with a spacing of 6.0 cm between crystal faces. 
The source was placed midway between them. A 
special shield was prepared to eliminate spurious peaks 
which might arise from coincidences which occur by a 
single gamma ray scattering from crystal to crystal. 
This consisted of a }-in. lead absorber covered with 
0.030 in. Cd and 0.005 in. Cu to degrade the lead x-rays. 
The source was placed in the center of this shield. 
Absorbers of 625 mg/cm? of polystyrene were placed 
on both sides of the source to prevent conversion elec- 
trons from entering either crystal. The experiments 
were carried out on a table with a thick aluminum top; 
however no other lead was left in the vicinity of the 
crystals. Also, to reduce scattering, supports for the 
crystal and source holder were kept to minimum size 


18 A 14 in. X14 in. X28 in. lead box lined with 0.030 in. Cd and 
0.005 in. Cu to remove the lead x-rays emitted upon photoelectric 
interaction of the lead with the gamma rays from the source was 
used as a shield against room background. 
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Fic. 5. Pulse-height spectrum in channel A of gamma rays in 
Pb*’ with the various positions of the window used for the 
coincidence experiments indicated. 


and were arranged so that the source could not see 
them directly. 

A block diagram of the coincidence circuit, developed 
by Bell and Kelley is shown in*Fig. 4. The resolving 
time is fixed by the pulse-shaping delay line and 
27=0.4X10~ sec. This is in agreement with the value 
obtained from the measurement of noncoincident 
radiation incident in the two channels and using the 
relationship 

N,= 27NiWN2. (5) 


Because of the relatively slow rise time of the amplifier, 
large and small pulses trigger the pulse-height selector 
in the A—1 at different times and care was taken that 
the delays were proper for all settings of the pulse- 
height dial in the multichannel analyzer. 

Figure 5 shows a “singles” spectrum taken with the 
single channel analyzer in channel A with the various 
positions of the window used for the coincidence runs 
indicated. Figures 6 and 7 show the spectra obtained 
with the window set on the peaks of the 0.570 and 
1.07-Mev gamma rays, respectively. One may calculate 
the area expected under the peak of a gamma ray, 72, 
in coincidence with another gamma ray, 71, from the 
singles counting rate in the window, C;, and the 
geometry and efficiency of the crystal from 


N2=CieeR:QW (6) g21/(1+a2), (6) 


where ae is the conversion coefficient of y2. The calcu- 
lation was carried out for the 0.570-Mev peak in 
coincidence with a window set as in (d) in Fig. 5. The 


contribution to the peak due to coincidences with the 
1.77-Mev gamma ray in the window was included, 
a2 was taken as 0.021,° and W(180°)=1:11. The 
measured peak area after subtraction of the random 
rate is 9.45 counts/sec (Fig. 7). The calculated value 
is 10.8. The assumption was made that all transitions 
from the 1.64-Mev state go through the 0.570-Mey 
level. 

The relative peak areas of the 1.77- and 1.07-Mey 
gamma rays in coincidence with the 0.570-Mev peak 
(Fig. 6) are identical with those observed in the singles 
spectrum, implying both excited states decay to the 
ground state through the 0.570-Mev level. 

With the window in channel A set on the x-ray peak 
[(a) in Fig. 5], coincidences should be expected with 
the 1.07-Mev gamma ray due to x-rays following con- 
version of the 0.570-Mev gamma ray and with Compton 
pulses of the 0.570-Mev gamma ray which may fall in 
the window. Essentially no 1.07-Mev gamma ray 
coincidences should be detected from the x-rays follow- 
ing the K-capture feeding the level, if the gamma ray 
originates from the 0.84-sec delayed state. The spectrum 
in coincidence with the pulses obtained in channel A 
with the window set as in (a) in Fig. 5 is shown on Fig. 8. 
To determine the number of coincidences with Compton 
pulses due to the 0.570-Mev gamma ray, the window 
was moved to (b). Figure 9 shows the resulting spec- 
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Fic. 6. Pulse-height spectrum of gamma rays in coincidence with 


window in channel A set at (c) in Fig. 5. 
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trum. From the area of the 1.07-Mev peak, and using 
Eq. (4), one may calculate the counting rate due to 
Compton pulses of the 0.570-Mev gamma ray. The 
value obtained was 113 counts/sec. The “singles” curve 
indicates a counting rate of 110 counts/sec due to the 
same pulses if the Compton pulses from the 1.07- and 
1.77-Mev gamma rays are subtracted. 

To determine the area under the 1.07-Mev peak, 
Ni.o7, due to coincidences with K x-rays following 
conversion of the 0.570-Mev gamma ray, we have 


No.s7000.570% fppF €1.07R1.07241.07/0.570 





\i.070= 


1— €1,072W (0°) ¢1.07/0.870— €1.77291.77/0.870 


1 
Xx » (7) 
1+a1.07 


where fpp is the fluorescent yield of lead (taken as 
0.95), @1.07/0.570 is the number of 1.07-Mev transitions 
per 0.570-Mev transition (taken as 0.84 from the 
singles intensity), g1.77/0.570 was taken as 0.096, and F 
is the fraction of the x-rays emitted which fall in the 
window. F may be calculated from 


Cye,R Ne 


Dk aaa 
y. (8) 
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the window in channel A set at (d) in Fig. 5. 
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Fic. 8. Pulse-height spectrum of gamma rays in coincidence with 
the window in channel A set at (a) in Fig. 5. 


where C, is the counting rate of x-rays in the window, 
Nx is the area of the x-ray peak from the singles 
spectrum, e,=1, e~*’ is the fraction of x-rays trans- 
mitted by the polystyrene conversion electron absorber, 
and R, is the ratio [ (peak area)/(total area) ]x-ray and 
is different from unity because of the escape of the 
iodine x-rays from the crystal. R, was taken as 0.925." 

From these considerations, the expected number of 
counts per second in the full-energy peak of the 1.07- 
Mev gamma ray in coincidence with a window set 
over the x-ray peak was 4.51 counts/sec. The observed 
peak area after subtraction of the random rate was 4.19 
counts/sec. The random rate in this case was checked 
by delaying the x-rays 0.5 usec and the value agreed 
with the calculated value. We must conclude we find 
no evidence from this experiment for a prompt state 
near the 1.64-Mev level as previously reported.® 

A similar analysis was carried out to determine the 
expected area under the 1.77-Mev peak in coincidence 
with lead K x-rays. The number expected from coinci- 
dences with Compton electron pulses and x-rays fol- 
lowing conversion of the 0.570-Mev gamma ray is 
0.227 counts/sec. The area under the peak of the 1.77- 
Mev gamma ray was measured as 0.227 counts/sec. 
One may explain this agreement if one assumes pure 
L-electron capture to these levels. This would place 


19 F, K. McGowan (unpublished). 
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Fic. 9. Pulse-height spectrum of gamma rays in coincidence with 
the window in channel A set at (b) in Fig. 5. 

the Bi’ ground state less than 0.090-Mev above the 

2.34-Mev level. 

Similarly, one may calculate the area expected under 
the 0.570-Mev peak. The result, assuming 0.096 for 
the K-conversion coefficient for the 1.07-Mev gamma 
ray® is 17.53 counts/sec. The area observed in the 
peak is 24.04 counts/sec. If the difference is attributed 
to K-captures to the 0.570-Mev level, one may calculate 
the number of transitions as follows: 

The number of x-rays following this electron capture 
which are observed in the window, Cx;o.570, may be 
calculated from Eq. (4). The total number of x-rays 
emitted following electron capture, then, is 


Cxj0.870 


€xRQe-™ 


(9) 


No.s70= 


This number, when corrected for the fluorescent yield, 
gives the total number of K-captures to the 0.570-Mev 
level. The fraction of the total number of transitions 
this represents may be calculated by comparison with 
the intensity of the 0.570-Mev gamma ray, for all 
transitions appear to decay to the ground state through 
this level. The fraction of all transitions which decay 
through K-electron capture directly to the 0.570-Mev 
level is 2.80.3 percent. 


V. ANGULAR CORRELATION RESULTS 


The directional angular correlation of the 1.77-0.570 
Mev gamma-gamma cascade has been measured with 
a coincidence scintillation spectrometer. The windows 
of the differential pulse-height analyzers were set so 
that one accepted only the full-energy peak of the 
1.77-Mev gamma ray and the other accepted only the 
full-energy peak of the 0.570-Mev gamma ray. The 
latter window accepted pulses from Compton scattering 
of higher energy gamma rays also, of course, but these 
do not affect the measurement of the cascade in ques- 
tion. 

The correlation function found in a series of five 
experiments with a total of 8.7 10* coincidence counts 
taken at 19 angles, after correction for the finite 
angular resolution of the detectors,” is 


W (6) = 1— (0.00870.0089) P2(cosé) 
+ (0.0290.014) P4(cosé), 


The errors given above are the standard deviations as 
defined by Eq. (30) of Rose’s paper. The true coinci- 
dence counting rate in this experiment was of the order 
of 0.08 counts/sec, and the random rate was 15 percent 
of this. 

The lifetime of the intermediate state of this cascade 
lies between the limits of 4X 10-” sec and 7X 10-" sec 
as measured with a delayed-coincidence scintillation 
spectrometer” and from measurements on -Coulomb 
excitation of this level.” If one takes the lifetime of the 
intermediate state as 10~ sec, it may be reasonable 
to assume the anisotropy of the gamma-gamma cascade 
is not affected by the presence of external fields. This 
assumption is borne out by the fact that the anisotropy 
of the correlation as measured with an electroplated 
source is not increased over that found with a liquid 
source of BiSO, in dilute H2SO,.” It is also supported 
by measurements of the angular correlation of the 


1.07-0.570 gamma-gamma cascade which has the same 


intermediate state. For this cascade, there is no signifi- 
cant change of the angular correlation with the form 
of the source.® Of course, in this case the initial state 
has a long lifetime (0.8 sec), and the fields due to the 
rearrangement of the atomic structure following the 
electron capture would not affect the correlation. 

The 0.570-Mev gamma-ray has been previously 
shown to be predominantly £2 radiation between states 
of spin 5/2 and 3.6 We consider spins 5/2, 7/2, and 9/2 
for the 2.34-Mev state from which the cascade origi- 
nates. The correlation function found in the present 
experiment clearly rules out all possible pure-pure 
cascades for the spins mentioned above for either dipole 
or quadrupole radiation for the first transition. Thus 
the first transition in the cascade is probably mixed. 


2D. E. Alburger and A. W. Sunyar, Bull. Am. Phys. Soc. 
29, No. 8, 28 (1954). 

21 F, K. McGowan and P. H. Stelson (private communication). 

21D). E. Alburger and A. W. Sunyar (private communication 
to F. K. McGowan). 
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We consider the sequence 5/2—(£2+M1)5/2 
—(E2)}—. There is, for this case, a value of 6, the 
mixing ratio giving the square root of the ratio of the 
intensity of the electric quadrupole radiation to that 
of the magnetic dipole, which leads to the experimen- 
tally measured coefficients in the angular distribution. 
Namely, for 6=—0.39, A2=0 and A,=0.032, where 
W (0)=1+A2P2(cosd)-+A4P4(cosd). However, this pos- 
sibility can be ruled out on the basis of the observed 
relative intensities of electron capture to the 2.34-Mev 
state and to the 0.570-Mev spin 5/2 state. 

For the case of 7/2—(E2+M1)5/2—(E2)3—, As 
never vanishes for positive 6. For 5=—4.2, A2=0 and 
A,= —0.068. This case can be ruled out on the basis of 
the measured standard deviation of A,. For 6= —0.085 
+0.013, corresponding to A2=—0.0087+0.0089, we 
have A4= —0.0002_o.o0047°™!. This value of A, differs 
from the experimental: one by twice the standard 
deviation of its measurement, and the above assignment 
is a possible one. The ratio of the intensity of the £2 
radiation to that of the M1 for this assignment is 
#=0.0072+0.0016, and this value of the mixing ratio 
leads to a value of the K-conversion coefficient of the 
1.77-Mev gamma ray of (5.257+0.011)10-*. The 

‘standard deviation given above includes only that of 
\the measurement of A»; the conversion coefficients for 
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Fic. 10. Angular correlation coefficients, As, the coefficient of 
P. 2(cos6), and A4, the coefficient of P,(cos@), as a function of 4, 
the mixing ratio giving the square root of the ratio of the intensity 
of the octupole radiation to that of the quadrupole, for the 
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Fic. 11. Decay scheme proposed for Bi’. 


the pure gamma rays have been interpolated from the 
tables of Rose, Goertzel, and Perry* and have been 
taken as exact. 

Finally, we consider the case of 9/2—(£2+M3)5/2 
—(£2)$—. As shown in Fig. 10, for 5=—2.8, A2=0 
and A,=—0.014. Again, this case can be ruled out 
on the basis of the experimental value for A,4. For 
5=+0.184_0.015+°°, again corresponding to Ae 
= —0.0087+0.0089, A,=0.0315+0.0020. The mixing 
ratio of the intensity of the M3 radiation to that of the 
E2 for this assignment is &=0.0338_o.0039t?-™®. This 
mixing ratio leads to a K-conversion coefficient of the 
1.77-Mev gamma ray of (2.532_o.o67+°.°*) X 10-%, where 
again the indicated standard deviation is only for the 
angular correlation measurement. This value is in agree- 
ment with that measured by Alburger and Sunyar.” 
Thus the assignment above with &=0.0338_o oosgt?-°6 
is consistent with both the K-internal conversion 
coefficient and the angular correlation measurements. 


VI. CONCLUSIONS 


As a result of the arguments above, the decay scheme 
in Fig. 11 may be constructed. The following points 
may be worth repeating: 


(1) The intensities of the transitions to the 2.34- and 
1.64-Mev states are inferred from the intensities of the 
1.77- and 1.07-Mev gamma rays. 

(2) The intensity of the transitions to the 0.570-Mev 
level is determined from the number of x-ray—0.570- 
Mev gamma-ray coincidences. 

(3) From the number of x-ray—1.77-Mev gamma- 
ray coincidences, there seems to be no K-capture to the 
2.34-Mev level. It is reasonable to assume, as Prescott5 


% Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023 (unpublished). 

t Note added in proof —Alburger and Sunyar, in a private com- 
munication, have reported the existence of the 1.44—0.890 Mev 
cascade in Pb? with an intensity of the order of 0.2 percent of 
the disintegrations. Their evidence includes both coincidence and 
conversion electron measurements. Assuming the 0.890-Mev state 
to be f;, from the relative intensities of the conversion electron 
peaks of the 1.44 and 0.890 transitions they prefer to assign the 
2.34-Mev state as frz/2. 
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indicated, that this level is reached by L-electron 
capture. 

(4) Therefore the ground state of Bi®” is less than 
90 kev above the 2.34-Mev level. This is also in agree- 
ment with the work of Alburger and Sunyar.” 

(5) The number of coincidences of 1.07-Mev gamma 
rays with x-rays indicates the level at 1.64 Mev is 
delayed, as would be expected from the measured 
half-life of 0.84 seconds. 

(6) The angular correlation measurement of the 
1.77-0.570 Mev gamma-ray cascade is consistent 
with spin 9/2 for the 2.34-Mev level and 


#=0.0338_o.0039t?-™®, 


VII. DISCUSSION 


The spins predicted by the shell model for excited 
states of a single neutron “hole” in the shell closing at 
126 neutrons are p12, 32, fsy2, 49/2, and 1413/2. Since the 
82nd proton of Pb*” closes a shell, this nucleus presents 
one of the most ideal cases among all the nuclei of the 
conditions which would be expected to show single- 
particle characteristics. Thus the assignment of 1/2, 
fsy2, and i13/2 is quite natural for the first three states 
observed in the Bi’ decay. A state at 0.870 Mev, which 
has been found by electron decay, has been assigned 
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as ps2. In addition, the intensities of the transitions to 
the various states are not unreasonable. The half-life 
of Bi®? has recently been measured as 8.00.6 years,” 
If this value is taken together with the energy fixed by 
the pure L-capture to the 2.34-Mev state, the com- 
parative half-life for the transition to the 0.570-Mey 
state is given by logift=11.8. The Bi™ ground state 
spin has been measured as 9/2,”5 and the assignment 
of the 83rd proton in Bi”? as hg/2 is reasonable. Thus, 
this transition is probably second-forbidden and its 
comparative half-life agrees with this assignment. The 
transition to the isomeric state is first-forbidden based 
on the spin and parity assignments. Logo ft=9.6 for 
this transition seems to be slightly high for such an 
assignment but not abnormally so. The transition to 
the 2.34-Mev level should be slowed because of the 
lowered probability of Z-capture, and the 9.6 percent 
intensity of the transition may not be unexpected. 

The authors would like to express their thanks to 
Dr. E. C. Campbell and Dr. M. E. Rose for many 
informative discussions and to Dr. P. R. Bell and 
Dr. F. K. McGowan for their interest and assistance 
in many phases of this experiment. 

% Cheng, Rudolfo, Pool, and Kundu, Bull. Am. Phys. Soc. 29, 


No. 7, 16 (1954). 
25 P. F. S. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 
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The relative internal conversion of electric and magnetic transitions in the Z and M subshells has been 
calculated nonrelativistically with neglect of screening. In the approximations employed, the relative 
conversion coefficients are functions of the parameter Z?/fw, where Z is the atomic number, and fw the 
nuclear transition energy. For the L shell, these quantities have been evaluated over the entire range of 
practical interest, while for simplicity, the M shell has been considered only for vanishing electron mo- 
mentum. Results are given for transitions of multipole order 1 through 5. 

Comparison with existing relativistic calculations and experimental data indicates the essential validity 
of the results obtained, and allows semiempirical generalizations to be made. It is found that dipole transi- 
tions, especially magnetic, convert strongly in the S subshells. With increasing multipole order, subshells 
of successively higher orbital angular momenta are preferred. Electric transitions exhibit comparable 
conversion in the relativistic doublets, 7=/+-3, while magnetic transitions convert almost entirely in the 
j=I1+-4 component. 

The usefulness of these properties in the identification of the character of low-energy transitions in 
heavy elements is indicated. 


of their relative conversion in the K and L atomic 
shells has been used extensively for this purpose, and 
has been discussed in detail elsewhere.! In heavy ele- 
ments (Z>50), however, the low energy of the transi- 
tions encountered and the high binding energy of the 
K shell frequently make the observation of K-conver- 
sion electrons difficult or impossible. Under these 


INTRODUCTION 


NTERNAL-conversion electron spectroscopy is a 
powerful tool for the study of nuclear structure. 
The classification of various nuclear transitions in terms 


* Preliminary report given by E. L. Church and J. E. Monahan, 
Phys. Rev. 94, 762(A) (1954). 

fv Work performed under the auspices of the U. S. Atomic 
Energy Commission. 


t On loan from Frankford Arsenal, Philadelphia, Pennsylvania. 1M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 
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conditions, a knowledge of the conversion properties of 
transitions of different types and multipolarities in the 
L and M shells is indispensable for the resolution of 
the decay schemes of these nuclei. The presently 
available exact calculations of internal-conversion co- 
efficients are inadequate for this purpose. 

The present paper presents the results of purely 
nonrelativistic calculations of the internal-conversion 
properties of electric and magnetic transitions in the L 
and M shells. Attention has been confined to the 
evaluation of the relative conversion coefficients in the 
various subshells because of their direct experimental 
significance, and the probability that they are less 
sensitive to the approximations employed than the 
absolute values. In the approximations considered, 
these ratios are found to be functions of the parameter 
Z/tw, where Z is the atomic number, and fw the 
nuclear transition energy.. 

No attempt has been made to justify the many as- 
sumptions underlying the present calculations. Rather, 
the qualitative validity of the results obtained have 
been demonstrated by comparison with existing rela- 
tivistic calculations for the Z shell,?* and with experi- 
mental data for heavy elements for both the Z and M 
shells. Eventual comparison of the present results with 
the exact calculations of Rose ef al.,* for the L shell, 
»should provide a further means for estimating the 
| validity of these approximations and offer additional 
| indirect support for the present predictions regarding 
the M subshells. 

RESULTS 


Internal-conversion coefficients for electric transitions 
> have been calculated completely nonrelativistically by 
H using hydrogenic Schrédinger wave functions and 
» considering only the leading term in the expansion of 
the multipole field. For electric radiations this repre- 
sents the lowest-order approximation leading to physi- 
cally reasonable results. The present calculations repre- 
}sent an extension of the work of Hebb and Nelson,! 
who computed absolute K-shell and total L-shell 
conversion coefficients under the same conditions. 

The results obtained for the L shell are presented in 
Fig. 1, where the ratio of P subshell (Zy:+Z1) to S 
subshell (Zz) conversion is shown. In the present 
approximations the Ly; to Ly conversion is always in 

i the ratio of their statistical weights (1:2). The relative 
conversion coefficients for E2—E5 transitions become 
infinite for Z?/Aw=200, 100, 66, and 50, respectively, 
due to the vanishing of the Z; conversion coefficient at 
these points. The relative conversion in both the Z and 
M shells expected at their respective nonrelativistic 
thresholds is shown in Fig. 2. In the latter case, S 
represents the My, subshell, P conversion is My.+Min 
in the ratio of 1:2, and D is Miy+My in the constant 
ratio of 2:3. 

* Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 


* Rose, Goertzel, and Swift (prepublication notes, 1954). 
‘M. H. Hebb and E. Nelson, Phys. Rev. 58, 486 (1940). 


IN L AND M SUBSHELLS 
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Fic. 1. Relative internal conversion of electric transitions in 
the L subshells. Here S represents the Ly subshell, P is Z11+Li11, 
Z is the atomic number, and fw the nuclear transition energy in 
kev. The solid lines are the results of the present nonrelativistic 
calculation. The individual points have been derived from the 
relativistic calculations of Gellman e¢ al. for Z1 (open points) and 
E2 radiations (solid points). Screening has been neglected in all 
cases. 


The internal conversion of magnetic transitions has 
been calculated in the Pauli approximation under the 
same conditions as for electric radiations. The present 
calculations parallel those of Berestetskii,’ who com- 


E2 E3 





Yj 


$s PD Ss PD S$ PD 


Fic. 2. Relative internal conversion of electric transitions in 
the L and M subshells at their respective thresholds in the non- 
relativistic limit. As in Fig. 1, S, P, and D refer to the orbital 
quantum numbers of the atomic subshells. The threshold values 
of Z?/hw are 294 and 662, respectively. 


5 V. B. Berestetskii, Zhur. Eksptl’. i Teoret. Fiz. 18, 1070 (1948), 
(see NSA-6598, TT-255). 
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Fic. 3. Relative internal conversion of magnetic transitions in 
the Li: and L; subshells in the Pauli approximation. The abscissa 
is that of Fig. 1. 


puted absolute conversion coefficients for the K and L 
shells, and those of Tralli and Lowen,® who evaluated 
the relative L-conversion coefficients for Z?/Aw<35.7 
The present results for the Z shell are given in Figs. 3 
and 4. In contrast with electric transitions, there is now 
a strong distinction between Ly and Ly conversion. 

As pointed out by Berestetskii® and Drell,*® the radial 
matrix elements for magnetic transitions properly 
consist of both “volume” terms, similar to those 
appearing for electric transitions of the next highest 
multipole order, and “surface” terms, which vanish in 
the electric case. The magnitudes of the surface terms 
are found to be considerably greater than those of the 
volume terms, although they contribute only in con- 
secutive odd subshells (I, III, V, ---, etc.), where the 
total number of such subshells equals the multipole 
order of the transition considered. This effect is particu- 
larly noticeable for M1 radiations, which are known to 
convert almost exlusively in the I subshells. 

The relative internal conversion of M1 transitions in 
the five M subshells is shown in Fig. 5. In this case the 
total volume contribution in any subshell is found 
to be less than 10 percent of the total conversion, in 


6N. Tralli and I. S. Lowen, Phys. Rev. 76, 1541 (1949); N. 
Tralli (private communication, 1953). 

7 Because of their inclusion of the effects of screening for Z=35, 
Tralli and Lowen’s abscissa is 1.29 times that of Fig. 3. 

8S. D. Drell, Phys. Rev. 75, 132 (1949). 


agreement with results for the Z shell. In the latter 
case, however, the contribution of these terms is found 
to decrease rapidly with increasing multipole order, 
For simplicity, therefore, only the surface terms have 
been used in the calculation of the relative M-subshell 
conversion coefficients of higher magnetic multipoles, 
These results, along with the analogous but complete 
results for the L shell, are shown in Fig. 6. 


MIXED TRANSITIONS 


The transition of a nucleus from a state of spin /; to 
one of spin J; may proceed by means of transitions 
with multipole orders equal to any of the values 
|I;—I,|---I;+J,. Although the transition of the lowest 
multipolarity is usually strongly favored, evidence for 
low-energy M1+E2, M3+ £4, and possibly £1+M2 
mixtures, have been detected in heavy elements. It is 
of interest, therefore, to determine the conversion 
properties of mixed transitions in terms of the pure 
transitions considered above. 

In 1936 Casimir’ showed that internal conversion is 
an incoherent process in the sense that 


Y=LV GF=L Vass, 


where y; is the unconverted gamma-ray intensity of the 
ith type, and a;; its absolute conversion coefficient in 
the jth shell or subshell. For the important case of the 
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Fic. 4. Relative internal conversion of magnetic transitions in 
the L; and Li subshells as computed in the Pauli approximation. 
The individual points represent the results of the relativistic 
calculations of Gellman ef al. for magnetic-dipole radiation. The 
remaining notation is that of Fig. 1. 


°H. B. G. Casimir, On the Interaction between Atomic Nuclei 
and Electrons (De Erven F. Bohn, Haarlem, 1936). 
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INTERNAL CONVERSION 


mixing of two components, a mixing ratio, 6°, may be 
conveniently defined as the ratio of the corresponding 
unconverted gamma-ray intensities. This definition is 
advantageous since it is directly related to the corre- 
sponding ratio of nuclear matrix elements. The mixing 
ratio may then be expressed in terms of the ob- 
served conversion coefficient of the mixed transition 
and those of the corresponding pure components. One 
finds 


542 Y1 Goj—Q2; 
1 Boog OS ay 


Y2 G1j—Q0; 


b 


where ao; is the observed conversion coefficient in the 
jth shell. Similarly, 6° may be expressed in terms of the 
relative conversion coefficients in any two shells or 
subshells, 7 and k, according to 


a2 Ro— Re 
12 =— 


au, Ri—Ro 


Oj 
Rua—. 


Qik 


, where 


The agreement between the values of the mixing 
ratios derived from absolute and/or relative conver- 
sion-coefficient measurements offers a check on the 
consistent interpretation of mixed transitions. Because 
of their very different conversion properties, this tech- 
nique is particularly sensitive in the analysis of M1+ £2 
mixtures. 


COMPARISON WITH EXISTING CALCULATIONS 


The above results for relative Z-conversion coefh- 
cients may be compared directly with those of the 
relativistic unscreened calculations of Gellman ef al.? 
These authors have computed the absolute conversion 
coefficients of £1, E2, and M1 radiations in the three 
L subshells for three atomic numbers and three transi- 
tion energies. Their results are plotted as individual 
points in Figs. 1 and 4. 




















_ Fic. 5. Relative internal conversion of magnetic-dipole transi- 
tions in the M subshells. The indicated results have been computed 
in the Pauli approximation for vanishing electron momentum. 
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Fic. 6. Relative internal conversion of magnetic transitions in 
the Z and M subshells in the Pauli approximation. Results are 
given at their respective nonrelativistic thresholds, in analogy 
with Fig. 2. The indicated results for the M shell include only 
the contributions of surface terms which vanish for even 
subshells. The error thereby introduced in any subshell is less 
than 10 percent of the total conversion. 


For E1 transitions the agreement between the two 
calculations is striking—the relative P to S conversion 
being very nearly proportional to the nonrelativistic 
estimate over the entire range of Z and energy con- 
sidered. As expected, the relative conversion of E2 
transitions in the P subshells is considerably enhanced 
over dipole transitions, although breakdown of the 
Z*/hw dependence is clearly evident for higher values 
of atomic number. The strong Z dependence of the 
relative internal-conversion coefficients in the region 
of the nonrelativistic infinity is related to the inclusion 
of higher terms in the multipole expansion in the 
complete calculation. The relative conversion in the 
Lyn and Ly subshells is found to be comparable for 
both £1 and £2 transitions, although distinctly less 
than the nonrelativistic value of 2. As might have been 
expected, this deviation is greatest for high-energy 
transitions in heavy elements. 

In the case of M1 transitions, the relative conversion 
in the Z; and Ly subshells as shown in Fig. 4 is again 
strongly Z dependent. However, reasonable agreement 
between the two calculations is obtained for high atomic 
numbers. On the other hand, the relative Z1;1 conversion 
predicted by the complete calculation is generally an 
order of magnitude less than the nonrelativistic esti- 
mate, especially for high Z. These values have not 
been included in Fig. 3.§ 

Before comparison can be made between the present 
results and experiment, or the forthcoming calculations 
of Rose et al., the possible effects of screening must be 
estimated. These effects may be taken into account to 
first order by replacing Z by Z—o, where o=4.2 is 
Slater’s screening constant for the L shell.!° For heavy 


§ Note added in proof.—Recent results of Rose for Z=85 indi- 
cate that Gellman’s Zi conversion coefficients for M1 radiation 
may be too small by factors of 2-5 in this region. 

10 J. C. Slater, Phys. Rev. 36, 57 (1930). 
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elements this distinction is negligible in the present 
degree of approximation. In the M shell, however, the 
effects of screening should be considerably more im- 
portant, as indicated by the larger screening constants 
of 11 for the S and P subshells, and 20 for the D 
electrons. In general, this distinction might be expected 
to reduce the conversion in the My subshell relative to 
My and Mj, while leaving the latter relatively un- 
changed. 

Rose ef al.* are in the process of computing ab- 
solute Z-shell conversion coefficients using screened 
relativistic wave functions. At present, however, reason- 
ably complete data are available only for Z=85. For 
low multipole orders these results are in agreement with 
those of Gellman et al., as discussed above. For higher 
electric transitions, the P/S conversion ratios behave 
very similarly to the nonrelativistic predictions, al- 
though the Z; conversion is generally greater than that 
indicated in Fig. 1. This is usually of little practical 
importance, however, because of the overwhelming 
conversion in the Ly; and Lyz subshells. The relative 
conversion in these two subshells is found to be com- 
parable, as already noted for dipole and quadrupole 
transitions. The Li; subshell appears to assume greater 
importance with increasing multipole order and transi- 
tion energy. 

As noted for M1 transitions, the exact L;/Zi1 con- 
version ratios for Z=85 are in agreement with the 
nonrelativistic estimates. This is also found to be the 


case for higher magnetic transitions over the region: 


considered. As for dipole transitions, the nonrelativistic 
theory consistently overestimates the importance of 
the Zr subshell for higher transitions. However, this 
difference decreases with decreasing energy, until the 
threshold values are in quantitative agreement. 

Drell!! has considered the conversion properties of 
E0 transitions (i.e., 02+—--0+). Such transitions are 
strictly forbidden for single gamma emission, although 
they can proceed directly by internal conversion. Their 
relative conversion properties should be very similar to 
M1 transitions in that S electrons are strongly favored, 
leading to high K/L ratios and predominant JZ; con- 
version. However, such transitions may be readily 
identified by their high (infinite) conversion coefficients 
and their long lifetimes. The analogous M0 transitions 
(i.e., 04+—0) are strictly forbidden for all first-order 
processes, and do not lead to discrete conversion 
“ines.” 


COMPARISON WITH EXPERIMENTAL DATA” 


Experimental data on relative conversion properties 
in the LZ subshells are usually available only for low- 


1S. D. Drell, Oak Ridge National Laboratory Report ORNL- 
792 (unpublished). 

12 Those experimental data on Np*’, Bi?, and U™ listed 
without reference have been obtained with a 180° focusing beta- 
ray arectrograph having a permanent magnetic field of ~100 
gauss [E. L. Church (unpublished) ]. 
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energy transitions in heavy elements. In the rare-earth 
region these transitions fall within the range Z?/hw 
= 20—100, while for the very heavy elements, transi- 
tions with Z?/A#w>100 are commonly observed. For 
the M subshells, data are generally only available in the 
latter region, where the corresponding conversion- 
electron lines may be experimentally resolved. 

The relative L-conversion properties of electric- 
dipole transitions in the rare-earth region" are in good 
agreement with the values interpolated from the results 
of Gellman et al. The 59.6+0.3-kev £1 transition in 
Np”? exhibits comparable conversion in all three sub- 
shells, with Zy, favored. This behavior is unique 
among the pure transitions, and is also in agreement 
with the previous speculations. 

Mihelich e¢ al. have collected considerable experi- 
mental data on the L-conversion properties of various 
transitions, principally in the rare-earth region. In 
general, E2 and £3 transitions are found to convert 
almost exclusively in the Zy and Ly subshells, in 
agreement with the nonrelativistic predictions shown 
in Fig. 1. It is found that Zy~~Lin for both types of 
transitions. Similar results of Swan and Hill’® for E2 
and M1i+£2 transitions indicate quantitative agree- 
ment with the calculations of Gellman et al. Passell'® has 
recently collected experimental data on the L-conver- 
sion properties of E2 transitions in the very heavy 
element region, and has also found good agreement 
with the relativistic unscreened calculations. 

The data of Mihelich indicate that M1 transitions 
convert most strongly in the Ly subshell. This obser- 
vation is in complete accord with the results of the 
previous calculations. It is interesting to note that Wu 
et al.!7 have found the ZL; and Ly conversion properties 
of the 46.7-0.3-kev magnetic-dipole transition in Bi" 
to be in agreement with Gellman’s results, while the 
relative conversion in the Ly: subshell falls between 
the relativistic and nonrelativistic estimates.!! 

Data on M4 transitions indicate comparable con- 
version in the Z; and Ly1 subshells, with negligible Lun 
conversion, in accord with the results shown in Figs. 3 
and 4. The observed Zy1/Z; conversion ratios are in 
fair agreement with the nonrelativistic predictions, and 
are improved by the inclusion of the effects of screening. 
It should be pointed out that the conversion properties 
of electric and magnetic isomeric transitions are s0 
vastly different that even crude estimates of their 
conversion in the various subshells can be used to 
uniquely determine their character. 


13 E. L. Church and M. Goldhaber (to be published); A. W. 
Sunyar, Phys. Rev. 90, 387 (1953). : 

“J. W. Mihelich, Phys. Rev. 87, 646 (1952); J. W. Mihelich 
and A. de-Shalit, Phys. Rev. 91, 78 (1953); 93, 135 (1954). 

16 J. B. Swan and R. D. Hill, Phys. Rev. 91, 424 (1953). 

16 T. QO. Passell, University of California Radiation Laboratory 
Report UCRL-2528 (unpublished). 

17 Wu, Boem, and Nagel, Phys. Rev. 91, 319 (1953). ; 

\| Note added in proof.—Recent results of Rose for Z=85 are in 
agreement with the observed Lim/Z1 conversion ratio of this 
transition. 
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Presently available data on M-conversion properties 
are limited to qualitative observations on a few isolated 
cases. The 59.6-kev electric-dipole transition in Np” 
exhibits detectable conversion in all five M subshells, 
with My and My; predominating. This behavior is in 
qualitative agreement with the threshold results indi- 
cated in Fig. 2. Although a large reduction of the Miv,yv 
conversion is indicated, the results are still very different 
from those expected for other transitions. This transi- 
tion is also observed to convert most strongly in the 
N; and O, subshells. 

Electric-quadrupole transitions are observed to con- 
vert almost entirely in the My; and My subshells. In 
the case of the 43.6+-0.3-kev transition in U™, one 
observes Miyy~Mi1, with Myy,y conversion being a 
negligible fraction of the total. This transition also 
converts most strongly in the Ni, Nim, and On, m1 
subshells. Mihelich!® has’ reported that the Z- and M- 
conversion properties of the 32-kev E3 transition in 
Au are very similar to those expected for an E2 
transition, with, however, relatively more conversion 
observed in the Myy,y subshells. This behavior is in 
agreement with the results shown in Fig. 2, which 
indicate the increasing importance of these subshells 
with increasing multipole order. 

The 46.7-kev M1 transition in Bi?!’ exhibits intense 
conversion in the Ly, My, Ny, and O; subshells, con- 
sistent with the general properties of such transitions 


as previously discussed. The M subshell spectrum of 
this transition is in complete qualitative agreement 
with that shown in Fig. 5. Unfortunately, there are no 
reliable data on the conversion properties of higher 
magnetic transitions in the M and N subshells. 


SUMMARY 


It follows from the previous discussions that the 
general behavior of the relative conversion properties 
of nuclear transitions in the ZL subshells are predictable 
on an essentially nonrelativistic basis. These properties, 
as well as generalizations to higher shells, are summar- 
ized below with reference to low-energy transitions in 
heavy elements. It is unlikely that the effects of screen- 
ing will significantly alter these semi-empirical conclu- 
sions. 

Magnetic-dipole transitions convert most strongly in 
the Ly and M; subshells, with similar behavior expected 
for higher shells. Electric-dipole transitions convert to 
a comparable extent in all three subshells, with Z; being 


J. W. Mihelich (private ene, 1954); J. W. 
Mihelich, Phys. Rev. 93, 135 (1954). 
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definitely favored for low values of Z?/Aw(<50). Since 
they exhibit similarly high K/Z conversion ratios," 
Mi and F1 transitions may be difficult to distinguish 
solely on the basis of their relative conversion properties, 
especially in the rare-earth region. 

All electric transitions higher than dipole are char- 
acterized by negligible conversion in the Z; subshell, 
and comparable conversion in the Zy and Lyz sub- 
shells. Similar behavior is expected in the M and 
possibly higher shells. Since these transitions all exhibit 
low K/L ratios,! their multipole order may be most 
easily determined from their lifetimes. In principle, 
the Z1/Zi ratio or the relative importance of the 
Myy,v conversion in the M shell could also be utilized 
for this purpose. 

Higher magnetic transitions are characterized by 
negligible conversion in the Ly; subshell. The ratio 
Li1/L increases with Z?/f#w and with multipole order. 
The odd M subshells should be appreciably more 
intense than the even ones, with My, My, and My 
dominating successively with increasing multipole 
order. Similar behavior is expected for higher atomic 
shells. 

Quantitative failure of the simple nonrelativistic 
predictions arises both from relativistic effects and the 
neglect of higher terms in the radial expansion of the 
multipole field. Both lead to deviations from the simple 
Z*/uw dependence. In the case of electric transitions, 
the first directly affects the relative conversion in the 
relativistic doublets, while the latter gives rise to the 
observed Z dependence of the relative Ly; conversion 
coefficient when the contribution of the first term 
vanishes. In the case of magnetic transitions, the be- 
havior at high atomic numbers is apparently dominated 
by the surface terms, which in the Pauli approxi- 
mation arise only from the leading term in the multipole 
field. However, deviations from this simple picture are 
also evident, especially in the observed depression of 
the Zz: subshell for higher-energy transitions. 
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19 The K/L conversion ratios of E1 transitions may be estimated 
from the calculations of ax by Rose, Goertzel, Spinard, Harr, and 
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An annular magnet spectrometer has been used to study groups of protons scattered inelastically from 
the two lowest excited states of F!*. The results of six experiments at bombarding energies between 2.1 and 
4.5 Mev indicate an assignment of 110.4+0.6 and 197.8+-1.2 kev, respectively, for these levels. No other 
groups ascribable to F!® were observed in the region of excitation up to 730 kev, and no multiplet structure 
was observed for either of the F groups. The experiments were capable of detecting proton groups with 
an intensity with respect to the ground state group of 2 percent. Doublet separations of 3 kev would have 


been detected. 





INTRODUCTION 


HE Rice Institute annular magnet has previously 
been utilized in the study of certain exoergic 
reactions yielding information on the excited state! and 
the ground state? Q values of light elements. The 
addition of a 6-Mev Van de Graaff accelerator to the 
facilities available at The Rice Institute has made 
practical the use of the spectrometer to study inelastic 
proton scattering. For the first application of the spec- 
trometer to this type of experiment, the inelastic 
scattering of protons from F was chosen because of 
interest in the number and in the spacing of the low 
lying energy levels of this nucleus.* The Rice Institute 
spectrometer is particularly suited to a reaction of this 
type where a high degree of accuracy and resolution 
are desirable. 


APPARATUS 


Application of the annular magnet to the study of 
spectra of inelastic proton groups, in which the mo- 
menta of the observed particles are less than those of 
the incident particles, provided a situation somewhat 
different from that previously encountered in using the 
instrument, and necessitated a number of changes in 
the apparatus. However, much of the equipment, 
particularly the magnet pole pieces and field regulation 
system, have been maintained as previously described.! 
Extensive changes in the slit systems were necessary in 
order to reduce the background of multiply scattered 
and energy degraded particles. A number of such 
improvements, indicated in Fig. 1, were made during 
the course of the experiments which extended over a 
period of several months. Consequently, the background 
in the later experiments was considerably lower than 
in the earlier ones. 

To facilitate taking data on extended spectra, the 
proportional counter detector previously used has been 


* Supported by the U. S. Atomic Energy Commission. 
t Now at the Bell Telephone Laboratories, Murray Hill, New 


ersey. 

1 FE. Klema and G. C. Phillips, Phys. Rev. 86, 951 (1952). 

2K. Famularo and G. C. Phillips, Phys. Rev. 91, 1195 (1953). 
( 3 S) Mileikowsky and W. Whaling, Phys. Rev. 92, 528(A) 
1953). 


replaced with the camera shown in the upper part of 
Fig. 1. This device is capable of successively rotating 
up to eight nuclear track plates into position to accept, 
at an incident angle of 12.5°, particles which have 
traversed semicircular orbits from the target. The 
plates are held on a roughly octagonal table which is 
rotated on precision bearings and can be locked to hold 
a plate accurately in position, K. The camera is also 
equipped with a shutter at L, which, like the mechanism 
for rotation of the table, is operated without disrupting 
the vacuum in the system. An optical indexing system 
at M, which projects the image of a fine straight wire 
filament onto one edge of the plate, has been provided 
for the measurement of the radius of curvature. 


PROCEDURE 


The experimental arrangement is shown in Fig. 1, 
which is a cross-sectional view in the mean plane of the 
annular gap of the magnet. A beam of protons from the 
accelerator enters the tube from the lower left hand 
corner on the figure, after having passed through a 90° 
analyzing magnet and a set of collimating slits. Upon 
entering the tube the beam passes through an externally 
adjustable set of slits, A, which serve to collimate the 
beam further. A viewing quartz, B (shown withdrawn), 
may be inserted to facilitate the adjustment of the slits. 

Passing into the uniform portion of the field between 
the annular pole pieces, the beam goes successively 
through the traveling slit, C, between the target slits, 
D, through the target foil, E, and finally is collected 
in the Faraday cup, F. For each different magnetic 
field setting, the position of the magnet is adjusted 
(with the traveling slit withdrawn) such that at the 
target slit the edges of the beam slightly overlap the 
edges of the slits. The traveling slit, which has a width 
less than half that of the target slit, is then inserted 
and adjusted to allow the beam to pass through the 
middle of the target slit. This is accomplished by 
viewing, through a port at G, the beam spot which is 
visible on the fluorescent coating of the target slits. 

The reading of the micrometer of the traveling slit 
determines? the angle 6, which the incident particles 
make at the target with a mean acceptance orbit of 
the spectrometer. The magnet may be so positioned 


724 





MAGNETIC ANALYSIS OF F!9(p,p’)F19* 


that this angle is very close to 180°. A partition, H, 
prevents the acceptance by the spectrometer of particles 
scattered from the traveling slit. 

Protons scattered from the target pass around the 
tube to the detector, K. The slit, J, at 90° serves to 
define both the solid angle, 1.8X10~‘ steradian, and 
acceptance angle, +2°, of the spectrometer, as the 
widths of other slits have been set slightly larger than 
required to define the maximum and minimum rays 
accepted. 

Coated Eastman NTA plates were used as detectors 
throughout the experiment. The plates were read with 
a microscope equipped with a traveling stage graduated 
to one micron. Tracks were counted in 137-micron 
intervals along the focal diameter as a function of their 
distance from the optically projected indexing line. It 
was possible to survey, on one plate at a specified 
magnetic field setting, about 15/700 of the momentum 
spectrum. Successive plates were exposed at different 
magnetic fields so as to give a slight overlap in the 
momentum intervals. 


























Fic. 1. Experimental arrangement. (A) collimating slits; (B) 
viewing quartz; (C) micrometer driven traveling slit; (D) target 
slit; (Z) target; (F) Faraday cup; (G) viewing port; (H) anti- 
scattering partition; (J) defining slit; (K) nuclear track plate 
detector; (Z) camera entrance slit and shutter; (M) optical 


indexing system. 
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Fic. 2. Number of proton tracks versus Bp for scattering from 
F", Bombarding energy 4.140 Mev. Groups: (A) F® (ground 
state); (B) F¥ a 10-kev state); (C) O' (front surface); (D) O'* 
(back surface); (Z) F (198-kev state); (F) C” (front surface); 
(G) C® (back surface). 


The distribution of tracks on the plates may be 
described by the line shapes proposed by Famularo?* 
with only slight modifications to allow for the changes 
in the detection system. This analysis predicts that the 
momentum assignment of a group of particles from a 
sharp state is given by the intercept of the extrapolated 
straight leading edge of the distribution with the 
background. No evidence has been found to suggest 
deviation from the perfect focusing properties of the 
magnet upon which this analysis is based. 

The radius of curvature of an observed group of 
particles is found from the sum of three lengths along 
the focal diameter: the distance between the edge of 
the beam at the target and the inboard edge of the 
target slit, obtained from the micrometer readings of 
the traveling slit; the distance between the inboard 
edge of the target slit and the projected index line, 
determined by comparison with a standard meter bar; 
and the distance from the projected index line to the 
extrapolated end of the particle group, obtained from 
a plot of the distribution of tracks on the plate. The 
field at which a plate is exposed is determined by a 
proton moment magnetometer. Corrections for the 
regulation properties and slight inhomogeneities of the 
magnet are made as previously described.” The targets 
used throughout the experiment were thin layers of 
CaF, evaporated onto nickel foils 10 microinches thick. 


INTERPRETATION 


Figure 2 is a representative member of the series of 
six spectra taken at different bombarding energies. It 
shows the general characteristics observed in each case. 
O'' and C®, appearing as surface contaminants, produce 
elastic groups both from the front and back surfaces 
of the foil, the latter groups showing a characteristic 
broadening due to straggling in the double traverse of 
the foil. In Fig. 2, where the bombarding energy was 
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TABLE I. Summary of the experimental results. 








Second excited 
state 
Percent 
inten- 
sity of 
ground 
state 


First excited 
state 
Percent 
inten- 


Percent 
inten- 
Half- sity of 
Bom- width ground Range 
barding F® state of exci- 
energy groups detect- tation 
mev kev able® kev 


sity of 
ground value 
state kev 





2.1534 
2.8394 
2.9566 
3.1818 
4.1398 
4.5320 


440 N ~2 
440 b b 
360 . c 
425 . 9 
680 ; 14 
730 : 17 


198.7 ~6 
198.3 62 
195.7 Cc 

198.3 19 
198.9 43 
196.6 144 








* Criterion for detectability: three times counting statistics of back- 


ground. 
> Obscured by O"* ground-state group. 
¢ Spectrum did not include ground state. 


4.140 Mev, the first excited state group of F” lies 
above the elastic group from O'*. As the bombarding 
energy is lowered this group merges with the oxygen 
group, finally appearing resolved between the oxygen 
groups from the front and back surfaces at about 2 Mev. 
Similarly, the group corresponding to the second excited 
state of fluorine, which appears superimposed upon the 
oxygen group from the back of the foil in Fig. 1, moves 
farther toward the carbon as the bombarding energy is 
lowered. Such changes in the relative positions of the 
groups, which may be calculated from elementary 
considerations as expressed in Eqs. (1) and (3) below, 
make is possible by bombarding at two or more different 
energies to assign unambiguously the mass of the 
scattering nucleus to the groups from both elastic and 
inelastic scattering processes. 

When the angle between the incident and emitted 
particles at the target is 180°, the relations between 
the energies are particularly simple, 


om ‘ 


for elastic groups, where m is the rest mass of the 
scattered particle, M the rest mass of the scattering 
nucleus, and E£,; and E£, the energies of the incident 
and scattered particles, respectively. 

A second-order correction term (5E).q, is applied to 
the relativistically corrected energy of each group to 
obtain the energy the particle would have had, had it 
been emitted at 6=180° rather than at 0=180°+a. 
This correction term is given by 


M+m E> 4 
(@8).= 280? /[14+—™ -) | (2) 
m 1 


where a@ is determined from the micrometer reading of 
the traveling slit. 

Using the corrected values of E2, the bombarding 
energy, E,, may be determined by Eq. (1) from the 
elastic groups from the target material and the various 
surface contaminants, 


The Q values for excited states are calculated from 
the equation, 


Q= (—")e.- (=") 5+" cses (3) 


where the corrected values of the energy and the 
nuclear masses of Li and Whaling‘ are used. 


EXPERIMENTAL RESULTS 


The results of six determinations are listed in Table I. 
Also tabulated is information bearing on the possibility 
of the existence of other states of F'*. Upper limits may 
be set for the intensity of any possible undetected 
groups resolvable from the known groups, by using the 
criterion that a group of intensity three times the 
counting statistics of background would be detectable. 
The half-width of the fluorine groups and the range of 
excitation energy of F'® covered by each spectrum are 
also listed. 


CONCLUSIONS 


Table II contains a comparison of these Q values with 
other recently published determinations. The errors 
quoted for the present results are based solely on 
internal consistency. The estimation of the error in the 
energy assignment for an individual group based on a 
systematic analysis of the possible sources of error is of 
the order of 4 kev; however, small systematic errors 
constant throughout a spectrum make only very small 
contributions to the error of the Q value, since the () 
value is essentially the difference between two measured 
energies. Thus, only errors which vary from group to 
group or plate to plate contribute significantly, and it 
is felt that the internal consistency provides an adequate 
representation of these errors. 

On the basis of spectra obtained for cases where two 
known groups were superimposed but not resolved, it 
is estimated that if double structure with a separation 
of 3 kev or more existed it would have been possible to 
detect its presence, provided that one group had an 
intensity of at least 25 percent of the other. From the 


TABLE II. Comparison of reported Q values. 








: First excited Second excited 
state state 
Experiment kev kev 


F(p,p")F* 
mag. spec. 
F(a!) 


y-ray 
F(p,p')F* 
mag. spec. 





196.041.4 
196 +2 
197.8+1.2 


108.8+0.8 
113 +2 
110.4+0.6 








® Peterson, Fowler, and Lauritsen, Phys. Rev. 96, 1250 (1954). 
>N. P. Heydenburg and G. M. Temmer, Phys. Rev. 94, 1252 (1954). 
¢ Present report. 


4 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
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data of Table I, it may be seen that groups of 6-kev 
separation or more could have been resolved. It may 
also be seen that any isolated group with an intensity 
of approximately 2 percent of the ground-state fluorine 
group would have been detected; and furthermore, 
with the range of bombarding energies used, there exist 


no gaps in the excitation of F! in which a state could 
be hidden by a contaminant group. 

The authors wish to thank Dr. J. P. Schiffer and 
P. M. Windham for their assistance in carrying out 
some of the measurements, and J. F. Van der Henst 
and E. J. Harmening for construction of the apparatus. 
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Yield of High-Energy Gamma Rays from Proton Capture in Be® 


O. Lénsj6, O. Os, AND R. TANGEN 
Department of Physics, University of Oslo, Blindern, Norway 
(Received December 20, 1954) 


Two yield curves have been taken for gamma rays of energy above 2.5 Mev and 5.6 Mev respectively, 
with proton energies from 150 kev up to 518 kev. The curve for gamma rays above 2.5 Mev shows a 
single broad resonance around 330-kev proton energy. After correction for barrier penetration the curve 
can be fitted by a Breit-Wigner formula with resonance energy 307 kev (corresponding to a level in B” at 
6.86 Mev) and with half-width 160 kev. The curve for gamma rays above 5.6 Mev also shows a nonresonant 
radiation, which consists of more energetic components. 


HE yield of gamma rays from proton capture in 

beryllium has been investigated by Curran e¢ al.,' 

by Hole e¢ al.,? and by Hunt.’ They all found a broad 

resonance around 340-kev proton energy, but Hunt 

observed another broad resonance of even higher yield, 

around 489 kev, while Hole obtained constant yield 
between 430 and 500 kev. 

Trying to find the reason for this discrepancy, we 
have measured the gamma-ray yield between 150 and 
520 kev with protons from our 0.5-Mev Van de Graaff 
machine. The gamma-ray detector was a NaI-scintilla- 
tion counter. 

First the yield was measured with the discriminator 
bias set to count only gamma quanta of energy above 
2.5 Mev. In this way gamma counts from carbon con- 
tamination of the target were eliminated. Our targets 
were contaminated with fluorine during evaporation, 
but the sharp resonance at 340 kev could easily be 
singled out. The result is given in Fig. 1, curve I. The 
curve agrees well with reference 2 and shows no indica- 
tion of the 489-kev resonance reported by Hunt. 

Curve II shows the experimental yield after correct- 
ing for finite target thickness (10 kev at 300-kev proton 
energy) and taking into account the barrier penetra- 
tion factor for s-wave protons according to Christy 
end Latter.4 Curve III is calculated from the Breit- 
Wigner formula, with resonance energy 307 kev and 
half-width 160 kev. There is little evidence here for a 


* oo Dee, and Petrzilka, Proc. Roy. Soc. (London) 169, 
* Hole, Holtsmark, and Tangen, Naturwiss. 28, 335 (1940). 
ing Kgl. Norske Videnskab. Selskabs Skrifter No. 1 
*S. E, Hunt, Phys. Rev. 87, 902 (1952). 

048) F. Christy and R. Latter, Revs. Modern Phys. 20, 185 


resonance below 150 kev, but the disagreement with 
the calculated curve of Tangen? is chiefly due to the 
use of a different penetration factor. In the region 450 
to 500 kev, however, the corrected yield is about twice 
the calculated yield from a single resonance at 307 kev. 

Curve IV is the yield curve with the discriminator 
set to accept only quanta above 5.6 Mev. In this curve 
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Fic. 1. Yield of gamma rays from proton capture in beryllium. 
Curve I: Experimental curve, gamma energy above 2.5 Mev. 
Curve II: Corrected for target thickness and barrier penetration. 
Curve III: Calculated from Breit-Wigner formula. Erp=307 kev, 
half-width 160 kev. Curve IV: Experimental curve, gamma energy 
above 5.6 Mev. 
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the radiation from the 330-kev resonance is suppressed 
strongly, showing that most of this radiation has en- 
ergies lower than 5.6 Mev, in accordance with measure- 
ments of Carlson and Nelson.’ The curve also shows 
that the radiation has a component of high-energy 
gamma rays, having a yield curve that rises smoothly 
through the whole region.® It is evident that a great 
part of the high-energy quanta observed by Carlson 
and Nelson belongs to the nonresonant part of curve IV. 

Carlson and Nelson® have measured the gamma 
spectrum at a proton energy of 315 kev, and found that 
8 percent go to the ground state, 20 percent to the first 
excited level, and the rest to still higher levels. The 
quanta going to the first excited level (gamma energy 
approximately 6.15 Mev) would contribute to curve 
IV, but because of the discriminator setting their 
efficiency would be greatly reduced compared to that 


5 R. R. Carlson and E. B. Nelson, Phys. Rev. 95, 641 (1954). 

6 After this manuscript was written we extended the measure- 
ments of curve IV up to 550 kev with our new Van de Graaff 
machine. There is still a continuously increasing yield, and no 
indication of the resonance at 489 kev reported by Hunt.? 
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for quanta from transitions to the ground state. Pulses 
resulting from transitions to still higher levels would be 
completely suppressed. 

Jacobs e¢ al.” have found that the gamma radiation is 
isotropic. They used G.M. tubes, which means adding 
the effect of all different transitions. The distribution 
from one specific transition could still be anisotropic. 
We have measured the yield in one case at two different 
angles, relative to the direction of the proton beam. 
Curves I and IV are observed at 0°. With the same 
discriminator setting as in curve IV (5.6 Mev), we 
have observed the yield at 90° and, within the limits 
of error, have got the same ratio between the yields at 
330 kev and at 500 kev. Therefore, if the angular dis- 
tribution is not isotropic, at least it must be approxi- 
mately the same for the two transitions contributing 
in this case. 

This work was supported by the Royal Norwegian 
Council for Scientific and Industrial Research, as well 
as by a grant from “Fridtjof Nansens fond.” 


7 Jacobs, Malmberg, and Wahl, Phys. Rev. 73, 1130 (1948). 
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Differential Elastic Scattering Cross Section for Neutrons on Nitrogen 


J. L. Fowrer anp C. H. Jonnson 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received December 27, 1954) 


Two independent methods were used to measure the angular distribution for elastic scattering of neutrons 
from nitrogen in the neutron energy range from 0.80 to 2.36 Mev. The scattered neutrons were counted 
directly in order to obtain the absolute differential cross section at four neutron energies. These curves 
provide information on the potential scattering for energies below 1.54 Mev. The second technique, which 
observed the recoil nitrogen nuclei, allowed a study of scattering at the resonances. In this manner parities 
were established for levels in N*® as follows: The 1.120, 1.401, 1.595, and 2.25-Mev levels have odd parity; 
the 1.779-Mev level has even parity and a tentative assignment of even parity was made for the 1.350-Mev 
level. J-values associated with resonances at 1.12 and 2.25 Mev were each assigned to be 3/2 rather than 


the values favored in the literature. 


I, INTRODUCTION 


T has been recognized for a long time that differ- 
ential elastic scattering neutron measurements yield 
valuable information about nuclear structure and reso- 
nance parameters. The differential scattering of 1-Mev 
neutrons from heavier elements! has been used as a 
test of the cloudy crystal ball model of the nucleus.’ In 
this laboratory we have begun a systematic study of 
the resonance scattering of neutrons from light nuclei.*-> 
Nitrogen is an appropriate nucleus for such studies. 
There are a number of levels at relatively low energies** 
1M. Walt and H. H. Barschall, Phys. Rev. 93, 1062 (1954). 
? Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 
3 Fowler, Johnson, and Risser, Phys. Rev. 91, 441(A) ly 
‘ Willard, Bair, and Kington, Phys. Rev. 94, 786(A) (1954). 
( 954) H. Johnson and J. L. Fowler, Phys. Rev. 95, 637(A) 
1954). 
6 Johnson, Petree, and Adair, Phys. Rev. 84, 775 (1951). 


so that one can accumulate information as to how the 

quantum properties vary from level to level. In general 
the levels have sufficient width (~20 kev) so that one 
can resolve them with standard techniques. The re- 
action cross sections of both (m,p) and (n,a) reactions 
are known!*” so that a comparatively complete theo- 
retical analysis of the scattering process can be made. 
In the 2.6- to 4.2-Mev energy region measurements 


7 Hinchey, Stelson, and Preston, Phys. Rev. 86, 483 (1952). 

8 Johnson, Willard, Bair, and Kington, Oak Ridge National 
Laboratory Physics Division Quarterly Report ORNL-1365, 1952 
(unpublished), p. 1. 
pi Ricamo, Scherrer, and Ziinti, Helv. Phys. Acta 26, 

1 F 
(19: 0} H. Johnson and H. H. Barschall, Phys. Rev. 80, 818 

11 W. Bollmann and W. Ziinti, Helv. Phys. Acta 24, 517 (1951). 

; a McCue, Preston, and Goodman, Phys. Rev. 83, 
1133 (1951). 
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have been reported'*-* for the angular distribution of 
j-d neutrons elastically scattered from nitrogen. In the 
present work two independent methods were used to 
observe the scattering for neutron energies from 0.80 to 
2.36 Mev. Section II describes the direct method of 
detecting the scattered neutrons in order to measure 
the absolute scattering cross section. Section III de- 
scribes the more rapid but less accurate technique of 
detecting recoil nuclei. The last section discusses the 
results of both measurements. 


II. DETECTION OF SCATTERED NEUTRONS 


Figure 1 shows the experimental arrangement for the 
neutron detection experiment, which is similar to that 
used by Walt and Barschall.! Briefly, neutrons from a 
source were scattered by a cylindrical sample and 
detected by a counter which was shielded from the 
direct neutron flux. Neutrons were produced in the 
T(p,n)He' reaction. Analyzed protons from the 2.5 Mev 
Van de Graaff entered a tritium gas target of 25- to 
50-kev stopping power through a 50 micro-inch nickel 
window. The neutron energy spread introduced by the 
foil was found to be 20 kev at 1.35 Mev by a simple 
transmission experiment which measured the experi- 
mental width of a known resonance’ in the total cross 
section of nitrogen. 

Scattering samples were formed from lithium azide 
(LiN;) prepared by the Analytical Chemistry Division 
at the Oak Ridge National Laboratory. According to 
a quantitative analysis, the sample was 14.14 percent 
by weight of Li and 83.94 percent by weight of nitrogen. 
For LiN; these numbers are 14.17 and 85.83 so that a 
small error was introduced by assuming the sample to 
be pure. The LiN; was transferred inside a dry box into 
a thin-walled (0.008 cm) brass can 2.8 cm in diameter 
and 11.4 cm long. This scatterer was placed at zero 
degrees to the proton beam with its axis perpendicular 
to the beam axis and 31.5 cm from the source. For 
background measurements an identical can was pro- 

ided which contained the same amount of lithium as 

mthe original sample in the form of disks spaced along 
he axis of the can. 

Neutrons scattered by the LiN; were detected by a 
-atmosphere propane recoil counter having an active 
olume 9.5 cm long and 2.4 cm in diameter. At each 
neutron energy the propane counter bias was set to 
give an approximately flat response for neutrons scat- 
ered at all angles from nitrogen. Bias curves were 
obtained by comparison with a long counter'® which 
as assumed to have a flat response over the small 

neutron energy range concerned. In order to measure 
he angular distribution of the neutrons scattered from 
nitrogen, the propane counter was placed with its 
enter 13.7 cm from the center of the sample and was 


hy (ane Huber, Ricamo, and Ziinti, Helv. Phys. Acta 23, 
1950). 
4 P, Huber and H. R. Striebel, Helv. Phys. Acta 27, 157 (1954). 


(194) O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 
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_ Fic. 1. Experimental arrangement for scattering of neutrons by 
lithium azide in order to measure the differential cross section for 
elastic scattering of neutrons by nitrogen. 


rotated about the axis of the sample. At each angle a 
suitable paraffin slab shielded the counter from the 
direct flux. The sample, counter, and paraffin were each 
supported by wires; and the nearest massive supports 
were a grating floor 5.5 feet from the sample and a 
concrete floor 15 feet from the sample. Backgrounds, 
which varied from 50 percent for forward angles to 80 
percent at backward angles, resulted primarily from air 
scattering. 

The differential elastic scattering cross section was 
measured at nine angles by the following sequence of 
measurements: The paraffin and scatterer were re- 
moved, and the direct flux was determined by placing 
the propane counter at 5 degrees to the beam. This was 
the average angle of the scattering sample to the beam. 
For the measurement of the scattered flux the counter 
was moved to the desired angle, 0, the paraffin was re- 
placed, and alternate runs were made with the LiN; 
and the Li samples in position. Finally, another direct 
flux measurement was made at five degrees to the beam 
before proceeding to the next angle. All measurements 
were monitored by the long counter at 5 degrees to 
the beam and 3.1 meters from the source. Distances to 
source, scatterer, and counter were recorded for each 
angle. 

At an angle @ the differential elastic scattering cross 
section is proportional to [C(@)—B(6) ]/D, where C(é) 
is the number of counts with the scatterer in place, B(@) 
is the number of background counts with the lithium 
sample in place, and D is the number of direct counts. 
Each number is normalized by the long counter monitor. 
The calculation of the cross section requires the number 
of atoms in the sample; the distances between source, 
scatterer, and detector; and the aforementioned ratio. 
The counter efficiency cancels in the ratio. Since each 
component of the scattering geometry was finite, the 
following effects were considered : 

(a) Effective distances were found by integration 
over the lengths of the source, scatterer, and detector. 
The active length of the detector was taken to be that 
of its counter wire and the effective center was found 
by observing the counting rate at several distances from 
the source. 
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Fic. 2. Differential cross section in center-of-mass system for 
elastic scattering of neutrons by nitrogen in barns/steradian 
versus the cosine of the center-of-mass angle. Open circles show 
data from the neutron scattering experiment and solid points 
show the nitrogen recoil data. Curves are shown for three off- 
resonance points at 0.80, 1.28, and 1.54 Mev, and one resonance 
at 1.40 Mev. 


(b) Direct neutrons were detected with the counter 
aimed at the target, whereas scattered neutrons entered 


at an average angle of 12° to the counter axis. The 
ratio of sensitivities for the two directions was found 
experimentally to be 0.97. A correction was also made 
for a slight variation of counter efficiency with the 
scattered neutron energy. 

(c) The measured cross section is an average over the 
angular resolution of the counting geometry and is 
plotted at an average angle which is larger than the 
angle between the counter and proton beam axis. The 
full width at half-maximum of the angular resolution 
function stated in terms of the cosine of the scattering 
angle was less than 0.2. In the analysis of the results 
the correction for angular resolution was small. 

(d) The sample partially shields itself from the inci. 
dent flux. The ratio of the average flux within the 
sample to the incident flux was found from known total 
cross sections’ to range from 0.91 to 0.94. 

(e) Since the diameter of the samples was about one. 
fifth of a mean free path for scattering, some of the 
neutrons were scattered more than once. To correct for 
this the approximate angular distribution was first 
determined with the above effects included and then a 
multiple scattering correction was made following Walt 
and Barschall.! Off-resonance the correction was very 
small, but the correction for the 1401-kev resonance 
curve was as large as 6 percent. No correction was mad¢ 
for multiple scattering by the lithium. 

Figure 2 shows the differential elastic scattering cross 
section versus the center-of-mass scattering angle for 
neutron energies of 0.80, 1.28, 1.40, and 1.54 Mev. 
The open circles are the data from the experiment de 
scribed above; the solid points are discussed in the 
following section. The vertical bars on the open circles 
indicate the standard statistical deviation of the dat 
points. Average curves have been drawn through th¢ 
points and an integration under each curve yields : 
cross section which agrees within the statistical un 
certainty with the elastic part’ of the total cro 
section. This measures the accuracy of the approxima 
tions which were used. In particular the effect of th 
impurity in the scatterer has been neglected. If thig 
impurity were H.O or a hydroxide, then the distribu 
tions, particularly at lower neutron energies, woul 
show strong scattering at the two most forward angle 
At those angles the propane counter was not biaset 
against neutrons scattered from hydrogen. The absenc; 
of a forward peak in the 0.8-Mev curve indicates thi 
impurity contains little hydrogen. Other impuritia 
would cause a negligible distortion of the curves. 


Ill. DETECTION OF RECOIL NITROGEN NUCLEI 


In the absence of inelastic scattering, the angul: 
distributions of elastic scattering of neutrons can » 
deduced from the energy distribution of the reco 
nuclei.!*!7 The energy of the recoil nucleus is propor 
( as pooh Huber, and Staub, Helv. Phys. Acta 11, 2! 
1938). 

17H. H. Barschall and M. H. Kanner, Phys. Rev. 58. 5 
(1940). 
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Fic. 3. Experimental arrangement for observing the energy distribution of nitrogen recoils 
caused by elastic scattering of neutrons by nitrogen. 


tional to (1—cos@), where ¢ is the neutron scattering 
angle in the center-of-mass system. In this system also 
the number of recoils in energy interval AE is propor- 
tional to the differential scattering cross section times 
the interval A(cos@). Since energy pulse-height analysis 
isa more rapid technique than the detection of scattered 
neutrons, we have used the nuclear recoil technique to 
investigate the intermediate-width resonances in nitro- 
@ gen with better neutron energy resolution than was 
B used in the neutron detection experiment. 

Recoils were detected with a nitrogen-filled propor- 
tional counter, Fig. 3, with a‘ cylindrical active volume 
7.62 cm in diameter and 12.7 cm long. The length was 
defined by field tubes!* which eliminated end effects 
resulting from nonuniform fields. The counter wire was 
separated from the field tube voltage by grounded 
shield tubes. Pulses from the counter were amplified 
by ORNL A-1 preamplifiers and amplifiers’? with a 
band pass of 0.5 Mc. During the earlier stages of this 
experiment pulses were analyzed with an ORNL 
single-channel analyzer,”! and later on a 20-channel 


1195 i‘ C. Cockcroft and S. C. Curran, Rev. Sci. Instr. 22, 37 
 W. Jordan and P. R. Bell, Rev. Sci. Instr. 18, 703 (1947). 
»” Francis, Bell, and Gundlach, Rev. Sci. Instr. 22, 133 (1951). 
*1 J, E. Francis and P. R. Bell, Oak Ridge National Laboratory 
Report ORNL-1470 (unpublished). 


pulse-height selector was used.” The relative voltage of 
the cathode and field tube were adjusted to give best 
energy resolution. With the counter filled with a gas 
mixture of 2 atmos A and 3} atmos Ng, the counter 
system resolved the 630-kev peak from the N“(n,p)C™ 
reaction produced by thermal neutrons with a full 
width at half-maximum of 5 percent. 

Figure 3 shows the experimental arrangement for the 
recoil experiment. Neutrons were produced by the 
T(p,n)He’ reaction as discussed in Sec. II except that 
protons were accelerated by both the 5.5-Mev and 2.5- 
Mev Van de Graaffs. At a few neutron energies, higher 
resolution was obtained by replacing the gas target with 
zirconium-tritide. The long counter monitored the neu- 
tron flux. The recoil counter was filled to about } atmos 
Nz and placed with its axis at 0° to the proton beam. 
The energy scale for neutrons entering the counter was 
established by using the recoil counter with low bias 
settings as a detector to locate known resonances in 
the total cross section of nitrogen.**® Experimental 
widths of the observed resonances corrected for the 
known natural widths gave the neutron energy resolu- 
tion. This energy resolution varied from 10- to 40-kev 

2 Kelley, Bell, and Goss, Oak Ridge National Laboratory 


Physics Division Quarterly Progress Report ORNL-1278, 1951 
(unpublished). 
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Fic. 4. Linearity check of pulse height versus energy in the 
nitrogen counter. The pulse height corresponding to the mean of 
the upper edge of several pulse height distributions for nitrogen 
recoils is plotted against the maximum recoil energy. 


full width at half-maximum, with most of the data 
taken with 20-kev resolution. 

For purposes of comparison, pulse-height distribu- 
tions were obtained with the recoil counter at the same 
neutron energies and energy resolutions as those used 
for the direct measurements of the last section. Since 
the nitrogen-recoil energy scale is a linear function of 
cos¢, one can adjust the upper edge of the pulse-height 
distributions to the line cos#= —1.0 and thereby make 
a direct comparison with the differential cross sections. 
In Fig. 2 the solid points are the nitrogen-recoil data, 
and open points are scattered-neutron data. A rough 
measurement showed that the total number of pulses 
was about equal to the number of recoils expected from 
the source strength and counting geometry; however, 
in Fig. 2 the recoil data have been arbitrarily normalized 
for convenient comparison. 

In the recoil pulse-height distributions of Fig. 2 and 
of other figures to be presented, the energy scale or 
equivalent (1—cos@) scale has been corrected for a slight 
nonlinear pulse-height variation with energy. The cor- 
rection was found from Fig. 4 which shows the pulse 
height corresponding to the mean of the upper edge of 
a number of distributions versus the maximum recoil 
energy (0.249 times the incident neutron energy). 

A number of tests were made to check the repro- 
ducibility of pulse-height distributions for 0.8-Mev 
neutrons. The nitrogen pressure in the counter was 
changed by a factor of three. The counter voltage and 
consequently the gas multiplication was varied over a 
considerable range. The tritium neutron source was 


altered; Al was substituted for Ni as the tritium cel] 
window, and the experiment was performed with a 
zirconium-tritide target. While there was some fluctua- 
tion of the curves for cos#>0.8, the distributions other- 
wise were essentially the same. The relative distribu- 
tions obtained at other energies were reproducible 
within the statistical errors of the measurements which 
are indicated by the fluctuations of the solid points in 
Fig. 2 from a smooth curve. 

The number of pulses resulting from background neu- 
trons was determined by substituting helium for tritium 
in the gas cell, and was found to be negligible for the 
upper ¢ of the energy distributions. At 1.40 Mev it was 
necessary to subtract a background resulting from the 
N*(n,p)C™ reaction which is not a negligible part of 
the total cross section at this resonance. Since the 
protons are not stopped in the counter gas, they give 
rise to a continuum rather than a discrete pulse group. 
An approximate correction was made with the assump- 
tion that the (,p) pulses are uniformly distributed from 
zero to a pulse height corresponding to 540 kev, the 
maximum energy loss in the counter. No correction is 
required for the (v,a) reaction since most a particles 
stop in the counter gas and give a discrete group at 
larger pulse height than the maximum recoil pulse. 

Figure 2 indicates that except for the straggling at 
the upper edge due to the energy resolution of the 
counter, the nitrogen recoil distributions agree approxi- 
mately with the differential cross-section data in the 
region 0<cos$<—1 but begin to deviate at cos#>0.1. 
A small part of this disagreement for cos@>0.1 is due 
to the nonlinear dependence of recoil pulse height on 
neutron energy. The comparison presented in Fig. 2 
enables one to plot relative correction curves for the off- 
resonance recoil data as a function of energy for the 
angular region 0.5>cos¢>0. 

For the study of a resonance by the recoil technique, 
a series of distribution curves were taken in a continuous 
series of runs: a distribution between the resonance and 


the resonance below it; a distribution at the peak of the | 


resonance and in some cases on the sides of the peak; 
and a distribution between the resonance and the 
resonance above. The extrapolated relative corrections 
were applied to the resonance data up to 1.7 Mev; 
beyond that the correction was negligible. 

In Figs. 5, 6, and 7 the solid circles show the nitrogen 
recoil data which have been normalized for comparison 
with the theoretical differential cross-section curves 
discussed in the next section. The neutron total cross 
section taken from the literature’® is plotted on the 
right-hand side of the figures. The arrows indicate the 
neutron energy at which the differential cross section 


and angular distribution measurements were made. f 


The bars at the end of the arrows give the full energy 
spread at half-maximum for the neutrons entering the 
counter. 
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IV. DISCUSSION OF RESULTS 


The method of analysis of Blatt and Biedenharn* 
allows one to calculate theoretical neutron differential 
elastic scattering cross sections at resonances providing 
one knows the phase shifts for potential scattering and 
the quantum parameters of the resonances. The off- 
resonance scattering cross sections obtained from the 
neutron detection experiment were used to deduce the 
potential phase shifts. A Legendre polynomial fit was 
made to the experimental curves through the cross- 
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Fic. 5. Differential cross section in center-of-mass system for 
scattering of neutrons by nitrogen in barns/steradian versus the 
center-of-mass scattering angle. Curves are given for several 
energies from 0.80 to 1.16 Mev. The total cross section of nitrogen 
is plotted at the right, and connecting arrows indicate the neutron 
energy for each distribution. Open circles are neutron scattering 
data and closed circles are nitrogen recoil data. Theoretical curves 
are given; and near the resonance they are labeled with total 
angular momentum (J), orbital angular momentum (I), and 
channel spin (s). 


% J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952). 
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Fic. 6. An extension up to 1.682 Mev of the differential cross- 
section curves described in Fig. 5. 


section data, and the phase shifts were calculated from 
the coefficients of the polynomials. Figure 8 shows a 
plot of the empirical potential phase shifts for s- and 
p-waves versus laboratory neutron energy. Below 800 
kev the potential scattering was assumed to be all 
$-wave, so that the phase shift is found from the total 
cross section by the relation: ¢,= 4X? sin’no, where A is 
wavelength of relative motion divided by 27, and 7 is 
the s-wave phase shift. For the higher energy points, 
the analysis indicated a slight amount of d-wave phase 
shift <3°; however, the presence of tails of near reso- 
nances and inaccuracies in the experimental distribu- 
tions made the use of d-wave phase shift in the calcu- 
lation unjustifiable. The dashed curves in Fig. 8 give 
the s and p phase shifts expected from the hard-sphere 
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Fic. 7. An extension from 1.682 to 2.36 Mev of the differential 
cross-section curves described in Fig. 5. 


scattering. The behavior of the experimental 7 is 
probably connected with shape resonance discussed by 
Feshbach, Porter, and Weisskopf,? and Adair. In 
Figs. 5, 6, and 7 the experimental phase shifts from 
Fig. 8 have been used to describe the off-resonance 
distributions obtained from the recoil data. 

The above calculation includes the assumption that 
the phase shifts for the two channels are equal. The 
approximate equality of coherent and incoherent bound 
nuclei scattering at thermal energies*®.?* and the depth 
of the interference dip before the 639-kev (J=1/2) 
s-resonance support this assumption. The dip before 
the 998-kev (J=3/2) s-resonance is not enough to be 
explained on the basis of equal phase shifts for both 


%* R. K. Adair, Phys. Rev. 94, 737 (1954). 

25 C, G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 

26 A. W. McReynolds and G. W. Johnson, Phys. Rev. 82, 
344(A) (1951). 


channel spin states; nevertheless, the magnitude of the 
total cross section and the analysis of the angular distri- 
bution at about 1.65 Mev indicate that both channel 
spin phase shifts are approximately 90° at this higher 
energy. 

It will be seen from that which follows that for the 
case of elastic scattering of neutrons from nitrogen a 
qualitative analysis of the resonance angular distribu- 
tions is simple, since the potential phase shift is nega- 
tive and predominantly s-wave. At resonance energies 
for J=3/2 or 5/2, p-wave neutrons will show forward 
scattering, and d-wave neutrons will show both forward 
and backward scattering nearly symmetrical about 90°. 

In Figs. 5, 6, and 7, curves are presented which give 
the quantitative analysis of the angular distributions at 
or near resonances. Below 1.54 Mev the potential 
scattering is assumed to be all s-wave, but above this 
energy p-wave is also included. In calculating the 
interference between the potential and resonance scat- 
tering for the 1.120, 1.401, 1.595, and 1.779-Mev levels, 
the J-values and ratio of neutron widths to total widths 
were taken from the paper. of Hinchey, Stelson, and 
Preston,’ who obtained these quantities from their total 
cross section measurements and from the (n,p) and 
(n,a) cross sections.” The theoretical curves shown as 
lines through the resonance scattering data have been 
corrected for the energy spread of the source neutrons. 
The distribution of source neutrons was taken to be 
Gaussian with a full width at half-maximum given by 
the bars at the ends of the arrows which indicate the 
energy in the figures. The total angular momentum (J) 
of the level as well as the orbital angular momentum (I) 
of the neutrons and the channel spin (s) are indicated 
on the curves. The slight energy dependence of the 
level width and level shift has been neglected. 

It has been assumed throughout the discussion that 
each resonance is isolated from the others. On this 
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Fic. 8. Phase shifts for s- and p-wave potential scattering 
required to fit the off-resonance differential cross section for 
scattering neutrons by nitrogen. The solid curves are derived from 
the total cross sections and the neutron scattering data. The 
dotted parts of the curves are based on the total cross sections 
and the nitrogen recoil data. The dashed curves are phase shifts 
calculated for neutrons scattered from a hard sphere of radius 
3.7X10-¥ cm. 
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basis an analysis could not be made for the 1.35-Mev 
resonance which is near the broad 1.40-Mev resonance. 
It was assumed, however, that this narrow peak did not 
disturb the broad 1.40-Mev resonance.* The 1.35-Mev 
resonance distribution suggests d-wave interaction. 

An integration, times 27, under the theoretical curves 
for either channel spin yields the total elastic scattering 
cross section (to be observed with this energy resolu- 
tion). This follows because the potential phase shifts 
were chosen to fit the absolute off-resonance cross 
section and the J-value has been assigned from the 
observed total cross section at resonance. 

In the case of the 1.120-Mev level, the differential 
cross section is calculated for both J=3/2 and 5/2. 
Work on total cross section did not give a definite 
decision between these cases.” As is seen from Fig. 5 
the angular distribution data favor J=3/2. Further- 
more, with J=3/2 and.I',/['=1,’ the theoretical reso- 
nance part of the total cross section is 1.78 barns which 
is consistent with an experimental estimate of the 
resonance part of the total cross section of about 1.9 
barns (Fig. 4, reference 7°”). 

An analysis of the 2.25-Mev resonance is not as 
straightforward as that for the lower energy resonances. 
Johnson ef al.’ and Meier e¢ al.° each observe a 0.38-barn 
peak which, corrected for the energy resolution, is a 
0.41-barn resonance in the total cross section. The 
following discussion makes the assumption, which is 
not wholly justified, that this is an isolated resonance. 
The potential scattering phase shifts extrapolated in 
Fig. 8 to 2.25 Mev and adjusted to give the correct 
off-resonance cross section were taken to be 7»>= — 100° 
and =—10°. This rough extrapolation and the 
neglect of d-wave phase shift are considered sufficiently 
accurate to use in assigning parity to the 2.25-Mev 
resonance. In Fig. 7, the dashed distribution at the 
off-resonance 2.07-Mev energy results from these phase 
shifts. The adjustment of s- and p-wave phase shifts 
and the addition of a d-wave contribution to force a 
better fit are not justified without a knowledge of the 
forward scattering. It is clear, nevertheless, that the 
potential scattering is predominantly s-wave and that 
the forward scattering at the 2.25-Mev resonance results 

* Note added in proof.—A qualitative investigation of the effect 
of the interference of the 1.35-Mev level on the angular distribu- 
tion of the 1.40-Mev level shows the parity assignment based on 
the aforementioned analysis is not altered [A. E. Glassgold, Oak 
Ridge National Laboratory (private communication) ]. 

27Tn reference 7 the A,? were incorrectly transformed to the 


center-of-mass system; the value should be increased by the 
factor 15/14. P. H. Stelson (private communication). 
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TaBLeE I. J-values and parities for N’ levels which give rise to 
resonances in neutron scattering from nitrogen. 








Neutron energy in Mev 


(laboratory system) J-value Parity 











* Tentative assignment. 


from p-wave neutrons. For p-wave neutrons there will 
be only a small interference dip so that the magnitude 
of the peak in total cross section is equal to approxi- 
mately 4r4?[(2J+1)/6](I,,/T). Thus, taking into ac- 
count the interference dip, one finds ',/T'=0.97 or 0.48 
for J=1/2 or 3/2, respectively. The choice between J 
values depends on the observed (m,p) and (n,a) cross 
sections. By substitution of these values in the ex- 
pression 4r4?[(2J+1)/6][T,([—TI,)/T?], one finds a 
reaction cross section of 0.01 barn for J=1/2, and 0.22 
barn for J=3/2. Bollman and Ziinti" observed a reso- 
nance [(,p)+ (n,a) ] cross section of 0.12+0.04 barn, 
which, corrected for energy resolution, agrees approxi- 
mately with 0.22 barn. These considerations lead to an 
assignment of J=3/2 in disagreement with the value, 
J=1/2, of Meier e al. 

In Fig. 7 the theoretical angular distribution is pre- 
sented at 2.25 Mev for J=3/2, /=1, T,/fT'=0.48. 
Nearly identical curves are obtained for the two channel 
spins. A curve is also shown for /=1/2 using the value, 
T’,/'=0.63, which had been assumed by Meier et al. 
The angular distribution favors J =3/2. 

Table I gives a summary of the J-values and parities 
which give the best fit to the angular distribution data 
presented here. The tentative assignment for the 1.35- 
Mev resonance is based on a similarity of the angular 
distribution to that at 1.779 Mev. In assigning these 
parities to the excited states of N', the parity of N“ is 
taken to be even. 
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A search for gamma emitters in the millisecond range of half-life was conducted, using the 32-Mev 
Berkeley proton linear accelerator. Foil targets of eighteen common elements were bombarded, and the 
activity made in them was followed between beam pulses with a gated scintillation counter. The only 
activity found of measurable yield was from Ta, and it exhibited a half-life of 5.52-0.3 milliseconds. Using a 
gated nine-channel pulse-height analyzer with the NaI(TI) crystal counter, the excitation curve of this 
activity was measured and its gamma-ray spectrum deduced. Gamma rays of 0.35 Mev and 0.22 Mev are 
indicated by the pulse spectrum, and no #’s are present commensurate with this half-life. Comparison of the 
excitation curve for this activity with those of Ta'® (8-hour) and W!” (30-min) leads to the tentative 


assignment of this decay to W!®™. 





INTRODUCTION 


INCE the discovery of nuclear isomerism by Hahn! 
in 1921, over a hundred examples of it have been 
found among the known radioactive nuclei. In spite 
of powerful methods of electronic detection,? however, 
no isomers with half-life in the millisecond range have 
been discovered until very recently,* and yet isomeric 
half-lives have been found as long as years and as short 
as 10—° second. Goldhaber and Sunyar* suggested that 
the absence of any half-lives of the millisecond magni- 
tude might actually be equivalent to their improba- 
bility on an energy basis. On the basis of their semi- 
empirical classification of isomers, they found that the 
only combinations of spin change and gamma energy 
that could correspond to millisecond half-lives were E, 
about 50 kev for AJ=2, and Ey about 800 kev for 
AI =3. Since the variation of half-life with energy is a 
power law, these possible energies fairly sharply define 
the half-life and make the rarity of isomers with these 
decay energies simply equivalent to a rarity of milli- 
second half-lives. 
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Fic. 1. Bombardment arrangement. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

¢ Now at Tracerlab, Inc., Western Division, Richmond, 
California. 

1. L. Hahn, Chem. Ber. 54, 1131 (1921). 

2S. DeBenedetti and F. K. McGowan, Phys. Rev. 74, 736 
(1948). 

3H. B. Mathur and E. K. Hyde, Phys. Rev. 98, 79 (1955). 

4M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 


A way of searching for these activities that had not 
been extensively used until the last few years was made 
available by pulsed heavy-particle accelerators. This 
method consists of bombarding a target that is near a 
counter and gating the counter so that it can count 
only during the time between beam pulses. Providing 
the target did not get too active with longer-lived 
activities, one could detect by this means any activity 
whose half-life was of the order of the time between 
beam pulses or much shorter than this. This technique 
was successfully used by Alvarez® to find and identify 
the twelve-millisecond N” which emits a very energetic 
beta, but had not been used to find gamma emitters, 
perhaps because only in the last few years have 
high-efficiency, short-dead-time gamma counters been 
available. 

If, now, an activity is detected which exhibits a very 
short half-life and yet emits only gamma radiation or 
low-energy electrons which could be conversion elec- 
trons or photoelectrons, this activity must almost 
surely be a nuclear isomer since a K capture or beta 
emitter would have to be of very high energy indeed in 
order to have a half-life in the millisecond region. For 
example, the 27-msec B” emits a B- of 13.4 Mev and 
the 12-msec N” emits a B- of 16.6 Mev; a K capture 
among even the heaviest of elements could hardly be 
expected to occur with energies of this magnitude 
without appreciable positron emission. 

The Berkeley 32-Mev proton linear accelerator is a 
pulsed machine which delivers 300-ysec long pulses 
fifteen times per second. This makes it almost ideal to 
use for the production of short-lived activities, and so 
a search was undertaken for gamma-ray emitters with 
half-lives in the range between one millisecond and 50 
milliseconds which could be made by 32-Mev protons 
incident on a number of different elements. 


METHOD 


The geometry used for bombardment of the various 
targets is shown in Fig. 1. The counter consisted of a 
q-inch diameter by 3-inch high NaI(T1) crystal pack- 


5L. Alvarez, Phys. Rev. 75, 1815 (1949). 
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aged with MgO around three sides and optically glued 
to the window of a DuMont 6292 photomultiplier tube. 
The photomultiplier was protected from stray magnetic 
fields by a Mu metal shield, and its gain was calibrated 
against the gamma ray of 0.662 Mev from Cs'’. The 
gain of the entire system made this gamma ray give a 
pulse height for photo-absorption of about 50 to 70 
volts. The pulse spectrum due to Cs'*7 is shown dotted 
in Fig. 2, the strong peak being the photo-absorption 
line. 

An electronic gating unit was built which delivered 
a total of six gate pulses in tandem which followed the 
end of the beam pulse by six milliseconds. These gate 
pulses were fed separately to each of six scalers so that 
the only time a scaler could accept input pulses from 
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Fic. 2. Pulse-height spectra of Cs'*’ and 5.5-msec activity. 


the scintillation counter was within the duration of the 
gate. Figure 3 shows the electronic arrangement for 
this counting experiment. The scaler discriminators 
| were set at the same pulse height, about that of a 100- 
kev gamma ray, and checked frequently. The gates on 
the scalers were equal in width so that the counting 
tates on the scalers formed a decay curve for the ac- 
tivity after background was subtracted away. Back- 
ground consisted of two counting rates: the first was 
simply that due to the beam alone with no target in 
place; the second was due to the long-lived activities 
made in the target and was measured by counting for 
the same length of time as an actual measurement, but 
with no beam and beginning 30 seconds after the beam 
had been turned off. 
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Fic. 3. Block diagram of electronics. 





Foils approximately 10 atoms/cm? thick of Pb, Pt, 
W, Mg, Al, Ni, C, Cu, Zn, Mo, Ag, Cd, In, Sn, Ta, Bi, 
Be, and U were bombarded in the manner described, 
and the only activity observed that indicated a short- 
lived decay was from Ta as a target. The gate widths 
and delay were such that an abundant activity of half- 
life from about 2 msec to 25 msec would probably have 
been detected. Thick targets of W, Ta, and Pb were 
bombarded, and the ratio of activities of the Ta to 
the W and Pb targets was greater than 50:1. This ratio 
was obtained by monitoring the beam with an argon- 
filled ion chamber during the runs on different targets. 
The incident beam energy was varied with Al absorbers, 
and the yield and half-life for twelve energies down to 
14 Mev were measured for the thick Ta target. This 
gave ten good measurements of the half-life, the 
average of which is plotted in Fig. 4. The gates were 
2.5 msec wide for these runs and began 5 msec after 
the end of the beam pulse. The total spread of these 
ten measurements of half-life is less than five percent, 
and the average value is 5.5+0.3 msec for the half-life, 
the error based on the extreme decay curves which can 
be drawn through the six points in Fig. 4. 

In order to verify that the activity found was indeed 
an isomer, its gamma-ray spectrum was investigated 
and a thin target excitation function obtained. For this 
purpose a nine-channel pulse-height analyzer developed 
by Bowman, Thomas, and Gantz® was used. A beam 
monitor devised by Kitchen,’ consisting of a DuMont 


6H. R. Bowman and R. E. Thomas, University of California 
Radiation Laboratory Report UCRL-2164 (unpublished). 

7 Sumner Kitchen, University of California Radiation Labora- 
tory Report UCRL-2495 (unpublished). 
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Fic. 4. Decay curve of 5-msec activity. 


6292 photomultiplier looking at air ionized by the 
beam, was used since this type of monitor is linear with 
beam intensity whereas an ion chamber is not. The ion 
chamber is not linear because the highly focused beam 
of the linear accelerator “uses up” all the available 
atoms of gas in the ion chamber by ionizing them, so 
that further increases in beam intensity do not give 
equal increases in ion current. 

With the pulse-height analyzer gated so that it 
accepted pulses only during the time interval from 7 
msec after the beam till 13 msec after the beam, Ta 
foils 0.004 inch thick were bombarded so that the beam 
passed through the target at 45°, as shown in Fig 1; 
foils were changed frequently to keep background of 
long-lived activities down. Use of a pulse-height analyzer 
actually made the measurements from thin targets 
possible, since most of the total background was due 
to either very small or very large pulses. The pulse 
spectrum measured is shown as the solid histogram of 
Fig. 2. It is the average spectrum of five runs at dif- 
ferent proton energies, and the separate spectra meas- 
ured at these energies show that the gamma-ray spec- 
trum does not change with proton energy. Even though 
the total background due to both causes mentioned 
changed both in spectrum and in magnitude, averaging 
20 to 30 percent, the net spectrum did not. That no 
beta rays were present in the activity was shown by 
the fact that the pulse spectrum from the Nal crystal 
consisted mostly of relatively low-energy pulses. If 


betas were present with this half-life, they would have 


to be well above 5 Mev in energy, and betas this ener- 
getic traversing a crystal this large would have caused 
very large pulses. Also the pulse spectrum from the 
crystal, were it due to betas, would certainly have been 
changed in shape by the introduction of one inch of 
Be between target and crystal, and it was not. The 
effect of the Be was simply to smear the spectrum 


slightly and to attenuate it as much as would be esti- 
mated for gamma rays of this energy. 

The excitation curve consists of the total net yield 
measured at seven different proton energies down to 
threshold, which is between 13 and 14 Mev. The beam 
energy was changed by Al absorbers and was calculated 
according to the curves of Aron et al.® for the middle 
of the Ta target. It should be pointed out that it was 
necessary to have a long air path to the target in order 
to keep activity from the Al absorbers from raising 
background, and since the beam was scattered some- 
what by the absorbers, undoubtedly for the thicker 
absorbers some of the monitored beam never reached 
the target. This means that the measured excitation 
curve should be multiplied by some correction factor 
which monotonically increases for decrease in proton 
energy. The effect of this correction would be to make 
the true curve rise less rapidly from threshold than the 
measured one, to make the true peak at about 22 Mev 
more marked than the measured one, and to make the 
threshold as obtained by extrapolation lower than if 
obtained from the measured curve. Since this correction 
would not markedly change any conclusions drawn 
from the observed curve, it has not been made, and the 
observed curve is shown in Fig. 5. 

In an attempt to identify the 5.5-msec activity, thin- 
target excitation curves were obtained for the 8-hour 
Ta!® and the 30-minute W!” from protons on Ta. 
Stacks of 0.002-inch Ta foils were bombarded with 
31-Mev protons and the activities in each foil followed 
with the scintillation counter biased low enough to 
detect K x-rays from the decay. The composite decay 
curves were resolved for these two half-lives, and ex- 
hibited no activities in the range of 2 minutes to 30 
minutes, nor measurable amounts of activities longer 
than 8 hours. This means that the 5-min activity as- 
signed to W!” and listed in reference 9 probably does 
not exist, since it was supposedly made by 20-Mev 
protons on Ta. 

A range-energy curve for Ta was obtained by in- 
terpolating between those for Ag and Pb given in 
Aron et al.,8 e.g., by assuming that 


Rag(Ex)__ (2/A) pv 
Rev(E:)  (Z/A)ag 





and using this to get a K> also for Ey. For E}=32 Mev, : 
K,=0.92; for E,=13*Mev, K.=0.88. Then, with 
K=0.90, it was assumed that 


Rra(E) _ rite 
Re(E) (Z/A) ra. 


The resulting excitation curves for Ta!® and W!” are 
plotted in Fig. 5 on the same energy scale as the 5.5- 





msec activity. 


8 Aron, Hoffman, and Williams, U. S. Atomic Energy Commis- 
sion Report AECU-663, 1949 (unpublished). 
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DISCUSSION OF RESULTS 


In accordance with the properties of a nuclear isomer, 
the above experiments show the existence of an isomer 
which has a half-life of 5.5 msec and a threshold for 
formation from protons on Ta of about 13 Mev. That 
it is an isomer is shown by the fact that it emits no 
betas of energy appropriate to this short half-life, and 
also that all the mass numbers to which it could 
possibly be assigned already either have activities of 
other half-life assigned to them or are stable. Table I 
shows the Segré Chart for this region of Z and A. 

That this activity is either Ta!® or W!” is ruled out 
because its excitation curve is noticeably different from 
the curves of those activities, and in accord with the 
mechanism for formation of isomers, it would have to 
be the same to be isomeric with either of them; i.e., 
isomers result from the falling down into a metastable 
state of a residual nucleus of high excitation, and it is 
this state for which we are actually measuring the 
excitation curve. That the activity is Ta!” is ruled out 
because its threshold would have to be about 8 Mev 
higher than that of Ta!®, which already has too high a 
threshold. Two assignments which cannot be ruled out 
on the basis of threshold and shape of the excitation 
curve are W'*! and W!®. These would be possible by 
Ta!®!(p,2)W!® and Ta!*!(p,2m)W!®, respectively. The 
observed threshold corresponds well with the Coulomb 
barrier height Z/A* (Mev) for protons penetrating the 
Ta nucleus, and the peaked shape of the excitation curve 
is what one might expect from a (p,«m) reaction. Of 
these two, Ta'®!(p,2m)W!® seems more likely because 
it is peaked where one would expect it to be relative 
to the measured Ta!®!(4,32)W'!” and to other known 
(p,2m) reactions. All other nuclides except Ta!* itself 


TABLE I. Isotope chart for region of Ta. 
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Fic. 5. Excitation functions for three activities from Ta+ 2. 


can be ruled out on the basis that the energetic threshold 
plus the Coulomb barrier to protons within the com- 
pound nucleus add up to a total threshold that is too 
high to fit the curves obtained. By this means all such 
reactions as (p,2pm) or (p,pxm) are ruled out. The 
assignment of the activity to W'® is also consistent 
with the fact that it was not observed from protons on 
W, since to make it from W!® would require a (p,p2m) 
reaction that is energetically of too high a threshold 
to see, and W!®™ (stable) is only 0.13 percent abundant, 
so the (p,p’) reaction would make little of it. Perhaps 
a further experiment could be done on separated or 
enriched W!® to verify the assignment. Nuclear isomers 
of even Z and A are rather rare, there being five in the 
newest isotope table available.? These are all in this 
region of Z=72, being Hf!®™, Os!8", Pb”, and two of 
Pb™™, They are unlikely simply on the basis of having 
both neutrons and protons all paired, but the assign- 
ment of the 5.5-msec activity to an excited state of 
stable W!® is not particularly difficult to reconcile 
with this scarcity, since those which are known are 
scattered over this very region of Z and A. 

From the relatively crude pulse-height spectrum of 
Fig. 2, it can only be inferred that there is a gamma ray 
of about 0.35 Mev in the decay of this activity, and very 
probably one of about 0.22 Mev corresponding to the 
lower peak. There could easily be lower-energy gammas 
present that were not counted. Goldhaber and Sunyar* 
predicted on the basis of their semiempirical classifica- 
tion of isomers that the only possibilities for an isomer 
to have a half-life in the millisecond range would corre- 
spond either to a spin change of two for which E,~50 
kev, or spin change of three, for which E,~800 kev. 
They also show a distribution in spin and parity for the 
first excited states of even-even nuclei, which over- 
whelmingly favors J=2, +. On the basis of these facts 
the most comforting guess one can make about the 


® Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 





740 


5.5-msec transition is that it is AJ=2, no change in 
parity, which would make it electric quadrupole. Then 
one would have to hypothesize a low-energy gamma in 
the spectrum, which was the _half-life-determining 
transition. 

CONCLUSIONS AND SUMMARY 


From the bombardment of several common ele- 
ments with 32-Mev protons, only one gamma emitter 
with half-life between 2 msec and 25 msec was found. 
On the basis of thresholds for neighboring activities 
and shapes of their excitation curves and that of the 
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new activity, this 5.5-msec half-life activity from +Ta 
has been tentatively assigned as a metastable state of 
stable W'®. No sure assignment can be made to the 
transition concerning spin and parity. 


ACKNOWLEDGMENTS 


I am grateful to Professor A. C. Helmholz for con- 
tinued advice and assistance, to William Gantz for 
great effort spent on the development and operation 
of the electronics in this experiment, and to the linear 
accelerator crew for making the bombardments. 


NUMBER 3 MAY. 1, 1955 
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A Pu-Be neutron source has the advantages of high neutron yield, low gamma-ray intensity, and very 
long half-life. The neutron spectrum from such a source, composed of 13 g of plutonium and 7 g of beryllium 
as PuBe; (density 3.7 g/cc), was measured by means of proton recoils in nuclear research emulsions. The 
data obtained from 2057 observations indicate the neutrons have a maximum energy of approximately 
10.5 Mev with broad intensity maxima at 4.0, 7.2, and 9.7 Mev. The observed spectrum shows marked 
similarities with published data on neutrons from Po-Be and Ra-Be sources. A comparison is made between 
the present data and previously reported energy levels in the residual carbon nucleus. The absolute yield of 
neutrons above 0.5-Mev energy is 1.2108 neutrons/sec. 


. 


I. INTRODUCTION 


LTHOUGH neutron sources employing the (a,7) 
reaction have been in use for over two decades, 

few precise spectral measurements have been reported. 
Of the early work,! probably the most widely known are 
the data of Richards and of Demers obtained by proton 
recoil measurements in photographic plates. Both these 
measurements were made with the old Ilford half-tone 
emulsions which were characterized by low silver halide 
concentration and consequently poor energy resolution. 
In addition, the energy calibration of these emulsions 
was not accurately known. It is not surprising therefore 
to find some disagreement in these early measurements. 
More recently, Whitmore and Baker,” Guier, Bertini, 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. Submitted as a Master’s thesis to the Uni- 
versity of Texas, January, 1953. 

1N. Feather, Proc. Roy. Soc. (London) A142, 3 (1933); P. 
Auger, J. phys. radium 4, 749 (1933); J. R. Dunning, Phys. 
Rev. 45, 586 (1934); M. Blau, J. phys. radium 5, 61 eg 
T. W. Bonner and Mott-Smith, Phys. Rev. 46, 258 (1934); 
G. Bernardini and D. Bocciarelli, Atti. accad. nazl. Lincei 24, 132 
(1936); G. Bernardini, Kernphysik Vortrage, Zurich, 1936 (unpub- 
lished); Perlman, Richards, and Speck, Atomic Energy Com- 
mission Report MDDC-39, 1943 (unpublished); H. T. Richards, 
Atomic Energy Commission Report MDDC-1504, 1944 (unpub- 
lished); P. Demers, Montreal Report MP-74 and MP-204, 1945 
(unpublished). 

2 B. G. Whitmore and W. B. Baker, Phys. Rev. 78, 799 (1950). 


and Roberts,’ Gursky, Winnemore, and Cowan,‘ and 
Elliot, McGarry, and Faust® have used various methods'® 
to obtain quite precise data on Po-Be sources by making 
use of the many refinements achieved during the past 
decade in neutron spectrum measurements. (For a dis- 
cussion of these methods see Barschall, Rosen, Taschek, 
and Williams’ and Rosen.*) 

The most accurate work appearing in the literature 
on Ra-Be was done by Hill,® who made ionization 
chamber measurements employing a coincidence-anti- | 
coincidence arrangement which permitted high statisti- 
cal accuracy as well as good resolution. 

Although Po-Be is presently more widely used as a 
neutron source because of its availability, Pu-Be 
possesses many advantages over Po-Be and may be 
expected to replace it where neutron intensity is not 
the determining factor. Po-Be is a mixture, and the 
spectrum therefore varies with grain size. Even after 


3 Guier, Bertini, and Roberts, Phys. Rev. 85, 426 (1952). 

*Gursky, Winnemore, and Cowan, Phys. Rev. 91, 209 (1953). 

5 Elliot, McGarry, and Faust, Phys. Rev. 93, 1348 (1953). 

6 The first two measurements were made with photographic 
emulsions, the second with an ionization chamber, and the third 
with a coincidence spectrometer. 

7 Barschall, Rosen, Taschek, and Williams, Revs. Modern Phys. 
24, 1 (1952). 

8L. Rosen, Nucleonics 11, No. 7, 32 and No. 8, 38 (1953). 

*D. L. Hill, Atomic Energy Commission Report AECD-1945, 
1947 (unpublished). 
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the source is fabricated, the extent of mixing changes 
due to large heating effects from the polonium decay. 
These effects are very pronounced in compact sources 
of high yields. Furthermore, the short half-life of 
polonium (138.2 days) necessitates time-dependent cor- 
rections and eventually makes it necessary for the 
source to be discarded. Pu-Be, on the other hand, is an 
intermetallic compound, and the spectrum consequently 
does not depend upon grain size; in addition, its rela- 
tively long half-life (2.210 years), assures constancy 
with time. Pu-Be may even be preferable to Ra-Be 
where cost is a serious factor and in experiments where 
gamma rays constitute a liability. In view of the above 
comparison, a careful determination of the neutron 
spectrum of Pu-Be is of interest. 


II. EXPERIMENTAL PROCEDURE 


A.’ Method 


Ilford C2 plates were placed approximately 17 cm 
from a Pu-Be source with the longitudinal axis of the 
plate parallel to that of the cylindrical source. The 
source and plates were supported by lightweight nylon 
thread fixed taut by weights, and the whole assembly 
was suspended in the center of a canvas structure 
where the nearest scattering material consisted of the 
small iron supports more than 7 ft from the center. 

In general two plates were exposed at the same time. 
They were wrapped in two layers of 0.005-in. black 
paper with the emulsion surfaces separated by a thin 
platinum strip, the purpose of which was to prevent 
recoil protons starting in one emulsion from passing 
into the other. Background plates underwent the same 
history as the data plates except for the exposure to 
the neutron source. Both 200- and 400-u plates were 
exposed for approximately one week. These were de- 
veloped immediately after exposure according to the 
procedures outlined in reference 8. 

The analysis of the plates was carried out by meas- 
uring the projected ranges of the proton recoils which 
proceeded in a direction away from the source within a 
half-angle of 12 deg. These ranges were then converted 
to true range either by making use of the average angle 
of acceptance or (in the case of 60 percent of the 
tracks) by measuring the horizontal and dip angles and 
converting to true range for each individual event using 
an IBM calculator. The emulsion thickness was meas- 
ured before and after processing in order to obtain an 
“apparent” shrinkage factor® for determining the dip 
angle in the unprocessed emulsion. 


B. Reduction of the Data 


In performing neutron flux measurements using pho- 
tographic emulsions, it is necessary to evaluate quanti- 
tatively a rather imposing number of factors which 
enter into an absolute determination of the flux of 
neutrons as a function of energy incident on the de- 
tector. The time-integrated flux in the energy interval, 
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E,, which projects a number of protons, V,(Z,), in the 
emulsion is given by: 
4 N p(Epy)Pe(Ep)T (En) 


F (E,) = 2 ’ 
Not A Qiab4 cosé Cine Ta) 





where F(E,,)=number of neutrons/cm?, 7)= number of 
hydrogen atoms/cc, =thickness of emulsion in cm, 
A=area of emulsion analyzed in cm?, 2),,=solid angle 
of acceptance of tracks in emulsion, V,(£,)=number 
of protons measured in the energy interval Z, corre- 
sponding to the neutron energy interval Z,, where for 
a given collision E,= E,, cos’6, 6 being the angle between 
the directions of the incident neutron and the projected 
proton, P.(#,)=probability correction for tracks leav- 
ing the emulsion, 7.(£,)=attenuation correction for 
neutrons traversing an average distance in the emulsion 
and/or glass backing, and o,_»(E,)=n— p total scatter- 
ing cross section at energy Ey. 

The range-energy relations for protons in nuclear 
emulsions have been established'*-" to an accuracy of 
better than 2 percent. The number of hydrogen atoms 
present in the dry emulsion is known from the manu- 
facturer’s specifications. When the emulsion is not used 
in a vacuum, however, this quantity is a function of 
relative humidity. Recently, Webb" performed a series 
of measurements from which it is possible to calculate 
the correction to be applied to the dry emulsion. 
(Webb’s data check very closely a similar analysis per- 
formed at Los Alamos by A. R. Ronzio.) The n-p 
scattering cross section is known to be isotropic up to 
14 Mev and has been accurately determined by trans- 
mission measurements'!® up to this energy. 

The probability corrections, which must be applied 
for tracks leaving the emulsion, have heretofore been 
calculated on the assumption that the tracks proceed 
in a straight line,’® that is, do not suffer scattering. 
This assumption is not adequate at energies greater 
than 4 Mev and leads to a systematic error which 
iricreases with energy. Accurate corrections have re- 
cently been determined at Los Alamos which take 
multiple scattering into account.® The evaluation of Qiap 
implies that measurement criteria must be established 
which give precise delineation of the rectangular 
pyramid of acceptance of the proton recoil tracks in 
the unprocessed emulsion. These measurement criteria 
were +11 deg for both the horizontal and dip angles. 

Since the mean free path of neutrons in emulsion 
and/or glass backing is quite small, and since the 


10 Lattes, Fowler, and Cuer, Nature 159, 301 (1947). 

11 J. Rotblat, Nature 167, 550 (1951). 

( _ Smith, Barkas, and Bishop, Phys. Rev. 77, 462 
1950). 

J. J. Wilkins, Atomic Energy Research Establishment, 
Harwell Report AERE-GR 664, 1951 (unpublished). 

14 J. H. Webb (private communication). 

15 Neutron Cross Sections, Atomic Energy Commission Report 
AECU-2040 (Technical Information Division, Department of 
Commerce, Washington, D. C., 1952). 

16 H. T. Richards, Phys. Rev. 59, 796 (1941). 





LEONA STEWART 





@ 
T 


oa 
T 


=1.75 MEV 
EV LEVEL 


NEUTRONS/ CM MEV” 
» 


e2sMev \ // 
SMEVLEVEL X Q+5,75 MEV 
//\, GROUND STATE 
1 i v 1 1 
4 6 8 
NEUTRON ENERGY, MEV 











Fic. 1. Energy distribution of the neutrons from Pu-Be. 


average distance from the center of the swath read to 
the edge of the plate was considerable (this distance 
varied from 0.75 to 3.85 cm), it was necessary to apply 
an attenuation correction’ which, on the average, 
amounted to about 23 percent of the neutron flux. 
(For a detailed discussion of the difficulties involved 
and the procedures used in performing absolute flux 
measurements see reference 8.) 

In the analysis of the background plates, in which a 
volume of emulsion was scanned equal to that analyzed 
in the exposed plates, no tracks were observed which 
satisfied the imposed angular criteria. A single track 
observed in this volume would have indicated an 
integrated flux of background neutrons of the order of 
10° neutrons/cm?. 

In order to calculate the neutron flux as a function of 
energy, the data for each of three exposures were tabu- 
lated separately and Eq. (1) was used. The source 
strength is then given by: 


Ot=4rRF,, (2) 


where Qi? is the number of neutrons emitted in 47 solid 
angle in time /, R is the distance between source and 
detector, and F,, is the number of neutrons/cm? in- 
cident on the detector. The final energy distribution 
is shown in Fig. 1. 

The average value of Q obtained in this manner from 
three sets of data was 1.22 10® neutrons/sec as com- 
pared with the source calibration!®* of 1.24 10°. It is 
seen from Fig. 1 that neutrons below 0.5 Mev were not 
detected. If one extrapolates the data in this region, 
it is reasonable to account for about 5 percent of the 
neutron flux, which would then give a value for Q of 
1.28X 10°. 


1 This correction was inadvertently omitted in the initial 
report [Phys. Rev. 92, 1095 (1953)]. 
18 A. H. Spano (private communication). 


Consideration of the errors in this experiment indi- 
cates that the above agreement must be considered 
fortuitous. The errors shown in Fig. 1 are statistical 
standard deviations. Other errors encountered in deter- 
mining the results are: 


on—p(En) 10 percent 
5 percent 


2 percent 


2 percent Oiab 
P(E>) 4 percent t 

T.(En) 5 percent Geometry 
No 5 percent 


It should be pointed out, however, that the errors in 
No, Qi, t, and the experimental geometry do not affect 
the relative neutron distribution. 


III. DISCUSSION OF RESULTS 


The energy distribution shown in Fig. 1 was obtained 
from observation of 2057 tracks by two microscopists. 
The results, tabulated independently, were in agree- 
ment within statistical uncertainties. From energy and 
momentum considerations, the upper limit of this 
spectrum should be approximately 10.6 Mev. The 
longest track recorded corresponds to a neutron energy 
of 10.2 Mev. This discrepancy is not unreasonable if one 
considers the relatively small number of neutrons with 
energies greater than 10 Mev. The effective energy, Eet:, 
of the neutrons from these results, is given by 


10.5 Mev 
—_ f EnF ,(E)dEx M 
0 


10.5 Mev 
f F,(Ex)dE,=4.4 Mev. (3) 
0 


The average energy, Eay, defined by 


Eay 10.5 Mev 
f F.,(E»)dEx=} f F,(E,)dE, (4) 
0 0 


is 4.2 Mev. 

A comparison with published data on Po-Be and 
Ra-Be shows marked similarities, especially when the 
differences in the energies of the incident alpha par- 
ticles are taken into account. Whitmore and Baker’ 
establish intensity maxima from Po-Be at 3.2, 4.8, 7.7, 
and probably 1.2 Mev; doubtful maxima are also sug- 
gested at 5.7 and 9.7 Mev. The present experiment is 
indicative of a single broad maximum from 3 to 5 Mev, 
a minimum between 5.5 and 6.0 Mev, another maximum 
at 7.5 Mev, and perhaps still another at 9.6 Mev. It is 
interesting to note that Richards’ data! (Po-Be) show a 
minimum around 6 Mev, relatively good agreement 
with the present data at higher energies, but lack of 
agreement below 5 Mev. 

The data of Gursky, Winnemore, and Cowan‘ on 
Po-Be (only neutrons above 2.5 Mev were detected) 
again agree with reference 2 except for the reported 
maximum at 7.7 Mev. The work of Elliot, McGarry, 
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and Faust® appears to be in disagreement with the 
present results as well as other recent measurements on 
Po-Be in that their data show maxima displaced by 4 
to 1 Mev and also a high-energy tail which exceeds the 
maximum energy possible. 

The data (Po-Be) of Guier, Bertini, and Roberts* are 
not comparable since a thin target was used, giving 
rise to a discrete range of alpha-particle energies. 
(Demers’ data? on Po-Be show maxima only at 5.2 and 
10.1 Mev.) Hill’s data on Ra-Be show fair agreement 
with reference 2 at the higher energies except for an 
apparent minimum around 6 Mev which also shows up 
in the experiment reported here. 

Many workers!® have reported various energy levels 
in the residual nucleus from the Be*(a,n)C” reaction. 
A calculation was made to determine the “expected 
distribution” on the basis of levels in C® at 4.5 and 
7.5 Mev. In order to’ carry out the calculations one 
must take into account the excitation function for the 
(a,m) reaction in beryllium. An alpha particle of a given 
incident energy will liberate neutrons of varying energies 
and the maximum and minimum energies are easily 
calculated from the dynamics of the collision. There- 
fore, the relative number of neutrons for a given energy 
interval was calculated by numerical integration from 


E, 
F(E,)dE,=dEn f ae I Be (5) 


Ea, R(E,) 


where (Ea; to Ea) is the range of energies of the alpha 
particles corresponding to the emitted neutron energies 
E, to E,+dE,, R(E,) is the energy range over which 


( 19 5 Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 
1952). 
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the neutrons are distributed, and f(Z.) is the excitation 
function for the (a,”) reaction in beryllium reported by 
Halpern.” The results are shown underlying the experi- 
mental data in Fig. 1. 

It should be noted that if the angular distribution of 
the emitted neutrons is anisotropic, as it may well be, 
these calculations would give little indication of the 
true spectrum. These data also assume that the transi- 
tion probabilities are equal for all the possible excited 
states of C*—+C!*+-n. In order to understand the 
small maximum between 9 and 10 Mev, where the 
leaving of C” in the ground state is the only likely 
possibility, a predominately forward distribution would 
be a reasonable assumption. An approximate calculation 
using a nuclear radius of 2X10~" cm indicates an 
interaction with one or two units of angular momentum 
for the most energetic alpha particles. Bradford and 
Bennett”! also suggest the possibility of different angular 
distributions for the two groups of neutrons observed 
when beryllium is bombarded with 1.4-Mev alphas. 
Due to the lack of knowledge concerning the angular 
distributions, no attempt is made to fix specific energy 
levels in C”. The statistical accuracy of this experiment 
would also discourage such a detailed analysis. 
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Nuclear reactions at energies of the order of 100 Mev and higher are considered as being divided into two 
independent steps, a knock-on process followed by nucleon evaporation. The effect of the knock-on process 
is evaluated by a method similar to that of Goldberger, while the evaporation process is treated in the usual 
way. Cross sections for several (p,m), (p,2n), (p,pm), and (p,2) reactions on intermediate nuclei are calcu- 


lated and compared with experimental results. 





I. INTRODUCTION 


ITH the development of high-energy accelerators 
which permitted studies of nuclear reactions in 
the region of 100 Mev and above, it became evident 
that the compound nucleus theory!” could not be 
extended to these energies. At high energies this theory 
predicts a wide spread of reaction products with maxi- 
mum yields concentrated several mass numbers from 
the parent nucleus. Bombardment by various particles 
at energies above 100 Mev produced the expected wide 
spread of products but the highest yields were found to 
be those in the immediate neighborhood of the parent 
nucleus.*~7 
A proposal advanced by Serber* suggested that the 
first step of a reaction at these energies be regarded in 
terms of collisions between the incident particle and 
individual nuclear particles. If these collisions could be 
described by the corresponding free particle collision 
cross sections then the mean free path of the incident 
particle in nuclear matter would be comparable to the 
nuclear radius and would be increased further by the 
restriction placed on momentum transfers by the de- 
generacy of nuclear matter. Furthermore, since the 
incident particle could transfer, on the average, only 
about one-quarter of its energy, it might leave the 
nucleus after a single collision retaining most of its 
original energy, or it might initiate a cascade inside 
the nucleus which might result in one or more high- 
energy particles being immediately ejected. In either 
case, the nucleus would be left with a wide spread of 
excitation energies which it could lose by evaporating 
additional particles. This model was developed in 
greater detail by Goldberger® and later by Bernardini” 
et al., and has been used by several investigators to 
explain high-energy spallation reactions.*—6 
* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 
1N. Bohr, Nature 137, 344 (1936). 
2V. F. Weisskopf and D. H. Ewing, Phys. Rev. 57, 472 (1940). 
3M. Lindner and I. Perlman, Phys. Rev. 78, 499 (1950). 
4 Bartell, Helmholtz, Softky, and Stewart, Phys. Rev. 80, 1006 
Tones Stevenson, and Folger, Phys. Rev. 87, 358 (1952). 
6S. G. Rudstam, Phil. Mag. 44, 1131 (1953). 
7L. Marquez, Phys. Rev. 88, 225 (1952). 
8 R. Serber, Phys. Rev. 72, 1114 (1947). 
® M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 


1 Bernardini, Booth, and Lindenbaum, Phys. Rev. 88, 1017 
(1952). 
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In this paper this model has been applied in a more 
quantitative manner to a number of (p,m), (p,2n), 
(p,pn), and (p,2p) reactions at 100 Mev and the results 
compared with experimental data. 


II. CALCULATION OF CROSS SECTIONS 


A nuclear reaction in the 100-Mev region was con- 
sidered as taking place in two steps. First, the incident 
particle passes through the nucleus, interacting with it 
by a series of individual nucleon-nucleon collisions and 
initiating a nuclear cascade which results in the im- 
mediate ejection of one or more high-energy particles 
and leaves the nucleus in an excited state. Second, this 
excited nucleus may lose energy by emitting heavy 
particles or photons. Reactions of the type (p,m), 
(p,2”), (p,pm), and (p,2p) may occur in one or more of 
the ways indicated in Table I. A represents the target 
nucleus, C* the excited residual nucleus, and B the 
product nucleus which may differ from C* only in its 
excitation energy. There are two additional processes 
not listed, namely, the complete capture of the incident 
proton followed by nucleon evaporation and the initial 
ejection of a deuteron followed by gamma emission. 
The first of these, complete capture of a°100-Mev 
proton, should give a negligible contribution to these 
reactions. Complete capture of such a particle with such 
a high energy by a nucleus of intermediate mass is 
unlikely, and if it is captured the probability of a com- 
pound nucleus with such an excitation energy evapo- 
rating only two nucleons is very small. The second 
process, initial ejection of a deuteron, is not included 
although experimental data indicate that it may be 
appreciable." 


TABLE I. Ways in which reactions of the type (p,m), (p,2m), (p,pn), 
and (p,2p) may occur. 








Evaporation 


Ci*—>B,+n 
Ci*—B.+p 


Knock-on 
p+ACi*+p 
p+AC2*+n 





p+AC;*+2p 
p+A-C+2n 


p+ACs*+p+n Ce*—Bity 








11 J. Hadley and H. York, Phys. Rev. 80, 345 (1950). 
12 W. Selove, Phys. Rev, 92, 1328 (1953). 
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(p,a@) AND (~,ab) REACTIONS AT 100 MEV 


We may write the cross section for forming the final 
nucleus B as 


E 


anita f "mW (E)Fy(E,)d Ex, 
i 0 


where a; is the cross section for the incident particle 
entering the nucleus, P; is the probability of a given 
knock-on process which can lead to the final nucleus 
B, N;(Ez) is the normalized distribution of excitation 
energy £, in the residual nucleus after the knock-on 
process has occurred, and F;(£,) is the probability of 
the residual nucleus forming the final nucleus B by 
evaporating a particle or a photon. The sum is over 
only those knock-on processes which can eventually 
result in nucleus B. For these calculations o, was 
assumed to be the geometrical cross section, P; and 
N;(E.) were calculated by the method described in 
references 9 and 10, and F,(Z,) was calculated from 
statistical theory as formulated by Weisskopf.? 


A. Knock-On Calculations 


The nucleus is represented by two noninteracting, 
degenerate Fermi gases of neutrons and protons in 
a square potential well. The maximum Fermi mo- 
mentum is 


Pmax= (30°h'p) i, 


where p is the density of neutrons or protons. If the 
nuclear radius is given by 


R=1.4AtX10-" cm, 


the corresponding maximum Fermi energy is 22 Mev. 
The average binding energy is assumed to be 8 Mev, 
giving a total well depth of 30 Mev. In addition there 
is a 7-Mev Coulomb barrier for protons which, for the 
knock-on calculations, is assumed to be impenetrable. 

The usual Fermi momentum distribution was used. 
Below the maximum that is given by 


dn 


ae 2p, 
dp (2xh)* 

where Q is the nuclear volume. The interpretation of 
recent scattering and meson production experiments 
(see for example Wilcox" and Block ef al.'*) indicate a 
Gaussian rather than a Fermi momentum distribution. 
However, since most of those experiments have been 
done for light elements where the gas model would be 
expected to be least valid, it was felt that the Fermi 
distribution still represented the best choice for heavy 
and intermediate nuclei. 

It is assumed that the interaction of particles inside 
the well can be described by the interaction of the 
corresponding free particles and that the other nucleons 

18 J. M. Wilcox, University of California Radiation Laboratory 


Report UCRL-2540, 1953 (unpublished). 
4 Block, Passman, and Havens, Phys. Rev. 88, 1239 (1952). 
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exert no influence other than to provide the potential 
well, the initial momentum distribution of the nuclear 
particles, and to prohibit collisions into already filled 
states according to the Pauli exclusion principle. It is 
further assumed that during the initial cascade all 
particles not directly involved remain unchanged in 
energy. 

The Monte Carlo method was used for the calcula- 
tions. This involves following in detail, collision by 
collision, the progress of a number of nucleons through 
the nucleus until they either reach the edge and escape 
or their energy falls below the barrier and they are 
captured. Whenever there is a choice of one of a number 
of equally probable events, the choice is made on a 
random basis. In its ultimate refinement this process 
reproduces the natural process and the final results are 
subject to the same statistical errors as the corre- 
sponding experimental data. 

The actual mechanics of the calculation were very 
similar to those described by Bernardini ef al.!° The 
same approximation of a planar nucleus was employed. 
The nucleus was replaced by a circle of the same 
diameter oriented so that one diameter was parallel to 
the incident beam. Chords were drawn parallel to the 
direction of the incident beam dividing the circle into 
ten sections which when rotated about the axis of the 
beam gave a number of concentric rings with equal 
projected frontal areas. An equal number of particles 
was assumed to be incident on each of the sections. 

After the incident proton entered the nucleus the 
first problem was to determine where it made its first 
collision with a target nucleon. No consideration of the 
effect of the exclusion principle or of the nature of the 
target nucleon was introduced at this point. 

The mean free path of a particle in nuclear matter 
may be expressed as 


A=1/6(€)pr, 


where &(e) is the average total cross section for nucleon- 
nucleon collisions as a function of energy and p; is the 
total nucleon density. The average total cross section 
was determined from experimental values!*.!* for the 
free particle cross sections suitably weighted to account 
for the relative number of the two types of particles. 
Since there is no direct experimental determination of 
the n-n cross section, it was estimated from a n-d, n-p 
substraction by using the data of DeJuren and Knable!’ 
and was assumed to be isotropic. All cross sections were 
assumed to have a 1/E dependence. 

The path of the incident particle was divided into 
units equal to 75 of the mean free path. The probability 
of a collision occurring in the mth interval is 


P(n)=exp(—n/10)[1—expyz5 ]. 


16 Birge, Kruse, and Ramsey, Phys. Rev. 83, 274 (1951). 

16 Hadley, Kelly, Leith, Segré, Wiegand, and York, Phys. Rev. 
75, 351 (1949). 

17 J, DeJuren and N. Knable, Phys. Rev. 77, 606 (1950). 
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The intervals were then weighted accordingly and a 
selection of the interval in which a collision occurred 
was made by consulting a table of random numbers. 

Next a decision was made as to the nature of the 
target nucleon, i.e., whether it was a neutron or a 
proton. Their relative probabilities may be determined 
from the ratio of Naopn to Npopp (or Not pn tO Naonn if 
a neutron is being followed) and a choice again made 
by consulting a table of random numbers. 

Having determined the nature of the target particle, 
it was necessary to next determine its momentum. The 
Fermi momentum sphere was compressed into a two- 
dimensional circle with its polar axis parallel to the 
path of the incident particle and divided into a number 
of areas such that when the circle was rotated 180° 
about its polar axis these areas swept equal volumes. 
There was a total of 640 such areas. A choice was made 
at random. 

The two-nucleon system was transferred into its 
center-of-mass system and a choice of the scattering 
angle was made. The cross section for p-p scattering has 
been found to be essentially isotropic.’ A similar 
angular dependence was assumed for the m-n cross 
section. The m-p cross section has been found to be 
symmetric around 90° with peaks in the forward and 
backward directions.'* In order to simplify the calcu- 
lations and still retain the n-p anisotropy, it was 
assumed that the angular dependence at 95 Mev was 
retained at all energies. This, of course, gives a much 
greater angular dependence at lower energies than is 
actually the case, but this effect is reduced by the 
Pauli exclusion principle which restricts small mo- 
mentum transfers. The scattering angles were weighted 
according to the above angular dependencies and to the 
corresponding three dimensional solid angle and the 
choice again made by consulting a table of random 
numbers. If both final momentum vectors fell outside 
the Fermi momentum sphere the collision was allowed. 
If not, another choice for a collision was made and the 


TaBLE II. Results of Monte Carlo calculations for 200 inci- 
dent protons of which 30 pass through the nucleus without 
collision. 
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excitation 
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Fic. 1. Distribution of excitation energy in the residual nucleus 
when a single neutron or proton is ejected in the knock-on 
process. 


calculation was repeated. This process was continued 
for all nucleons involved in the cascade until they 
either reached the edge of the nucleus and escaped or 
their energy fell below the nuclear barrier. 

The thermal excitation energy of the residual nucleus 
was then determined by the conservation of energy, 
remembering that the incident proton brings in its 
kinetic energy plus its binding energy and each ejected 
nucleon carries off its kinetic energy plus its binding 
energy. 

These calculations were performed for a nucleus of 
mass 64. A total of 200 incident protons with 100-Mev 
energy were followed. The values of P; are given in 
Table II. The distribution of excitation energy in the 
residual nuclei are given in Figs. 1 and 2: Although 
ideally there should be a different distribution for each 
type of knock-on process, they are separated into two 
groups here in order to improve statistics. The smooth 
curves drawn through the histograms are the distribu- 
tions used in the calculation of the reaction cross 
sections. 


B. Evaporation Calculations 


In the reactions being considered we are concerned 
only with those cases where the excited nucleus resulting 
from the knock-on process evaporates only one particle 
or loses its energy by gamma emission. The probability 
of an excited nucleus evaporating only one particle is 


Ex-Eb 
f Iy{6)r(E:— Eyx— €)de 





Fi(Es ‘ Ez—E; 
m | I;(€)de 


The probability of decaying by emission of a photon is 
F, (Ez =,(Ez). 





(p,@) AND (,ab) REACTIONS AT 100 MEV 


I,(e) is the energy spectrum of the x evaporated particle, 
eis its energy, EZ, is the excitation energy, & is the 
binding energy of particle b to the original nucleus, and 
ty(Ez—E,—€) is the probability of the product nucleus 
decaying by gamma emission. 


ty= r,/d> Yr, 


where I’ is defined as a level width. The level widths 
were calculated by using the energy dependence sug- 
gested by Weisskopf? and adjusting the constants to 
fit the observed ratio of neutron capture cross section 
to total neutron cross section for Cu® at 0.025 Mev.!8 
I, becomes very small a few kev above the neutron 
binding energy. Thus if the neutron binding energy to 
the final nucleus is smaller than the proton binding 
energy, the lower limit of the integral in the numerator 
of the expression for F, may be replaced by E,—E,—E,, 
where E, is the neutron binding energy of the product 
nucleus, and term 7, dropped. If the proton binding 
energy is less than the neutron binding energy, 7, must 
be retained since I’, is much greater than I’, until the 
excitation is ~2 Mev above the proton binding energy 
because of the Coulomb barrier. 

The energy distribution of the evaporated particles 
is given by Weisskopf and Ewing? as 


I,(€) = Aeo(e€)w(E-—Es— €), 


where o(e) is the cross section for the reverse reaction, 
A is a constant, w(E,—E,—e) is the level density of 
the final nucleus, and « is the energy of the particle 


w=C exp2[a(E,—E,—e) }}. 


The constants C and a used were those given by Blatt 
and Weisskopf'® for odd-mass nuclei. 


1 n 1 4 1 1 
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E, in Mev 


Fic. 2. Distribution of excitation energy in the residual nucleus 
when two nucleons are ejected in the knock-on process. 


18 Neutron Total Cross Sections, U. S. Atomic Energy Com- 
mission Report AECU-2040 (Technical Information Division, 
Department of Commerce, Washington, D. C., 1952). 

J. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952). 
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TABLE III. Comparison of calculated and experimental cross 
sections at 25 Mev for various values of Coo/Ce (R=1.5A? 
X10" cm). 








¢ in millibarns 
Ciel Gos Calculated 


Reaction 4 8 12 Experimental 





570 
138 
525 
485 
440 
202 


307 445 
165 131 
328 422 
438 544 
423 365 
250 328 


520 
104 
477 
604 
324 
370 


Cu®(p,pn)Cu® 
Cu (p,2)Zn® 
Cu®(p,pn)Cu® 
Ga®(p,pn)Ga® 
Ga®(p,2n)Ge® 
As"5(p,pn)As™ 








All the ~,2n reactions and all except one of the p,pn 
reactions considered lead to odd-mass nuclei. It has 
been suggested? that 


Coo= 4Cee, 


where the subscripts refer to odd-odd and even-even 
nuclei. However, calculations at 25 Mev have indicated 
that this ratio between C,, and C,, is not correct for 
Cu® and Zn®.”.21 Tn order to determine the best values 
of Coo/Cee, cross sections calculated with various values 
of this ratio are compared with experimental data at 
25 Mev where both reactions are at their maximum and 
compound nucleus formation is still expected to be the 
principle mechanism for reaction. (Table III.) A par- 
ticularly good way of determining this ratio is from a 
comparison of the cross sections for (~,pm) and (p,2m) 
reactions from the same parent nucleus. Two such 
situations are available. The ratio of the cross sections 
of Cu®(p,pn)Cu® and Cu®(p,2m)Zn® may be deter- 
mined quite accurately without the usual errors in beta 
counting since Zn® may be counted by the radiation of 
its Cu® daughter. The experimental value for this ratio 
is four at 25 Mev. A previous calculation” indicated 
that if the compound nucleus theory is valid at 25 Mev, 
Coo/Cee must be 28. The results reported in Table IIT 
using different values for the constant a, and including 
the effect of photons and alpha particles gives a value 
Of Coo/Cee10. 

A similar situation exists for the reactions Ga®- 
(p,pm)Ga®® and Ga**(p,2n)Ge®*. The experimental ratio 
is 1.1 which is in agreement with C,./C..—™~4. 

Two additional reactions, Cu®(p,pn)Cu® and As”- 
(p,pn)As”, result in odd-mass final nuclei. Compari- 
son of calculated and experimental cross sections at 
25 Mev indicate that a choice of C,./C.~10 for the 
Cu® reaction and of C,./C.<~4 for the As” reaction 
yield checks with experimental data which are com- 
parable with those obtained for the Cu® and Ga® 
reactions. 

All the statistical calculations are very sensitive to 
the values of the binding energies of the various par- 
ticles. The binding energies used were calculated from 


2% J. W. Meadows, Phys. Rev. 91, 885 (1953). 
21S. N. Ghoshal, Phys. Rev. 80, 939 (1950). 
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TABLE IV. Binding energies. 








Binding energy in Mev 
Bn Bp 
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® Calculated from empirical mass formula [N. Metropolis and G. Reit- 
wiesner, U. S. Atomic Energy Commission Report NP-1980, 1950 (un- 
published) }. 

b Ge®8 —Ga®8 mass difference estimated according to reference 25. 
experimental mass”: and radioactivity™ data. There 
were a few cases, however, where this was not possible. 
The mass of Ge® could not be based directly on experi- 
mental data as the energy available for its decay to 
Ga*®* was not known. Since it decays by K-capture and 
has a fairly long half-life (250 days), that energy would 
be expected to be small. An estimate of this energy 
difference using the method described by Coryell” 
yields ~0.4 Mev. The nucleus Ga® is unknown. The 
values used for its proton and neutron binding energies 
were calculated from the empirical mass formula 
which gives good agreement with those calculated from 
experimental data for heavier gallium isotopes. The 
values of the binding energies used are listed in 
Table IV. 


Ill. COMPARISON WITH EXPERIMENT 
AND DISCUSSION 


The experimental results for the reactions on Cu® 
and Cu® have been reported previously.” All other 
cross sections reported here were measured by a similar 
method, the only difference being in the chemical 
separation procedures. Enriched isotopes”* of Zn™, Zn® 
and Ga®® were used. The reactions of Zn®* and As’ 
were measured using the natural element. The experi- 


2 Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

%3 Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954). 

* Hollander, Perlman, and Seaborg, University of California 
Radiation Laboratory Report UCRL-1928, 1952 (unpublished). 

25 C; D. Coryell, Ann. Rev. Nuc. Sci. 2, 305 (1953). 

26 Obtained from Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 
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mental and calculated values of the reaction cross 
sections at 100 Mev are listed in Table V. 

Qualitatively, there is agreement in so far as both the 
experimental and calculated values for the (p,pm) re- 
actions are high compared to the others. Particularly, 
there is surprisingly good agreement for the (p,2m) and 
(p,2p) reactions. Similar agreement might be expected 
for the (p,m) reactions, but this is not found. This may 
be in part due to the assumption of an average binding 
energy of 8 Mev for the knock-on calculations. For the 
isotopes involved in these reactions, which for the most 
part are neutron poor, the neutron binding energy is 
about 9 to 10 Mev. The proton binding energy is, on 
the average, ~3 Mev lower. The statistics of the knock- 
on calculations were not considered good enough to 
warrant inclusion of this difference, but qualitatively 
it would have the effect of shifting the distribution of 
E, for single-neutron, double-neutron, and neutron- 
proton knock-on processes to a correspondingly lower 
energy. This would raise all the (p,”) cross sections and 
would be particularly important for the Zn**(p,n)Ga® 
reaction where this difference in binding energy amounts 
to 5.7 Mev. Such an effect would be partially self- 
compensating for the (p,2”) reactions. In the case of 
the single neutron knock-on process, only values of E, 
from ~8 to ~20 Mev contribute greatly to the evapora- 
tion of a single additional particle. Since this region is 
open at both ends, any general downward shift will 
have little effect. The double-neutron knock-on process 
contributes little to the (,2m) cross sections. The same 
argument concerning the single-neutron knock-on proc- 
ess holds for the (p,m) reaction, but the inclusion of 
the differences in the binding energies would be expected 
to result in an increase in these cross sections due to 
the large contribution of the proton-neutron knock-on 
process. 

The poor agreement of the (,pm) cross sections may 
be in part due to the neglect of deuteron pickup, but it 
appears unlikely that this would account for more than 


a small fraction of the observed discrepancy. Hadley | 


and York," when bombarding copper with 90-Mev 
neutrons, observed a cross section of 52 millibarns for 


TABLE V. Experimental and calculated reaction 
cross sections at 100 Mev. 








Contribution of individual knock-on o in 
processes in millibarns millibarns 


Reactions n ? mn pp np Exp 





Cu®(p,m)Zn® 

Cu®(p,2n)Zn® 
Cu(p,pn)Cu® 
Cu®(p,pn)Cu® 
Zn™(p,pn)Zn® 
Zn®(p,n)Ga% 

Zn®(p,2p)Cu* 


As™ (p,pn )As™ 
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(p,a@) AND (,ab) REACTIONS AT 100 MEV 


the production of deuterons with energy greater than 
27 Mev. However, only a small part of these would 
leave the nucleus with sufficiently low excitation to 
contribute to the (p,pm) reaction. Most probably the 
reasons lie in the effect of the binding energies, the 
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simplifying assumptions made during the calculations, 
and the poor statistics. 

The author is indebted to Mrs. A. M. Dean, Miss 
Margaret Heineman, and Stuart G. Carpenter for per- 
forming much of the numerical work. 
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The anomalous magnetic moment of the intermediate nucleons has been included in a treatment of the 
two-photon decay of the x°. It is found that this inclusion leads to a shorter, rather than a longer, lifetime, 
thereby failing to reduce the discrepancy between the experimental and previous theoretical values. 


HE lowest order perturbation calculation of the 
transition probability for the ° meson decaying 
into two photons yields, in the case of pseudoscalar 
mesons with pseudoscalar coupling to the nucleon field, 
a lifetime of 7X 10~1%(g?/4ahtc)—! sec. Use of the value 
of the coupling constant obtained from meson-nucleon 
scattering experiments,! g?/4ar#c~ 10, results in a life- 
time which is small compared to the experimentally 
observed mean life of the 2° of about 10-" sec.’ 

In the present paper the effect of the inclusion of 
the additional interaction due to the anomalous mag- 
netic moments of the intermediate nucleons is studied. 
Since with this interaction unrenormalizable divergences 





4 


£3 (0) 


fo (r°) 
-= 


2. &€ f= &= F 
% INUNITS OF M? 


Fic. 1. The dependence of the functions /;(A*), f2(A?), and 
hs G3) on the cutoff parameter, d’. 











* This research supported by a grant from the U. S. Atomic 
Energy Commission. 
4 t Dyson et al., Phys. Rev. 95, 1644 (1954). 
i hae d, Proc. Roy. Soc. (London) A220, 183 (1953). 


appear, a cutoff factor must be introduced. While 
there is some ambiguity in the method of introduction 
of this cutoff factor, it is found that the qualitative 
dependence of the lifetime on the cutoff parameter is 
not sensitive to the choice of cutoff scheme. 

The matrix element for the lowest order perturbation 
calculation of the decay of the 7° into two photons is, 
in the notation of Feynman,? 





1 1 1 
am=24 f spl ex ey 1s d*p, 
pb—-k.—M p—M p+khi—-M 


where 
A= (4r)Mie’g/(22)4. 


The inclusion of the anomalous magnetic moment 
interaction gives a matrix element of the form 


1 1 
o=2A f Sp —— (et nesta) — 
p—k:—M 2M p-—M 


b I 
x (er-SeksG) aha ?P, 
2M pt+ki 


where G is the cutoff factor to be introduced. The 
conventional form of the cutoff factor, —\?/(p?—A?), is 
chosen but is made symmetric by averaging the results 
of inserting it into each of the three nucleon propaga- 
tors, i.e., 


7; 1 ; 1 . 1 
PN (p—ky—d (phy) 


After performing the integrations and neglecting the 
square of the meson mass as compared to the square of 
the nucleon mass, it is found that the ratio of SN to 





3R. P. Feynman, Phys. Rev. 76, 769 (1949). 
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Fic. 2. The ratio of the lifetime of the 7° including the anomalous 
magnetic moment interaction, 7, to the lifetime without the 
anomalous magnetic moment interaction, ro, as a function of the 
cutoff parameter, ?. 


Wo is 
M/Mo= 1+ dul fr(A?)+ fo’) ]+2u? fa), 


where 
fiQA?)=3N+2N?+4N?R+2NR, 


fo(\?) =2(N+2N?2+2N?R+2NR), 
fa(X*) = — (2N?-+-N?R+2N'R), 


and 
N=)?/(M?—)?), R=In(\2/M?). 


The term f2(A”) is the contribution due to the 

differences in the various terms in the cutoff factor. 
It is seen from Fig. 1 that this term is small compared 
to f1(A?), the term to which it is added. 
* Use of the symmetric theory for the meson nucleon 
interaction leads to a p? contribution due to the inter- 
mediate neutron of opposite sign to that of the proton 
contribution. Including both the neutron and proton 
in the intermediate state gives a ratio of the matrix 
elements 


M/Mo= 143M ol fr(d”) + fold”) J4+-3 (uy? Me’) fa), 


or, if one uses the experimental values of u»=1.79 and 
Hn=—1.91, 


IM/Mo= 1+0.90L fa(A2)-+ fo(d2) ]—0.22 fs (r2). 


The lifetime of the 7° as a function of \? is shown in 
Fig. 2. It is seen that the lifetime of the 7° is shortened 
by the inclusion of the anomalous magnetic moment 
interaction; therefore this effect does not aid in ex- 
plaining the apparent discrepancy between the ex- 
perimental and theoretical lifetimes. 

This result differs from that of Katsumori,‘ who 
carried out a similar calculation, apparently with 
neutral meson theory. It has been pointed out by 
Nambu’ that this calculation is in fact in error because 
of a mistake in taking the necessary trace. 

I wish to thank Dr. M. L. Goldberger for suggesting 
this problem and Dr. H. Miyazawa and Dr. R. Oehme 
for helpful discussions. 


4H. Katsumori, Prog. Theoret. Phys. 12, 241 (1954). 
5 Y. Nambu (private communication). m 
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The production of r+-mesons directly by 500-Mev electrons has been studied in lithium. The measure- 
ments consist of a precise measurement of the ratio of electron-produced to bremsstrahlung-produced pion 
yields. Results expressed as ‘“‘equivalent radiation length” X, for electron production are X,=0.0233+-0.0012 
for pions of 55 Mev, and 0.0185--0.0014 for pions of 150 Mev at 75° to the incident electron beam. The re- 
sults are fully compatible with purely electromagnetic interaction of the electrons. Within the limitations 
of the experimental data obtained to date, and of the available theoretical studies, the results are com- 
patible with magnetic-dipole absorption as the predominant process in photopion production under the 


conditions indicated. 





INTRODUCTION 


HE production of pions by nuclear particles on 

the one hand, and.by electromagnetic radiation 

on the other has been extensively studied. Production 

by electrons has escaped observation since the experi- 

mental conditions for the study of such a process are 

more severe. Since the cross sections for the process 

are presumably smaller than those of corresponding 

photopion processes, the experiment needs thin targets 
and an electron beam free of x-rays. 

Interest in electron-pion production arises from two 
principal sources: (1) Although it is likely that electron- 
pion production is directly associated with photopion 
production via the “virtual-photon” field of relativistic 
electrons, the possibility of other interactions should at 
least be examined. (2) If one assumes electron-pion 
production to be purely electromagnetic in nature, 
then the ratio of electron-pion to photopion yields is 
sensitive to the nature of the photon-absorption process, 
Electron-pion production thus serves as a “tracer” on 
photoproduction. 

The data presented here represent the first definite 
results on this subject. Although future measurements 
under varied conditions of energy and angles and using 
hydrogen will be made, it is felt that the present results 
are of interest as they have some bearing on the first 
point, and permit a preliminary observation on the 
second. 


EXPERIMENTAL ARRANGEMENT 


This experiment was made possible by the availa- 
bility of a high-energy collimated electron beam from 
the Stanford Mark III linear accelerator.! The electron 
beam, on emerging from the end of the accelerator, is 
accompanied by secondary neutron and gamma flux. 
The beam was purified and energy-analyzed by a 
double-deflecting magnetic-analyzing system described 


*The research reported here was supported by the joint pro- 
gram of the Office of Naval Research and the U. S. Atomic Energy 
Commission. 

'R. B. Neal, Stanford University Microwave Laboratory 
Report No. 185 (unpublished); Chodorow, Hansen, Ginzton, 
Kyhl, Neal and Panofsky, Rev. Sci. Instr. 26, 134 (1955). 


elsewhere.? The primary electron energy was defined by 
the magnetic field of the first deflecting magnet and a 
collimator-slit system. The electron energy was cali- 
brated by the “floating-wire” technique, and is be- 
lieved to be accurate to better than 4 percent. 

The doubly-deflected analyzed beam was fed through 
a pipe expanding from 4 in. to 8 in. in diameter into the 
target chamber (Fig. 1). The target chamber contains 
two airlocks through which the meson target and the 
radiator can be inserted. A small magnet is provided to 
deflect the beam downward; the deflection causes the 
electron beam to miss the targets while any residual 
gamma-ray or neutron beam impurity would continue 
to bombard the target. This magnet thus serves to 
check whether gamma-ray or neutron impurities con- 
tribute to the pion yields. The pions from the target 
were analyzed in angle and energy by a magnet system 
designed and constructed by K. Crowe, R. Friedman, 
and D. Hagerman (Fig. 2). During these runs the pion 
laboratory angle was set at 75° to the incident beam. 
The current in this analyzing magnet defined the pion 
energy. The magnet current was calibrated in terms of 
pion energy using the floating-wire technique. 

The pions passed through the channel into a large 
plastic scintillator (a cylinder 7 in. in diameter and 
10 in. in length). For the runs at 55-Mev pion energy 
the length of the scintillator was sufficient to stop the 
pions in the middle of the counter. For the 150-Mev 
runs, a copper absorber was inserted ahead of the 


ied" 2 
Le | 


7 ul 
RADIATOR 
TARGET 


PUMP: 
OUT 


WILSON SEALS 
CONCRETE 
DEFLECTING MAGNET 


VALVE - 
4" BRASS PIPE 


j P= ai 


= 
8" DIA. s 


14° 






































pertecteo—} 
BEAM 





Fic. 1. Vertical cross section through bombardment geometry. 
Note the magnet used for investigating the effect of neutral 
impurities in the beam. 

2 W. K. H. Panofsky and J. A. McIntyre, Rev. Sci. Instr. 25, 
287 (1954). 
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Fic. 2. Horizontal cross section through the bombardment 
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counter to reduce the pion energy to 60 Mev before 
the pions entered the scintillator. 

The pions were counted through the decay positrons 
from the muons. The beam pulse of the linear accelera- 
tor is short (<0.5 usec) and hence background at a 
time of the order of 2 usec after the pulse is mainly due 
to neutrons, radioactivity, scintillator afterpulses, etc., 
but not to any prompt secondary processes. The scintil- 
lation pulses from the plastic as seen by a 5-in. DuMont 
photomultiplier were clipped and amplified with a gain 
of roughly 10° and rise time of 2X10-® sec. The pulses 
were then fed into three fast discriminators set at 
varying levels. The three discriminated outputs were 
fed into a 3X3 coincidence matrix; each discriminator 
output was counted in coincidence with three gates 
delayed after the beam pulse by 2.2 usec, 4.4 usec, and 
13.2 usec, and applied to the matrix as shown in Fig. 3. 


3x3 COINCIDENCE MATRIX 


AMPLIFIER 
SCINTILLATOR 


PHOTO MULTIPLIER 


| UNIT = 2.2 wSEC 


Fic. 3. Block diagram of the electronic arrangements. 
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The gate widths were 2.2 usec, 4.4 usec, and 3.3 usec, 
respectively. 

The radiator in one run was 0.0960 radiation length 
of carbon, and in other runs multiples of 0.0362 radia- 
tion length of copper. The target was 0.00712 radiation 
length of lithium in the direction of the beam. The 
target was oriented with the normal to its plane bi- 
secting the angle between the incident beam and pion 
beam (Fig. 4). Spectrographic analysis of the lithium 
indicated a 0.2-percent Na impurity and other im- 
durities totalling 0.1 percent. 

The primary beam leaves the vacuum target chamber 
through a 0.006-in. mylar window and enters a “‘second- 
ary electron multiplier,” as described by Tautfest and 
Fechter,? pumped by a separate vacuum system. This 
instrument consists of a set of 0.003-in. aluminum foils 
arranged inside a high vacuum so that alternate foils 
can be connected to a high-voltage source and to an 
electrometer, respectively. Secondary electrons emitted 
from the foils by the primary beam are collected and 
the total secondary charge measured. This instrument 
is essentially nonsaturating, but has a current multi- 
plication generally of less than one; in the instrument 
used here, the multiplication is 0.1. The collected cur- 
rent is integrated with an electronic integrator. 


PROCEDURE 


The experiment as described here measured precisely 
only the ratios of the electron-pion to photopion yields 
and not their absolute magnitude. The counter system 
does not operate on a plateau since the discriminator 
settings reject an arbitrary fraction of the u-decay posi- 
trons. Also the absolute solid angle of the detection 
system is not accurately known. The measurement 
consisted of comparing counts of “radiator-in—target- 
in” runs to those of “radiator-out—target-in” runs. To 
obtain best accuracy, counts were alternated between 
“radiator-in—target-in” and “radiator-out—target-in” 
runs. In addition to this cycle of runs, the following 
backgrounds were determined: (1) counts with the 
pion-analyzing magnet de-energized; (2) counts with} 
radiator in, target out; (3) counts with radiator out, 
target in, and the electron beam deflected down to 
miss the target; and (4) counts with radiator out and 
target out. 

For the runs with the copper radiator, all these 
backgrounds were substantially equal within statistics, 
while in the runs with the carbon radiator, backgrounds 
(1) and (2) were somewhat higher. Background (2) 
was applied as a correction to the runs with radiator 
in and target in, while background (3) was applied as 
a correction to runs with radiator out and target in. 
All backgrounds were small, as indicated below. In 
particular, it can be concluded that the effects of 
gamma-ray and neutron beam impurities were negligible. 

Possible systematic effects on the accuracy of moni- 


3G. Tautfest and H. Fechter, Phys. Rev. 96, 35 (1954); Rev. 
Sci. Instr. 26, 229 (1955). 
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Fic. 4. Detail of the radiator and target geometry. 


toring due to the increase in beam size produced by 
multiple scattering in the radiator were investigated 
and were found to be absent. 


RESULTS 


We reduced our results in terms of a quantity X., 
the “equivalent radiation length” for electron pro- 
duction. Let Xr be the thickness in radiation lengths 
of the target (assumed <1) and Xp be the thickness in 
radiation lengths of the radiator. We then define X, 
such that 


Counts with radiator in, target in 





Counts with radiator out, target in 





1 
(X7/2)+X, @) 


The radiation length is here taken as 
Xo1'=4aNrP?Z(Z+£) In(183Z-4), 


where the symbols have their customary meaning, and 
where ¢ is the relative radiation efficiency in the field 
of an electron. The interpretation of X, will be dis- 
cussed in our next section. 

Our results are given in Table I. Counts in one of 
the discriminator channels only are given. 

In the reduction of data we have assumed that 
cascade corrections are negligible. In order to check 
Bthis assumption, a run was made checking on the 
linearity between R and Xp as implied by Eq. (1). If 
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Fic. 5. Plot of meson yield as a function of radiator thickness. 
The intercept on the abscissa of the straight line through the 
points corresponds to —[X.+(X7/2)]. 


R is measured as a function of Xp, then a straight line 
with an intercept at —[X.+(X7/2)] along the Xr 
axis would result. The ratio R as a function of Xz was 
measured and is shown in Fig. 5. It is seen that the 
intercept is in good agreement with the directly calcu- 
lated values of X, as shown in Table I and with the 
assumption of linearity. 


DISCUSSION 


To a first approximation the relation between the 
cross section o,() for a photon of energy k and the 
cross section o,(Eo,£) for a highly-relativistic electron 
of initial energy E and final energy E is given by the 
Weizsicker-Williams formula*®: 


oe 2a y \Ak 
“-~n(—-)-, (2) 
Oy Tv Rbmin k 


TaBLeE I. Counts per 10 microcoulombs of beam. 








Target in, radiator in 
Uncorrected Corrected 


Uncorrected 


Target in, radiator out 


Corrected R Xe 





T,;=55 Mev 
Carbon radiator 
(Xr=0.0960 
Tr=55 Mev 
Copper radiator 
(Xr=0.0362) 
T,;=150 Mev 
Copper radiator 
(Xr=0.0724) 


524.0+16.0 512.0+16.0 


135.34 3.1 131.72: 3.1 


86.34 1.95 81.04% 2.5 


116.04 4.5 


61.515.0 


23.0+ 0.68 


109.0+5.0 4.71+0.26 0.0224+0.0015 


57.9+1.5 2.28+0.08 0.0243-+0.0016 


19.10.85 4.24+0.23 0.0185+0.0014 








‘F. von Weizsicker and E. J. Williams, Z. Physik 88, 612 (1934); E. J. Williams, Phys. Rev. 45, 729 (1934). 
‘Nordheim, Nordheim, Oppenheimer, and Serber, Phys. Rev. 51, 1057 (1937). 
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where k= Ey>—E; AE=Ak is the energy band of photon 
energies accepted by the experiment; y=Eo/m where 
m is the electron rest mass; and h=c=1. If Nidk is the 
number of photons between energy k and (k+dk) pro- 
duced per radiation length of radiator, Eq. (2) can be 
written 

X e= (2a/m) In(y/kbmin) (1/RN x). (3) 


To a first approximation we have of course kN,~1. 
The quantity dnin is the minimum impact parameter 
to which the collision can be defined; y=Eo/m; m is 
the electron rest energy; bmin depends on the process 
considered. If the transverse momentum transfer is 
P,, then bnin~P,. For a process such as pair pro- 
duction by electrons involving relativistic light particles 
only, the electron deflection angles are of order m/Eo 
and hence P,~(m/Eo)Eo and the logarithm in Eq. (3) 
becomes ~In(£p/k). The resultant value of X, is in good 
agreement with the experimental facts; e.g., the experi- 
ments of Camac® on pair production of electrons. For 
electron processes on heavy particles the cross sec- 
tions remain large at reasonably large deflection angles; 
hence P,~E» and the logarithm becomes roughly 
In(E,?/mk). The observed yields as shown in Table I 
are thus fully compatible with purely electromagnetic 
production. 

Of course, it is of interest to inquire whether more 
quantitative theoretical agreement can be obtained. In 
this experiment the pion energy and angle are defined. 
If for the moment we assume free-nucleon kinematics 
(as would be correct for the planned hydrogen experi- 
ments), then the angle between the initial and final 
electron defines the final electron energy and the direc- 
tion and magnitude of the final recoil momentum (Fig. 
6). Even if the pion energy and angle are defined, the 
energy loss of the electron and hence the energy of the 
equivalent photon are not defined exactly. 

In general, the angle between the initial and final 
electron direction is fairly small’; the momentum 
transfer k to the nucleon-meson system is therefore 
nearly parallel to the initial electron momentum P,. It 
can be shown® that the direction of the effective electric 
field vector is perpendicular to the bisector between 
P; and P; and hence is nearly transverse to P,. The 
interaction of this field corresponding to the transition 


a ' 
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Fic. 6. Vector diagram representing the kinematics of pion 
production in electron-nucleon collisions, where A is the vector 
potential due to transition, P;, Py are the initial and final electron 
momenta, and k=P,+P,=momentum of equivalent photon 
absorbed. 


6M. Camac, Phys. Rev. 88, 745 (1952). 

7It will be shown further that 60 percent of the cross section 
corresponds to electron deflection angles of less than 5°. 

8D. R. Yennie (private communication). 
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of the electron in plane-wave approximation from P, 
to P; has been evaluated by Blair? and Thie, Mullin, 
and Guth” for the special case that only a single 
multipole moment represents the absorption by the 
nuclear system. If these moments are energy-independ- 
ent the integration over final electron angles can be 
carried out and yields the formula 


a E* 2EEo 
ref+(2) ]of 2) Jae 
T Eo u(Eo— £) 
where A\=0 for the magnetic-dipole absorption; \ 
=(2E/Eo) for electric-dipole absorption; A= — (8/3) 


X[E/(Eo—E)} for electric-quadrupole absorption; 
kN, is clearly only a correction factor equal to the 
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Fic. 7. Plot of the “equivalent radiation length” X, for bom- 
barding energy of Ey>=500 Mev as a function of the recoil energy 
E of the electron. Curves are plotted under the assumption of 
electric-dipole, magnetic-dipole, or electric-quadrupole absorption 
with energy-independent moments. In the actual experiment, the 
final electron energy was not held constant, but the meson angle 
and momentum were given. For meson production on nucleons, 
the error made under this assumption is small and has been 
calculated (see text). For production on nuclei, the effect has been 
calculated under the assumption of a Fermi gas in a potential well 
of 28 Mev having an upper limit of kinetic engrgy of 20 Mev. As 
a result of these calculations, the final electron energy is broadened 
as shown by the two curves indicated. Our measurement has been 
entered on these curves at an abscissa corresponding to the mean 
value of the final electron energy contributing. Uncertainty in 
primary energy and pion energy makes the value of E uncertain 
to about +20 Mev. 
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ratio of the actual bremsstrahlung cross section at the 
given value of Ey and & to the extreme relativistic 
limit. It is given by: 


mell20) 


xin(tasz-)+-—| rd In(183Z-4) (5) 
9 Ey 


if screening is complete and by the corresponding rela- 
tions" in the case of intermediate screening. Equation 
(4) is plotted in Fig. 7 as a function of E. 


®J. S. Blair, Phys. Rev. 75, 907 (1948); mim 
and private communications to Richard Wilson an ; 

10 Thie, Mullin and Guth, Phys. Rev. 87, 962 (1952). 

1 See, e.g., H. A. Bethe and J. Ashkin, Experimental Nuclear 
Physics, edited by E. Segré (John Wiley and Sons, Inc., New York, 
1953), Vol. 1, pp. 259-263. 
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The assumption of absorption by an energy-inde- 
pendent single multipole moment is of course an 
approximation since the wavelength corresponding to 
the momentum transfer is not necessarily large com- 
pared to the nuclear dimensions. However for a given 
photon energy the selection rules for the photopion 
production process y+p—n-+n* require magnetic- 
dipole absorption or electric-quadrupole absorption if 
the final pion-nucleon state shall be a P-state. It is 
known from the analysis of the photopion production 
process that, excepting very near threshold,” the P- 
wave cross section predominates although the S-wave 
contribution continues to cause asymmetry in at 
production even at higher energies. In 7° production 
the S-wave term is essentially absent; if magnetic- 
dipole absorption were the only initial mechanism, 
then the center-of-mass angular distribution must be 
of the form (do/dQ) < (A—cos’@) where A=5/3. Ex- 
perimentally,’® A =1.22+0.10, which indicates that at 
high energies other moments, presumably the electric- 
quadrupole moment, also contribute. Experimental evi- 
dence from other sources leaves the value of A fairly 
uncertain. It is therefore a matter of great interest to 
investigate whether this method—i.e., the degree of 
agreement of the data with Eq. (4)—when extended to 
hydrogen would have bearing on this point. The fact 
that the nucleon size is not necessarily small compared 
to k- would reflect in terms of & dependence of the 
effective magnetic moment. 

In obtaining the final cross sections, as calculated by 
Blair? and Thie e¢ al.,!° the elementary cross sections are 
integrated assuming that the final electron energy is 
constant as a function of electron angle. Figure 8 shows 
the actual final electron momentum as a function of 
electron angle for a fixed meson angle and energy. The 
Blair formula has been re-integrated for the magnetic 
dipole case using this modified kinematics and yields 
a result for X, only 2.5-percent lower than the answer 
calculated if the momentum had a constant value for 
all @. This is, of course, symptomatic of the fact that 
most of the cross section originates from small electron 
deflection angles (e.g., 60 percent of the cross section 
originates from electron deflection angles less than 5° 
and 75 percent within 15° for the case T,=55 Mev). 
Hence the momentum transfer by the electron is essen- 
| tially along the incident direction. For this reason it is 
unlikely that the & dependence of the moments will 
affect the result greatly. 

In addition to these kinematic effects there will be 
corrections due to the use of plane-wave functions in 
the calculations of Blair and Thie, Mullin, and Guth 


us ni Bernardini and E. L. Goldwasser, Phys. Rev. 95, 857 


8 Walker, Oakley, and Tollestrup, Phys. Rev. 97, 1279 (1955); 
89, 1301 (1953), of pe ; 
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Fic. 8. Plot of final electron momentum 2s final electron angle, 
assuming kinematics of meson production on a nucleon. Meson 
momentum held constant corresponding to a laboratory produc- 
tion angle of 75° and laboratory kinetic energy of 55 Mev. 


(these corrections are presumably small for lithium and 
hydrogen), and higher-order corrections in a. 

The above remarks apply to hydrogen only. For 
lithium, presumably the same considerations apply 
except that it is necessary to average over initial 
momenta. This will effectively broaden the values of 
final electron energy contributing to the results. This 
spread in £ has been calculated in an admittedly crude 
manner for a Fermi gas of maximum kinetic energy 20 
Mev in a well 28-Mev deep and is represented by a set 
of curves in Fig. 7 where our present results are plotted 
at a point corresponding to the mean final electron 
energy. Note that all results are in agreement with mag- 
netic- and possibly also electric-dipole absorption. The 
electric-quadrupole contribution seems to be small at 
55-Mev meson kinematic energy. Clearly the limiting 
factor in the attainable reliability of the conclusions is 
the “smearing” effect of the initial momenta. This 
defect will be removed in hydrogen experiments. 
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Nuclear Dispersion Contribution to High-Energy Electron Scattering* 
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An expression for the contribution of virtual intermediate states of the nucleus (nuclear dispersion) to 
the elastic and inelastic scattering of high-energy electrons is obtained. The closure relation for the nuclear 
states is used to put this in a form which depends only on the properties of the initial and final states. An 
estimate of this contribution in comparison with the first-order scattering shows that it is expected to be 
small but not negligible for the light elements and somewhat larger for the heavy elements, when the 
electrons have several hundred Mev energy. The estimate is only valid for large scattering angles. More 
detailed knowledge of the one- and two-proton transition charge densities would be required in order to 
extend the range of validity. It seems likely that the bulk of the dispersion correction would be taken into 
account if the correct electron wave functions in the static Coulomb field were to be used in place of plane 


waves. 





I. INTRODUCTION 


ALCULATIONS of the elastic scattering of high- 
energy electrons from nuclei have for the most 
part regarded the nucleus as a rigid structure with no 
internal degrees of freedom. Such calculations have been 
done exactly for spherically symmetric charge dis- 
tributions,! and approximately for spheroidal charge 
distributions that can be set into rotation.2* The 
internal degrees of freedom of the nucleus, which 
manifest themselves in the existence of excited nuclear 
states, give rise to inelastic scattering and to dispersive 
contributions to both elastic and inelastic scattering. 
Inelastic scattering has been considered in a number of 
papers.‘ Dispersion effects, caused by transitions to and 
from virtual intermediate states of the nucleus-electron 
system, have recently been discussed in a general way 
by Lewis.® 
The object of the present paper is to reduce the rather 
complicated formula for the dispersion contribution to 
a form in which an estimate of its order of magnitude 
can be made in some situations. In doing this, some of 
Lewis’ results are rederived. The following approxi- 
mating assumptions are made. (1) The electron inter- 
acts only with the charges of the nuclear protons. (2) 
The matrix element is calculated only to second order 
in this interaction. (3) The sum over intermediate 
nuclear states is estimated with the help of the closure 
relation; this means that a suitably averaged virtual 
excitation energy of the nucleus must be assumed. 
(4) The reduced wavelength of the electron is taken to 
to be small in comparison with the nuclear radius. 
The resulting expression involves integrals over one- 
and two-proton transition charge densities between the 


* Supported in part by the Office of Scientific Research, Air 
Research and Development Command. 

1 See Yennie, Ravenhall, and Wilson, Phys. Rev. 95, 500 (1954), 
and earlier papers cited there. 

2 L. I. Schiff, Phys. Rev. 96, 765 (1954). 

3 Downs, Ravenhall, and Yennie, Bull. Am. Phys. Soc., 29, No. 
8, 29 (1954). 

4 See reference 2 and earlier papers cited there. 

5 Robert R. Lewis, Jr., thesis, University of Michigan, 1954 
(unpublished); this contains extensive references to earlier work. 


initial and final states of the nucleus. The order of 
magnitude of this dispersion contribution in comparison 
with the first-order scattering can then be found from 
simple assumptions concerning these densities. 


II. EXPRESSION FOR THE CROSS SECTION 


The first-order matrix element for the transition 
from an initial state Yo of the nucleus and electron 
energy and momentum Ep, #ko, to a final state y, of the 
nucleus and electron energy and momentum Ey, fiky, is 


Zz 
VpoV=h Jf Grex ihy- ane! Rilo 


i=l 


x exp (iko : r)dtndr, (1) 


where ayo is the matrix element of the Dirac unit 
operator between initial and final electron spin states, 
and fdry denotes integration over the coordinates of 
the Z protons and A—Z neutrons. We add and subtract 
i(ko—k,)-R; in the exponent, and integrate over the 
new variable r—R,; in place of r, to obtain 


Z 
Vio = (Ame*ayo/@)d | vs exp(ia-Ri)podrw, (2)§ 
i=l 


where #q=(ko—ky) is the momentum transfer from 
the electron to the nucleus. The differential scattering 
cross section is 


gn (ky/2mhc)*4S sSo| Vso |2, (3) 


where S denotes a sum over the two positive energy spin 
states. In the extreme relativistic region, $5,So|ayo!° 
= cos?(30), where 6 is the angle between kp and ky, so 
that the first-order cross section becomes 


a) = (4e4E? cos?(36)/htcty") 
2 


Z 
XID Vy exp(iq:R,)podry} . (4 


i=l 
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HIGH-ENERGY ELECTRON SCATTERING 


It is convenient to write Eq. (4) in terms of the one- 
proton transition charge density 


mR f+ fH Re Ry)E a(R,—R,) 


ial 
XwWo(Ri---Ra)dri---dra, (5) 


which has the property 
f po (R,)dre= Zbye 
In terms of the form factor 
F(@)= fon (R) expia-Rdr, (0) 


Eq. (4) becomes 
o) = (46°F? cos?(36)/hic'q') | F(q) |”. (8) 
The second-order (dispersive) scattering is obtained 


along with the first-order scattering if Vyo“ in Eq. (3) 
is replaced by Vo-+ Vso, where 


Vo — -> Zz (€n— eo +E,— Eo)“ 


Z 
XE ff drexp(—ihy-nape!| Ril 


i=1 


Xexp(ik,-r)drydz 
Zz 
XL [fw exp(—ik,- r’)a,oe? 


aa 
xX | r’—Rj’ |W’ exp (iko- r’)dty‘dr’. (9) 


Here, the subscript v refers to the intermediate electron 
state, and 7 to the intermediate nuclear state of energy 
&» 2.» consists of a summation 5S’ over all four (positive 
and negative energy) spin states, and an integration 
Jedk,/8x*, where the contour C passes under the pole 
B on the positive &,-axis. 

The differential cross section through second order 
is ¢%4¢@), where o) is given by Eq. (8) and o® 
arises from the cross terms between Vo") and Vyo®): 


c= (ky/2mhc)*4S,SoV so V yo +c.c. ; (10) 


here, “c.c.”” denotes complex conjugate. In the extreme 
relativistic region : 


PAY) 0S; y Gyo (€n— €o-+E,— Eo)“ ap.ay0 
= 3(E?— E,2)S;S0S,/aosayy (E, +E n) ay 
=}(E2—E,?)“(E,(1+ cos) 
+|E,| (cos#.+cos6y) ], (11) 
where Ey, =Eo+€9—€n, 9 is the angle between kp and 


k,, and 6;, is the angle between k, and k,. We therefore 
obtain from substitution of Eqs. (9) and (11) into (10), 


and Egs. (5) and (7) into (2): 
o) = — (ky/2hc)*(4re*/@?) F (q) 


x f (dk,/8n4)-4 0 (E2—E,2) 
Cc n 


X[En(1+cos8)+ | E,| (cos#,+-cos8,,) | 
XE f [elrRily 


i=l 


Xexp[i(k,—k,)-rjdrwdr 


Z 
Xd ff fovete-Riiwe 
i=l 
Xexp[i(Ko—k,)-r’]dtw’dr’+c.c. (12) 


The two most promising methods for dealing with 
Eq. (12) are (1) to first perform the r,r’ integrations, 
and (2) to first perform the k, integration. The first 
procedure can be carried through by adding and sub- 
tracting i(k,—k,)-R; in the first exponent, and inte- 
grating over a new variable r—R; in place of r. The 
integration over the first set of nuclear coordinates then 
gives a form factor with the argument k,—k,;. The 
second (primed) set of coordinates is treated in the 
same way. The difficulty here is that the resulting 
integration over k, cannot be performed analytically 
even for extremely simple assumptions about the form 
factor,® and more important, we were unable to find 
approximations that would enable us to estimate orders 
of magnitude. 

We have therefore investigated the second procedure. 
The k, integration is easily carried through with the 
help of a convergence factor, and the remaining inte- 
grations over space coordinates can then be estimated 
by making use of the closure relation for the nuclear 
states and the assumed disparity in magnitude between 
1/ko and the nuclear radius. The k, integration leads to 


ZZ 
= —(crerysrmagy RMD LE f f ff 
n i=l j=l 
X[K,(1+cos6-+coso,+cos6;p) 
+ (i/p) (coso,+cos6 jp) | 
Xexpi(Knp+ko- r’—ky- r)(o| r—Ri| | r’—R,/|) 7 
XV wWn'Wo'drydry'drdr'+c.c. (13) 


Here, Kn=E,/hc, 9=1r—r’, 00, is the angle between ky 
and 9, and 6;, is the angle between k, and 9. 


6 The corresponding integrals with unit form factor (point 
charge) are evaluated by R. H. Dalitz, Proc. Roy. Soc. (London) 
A206, 509 (1951), who also cites earlier papers; this and other 
cases are discussed in reference 5. 
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Ill. ESTIMATION PROCEDURE 


The closure relation for the nuclear wave functions 
states that 


r f Vadn'g(R/)drw'=g(R;), 


for any function g that is antisymmetric in the coor- 
dinates of identical nucleons. This cannot be applied 
directly to Eq. (13) since the summand there also 
depends on m through the quantity K,. However, we 
assume that the main terms in the summand correspond 
to moderate excitation of the nucleus, for which K,, is 
not greatly different from ko. Then K, and exp(iKp) 
are slowly varying functions of m, and we assume that 
we can write to good approximation: 


> f f(KauPalg(R/)drn’=f(K)g(R,), (14) 


where we expect K to be of the order of and probably 
somewhat less than ko.’ With this assumption, Eq. (13) 
becomes 


= —(eee/semeg) PE f f [CK 


i=1 j=l 
Xexp{i(Kpt+ko-r’—k;-r)} 
X(olr-Ril |1'—Ry|)-"Waadrwdrde’+ec., (15) 


where [K_] denote the square bracket of Eq. (13) with 
K,, replaced by K. 

We now break up Eq. (15) into two parts, according 
as i=j or i~7. The first (one-proton) part can be 


rewritten with the help of Eq. (5) as 


— (ete /anthet) PCa) f f fa 


Xexp{i(Kp+ko- r’—k,-1)}(o|r—R,| | r’—Ra|)* 


X pro (Ra)dtadtdr’+c.c. (16) 


The second (two-proton) part can be expressed in terms 
of the two-proton transition charge density 


pro (Re Ri)= f+ f/Re-- 


X6(Ro—Rj)yo(Ri- - 


REE 8(R—R) 


t=] j4i 


*Ra)dri:- (17) 


-dta, 
which has the properties 


ps0 (Ra,Rs) =pyo (Rs, Ra), (18) 


fer RaRs)drv— (Z—1)py0 (Ra). 


7 Note that even when it is assumed that the right side of Eq. 
(14) is separable, as written above, K need not lie w vithin the range 
of variation of Kn, since VrWn! is not always of one sign as n 
changes for fixed R;, R,’. 
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The result is 
— (ep /smencg F(a) [ f f fcx 


Xexp{i(Kpt+ko- r’—k,-r)} 
X (o] r—R,| | r’—Re])* 
X pyro (Ra,Rs)dtadredrdr’+c.c. (19) 


Equation (16) can be simplified by adding and sub- 
tracting i(ko—k,)-R. in the exponent, and replacing 
the integrations over r and r’ by integrations over new 
variables s=r—R, and s’=r’—R.,. Then with the help 
of (7), Eq. (16) becomes 


— (#h?/8etiteg) | F(a) |* f fra 


Xexp{i(Kp+ko-s’—k;-s)} (pss’)“drdr’+c.c., (20) 


where e=s—s’. Equation (20), omitting the factor 
| F(q) |?, can now be recognized as being close toa special 
case of Eq. (13). In the latter we assume for the moment 
that only the n=O term contributes to the sum, that 
the initial and final states are the same, and that yh 
represents a single point charge. This corresponds to 
elastic scattering from an infinitely massive point 
proton, in which case Kna=ko and F(q)=1. Then 
Eq. (13) is known from previous work® to be equal to 


a) (point) = + (ae®/hic8q?) (cosecz0—1). (21) 
If now we assume that K in Eq. (20) is nearly equal to 
ko, Eq. (16) or (20) is approximately equal to | F(q)|’ 
multiplied by Eq. (21).8 Combining this with Eq. (8), 
we find that the sum of the first-order scattering and the 
one-proton part of the second-order scattering is 
(4e°E?/te'c'g') | F(a) |? 
X [cos?40+ (ae2/hc) (sinz@—sin?30) ]. (22) 
To this must be added the two-proton part of the 
second-order scattering, which we now proceed to 
estimate from Eq. (19). 
We start by changing the four variables of integration 
from r, r’, Ra, Ry to 
S=}(R.+R)), o=r-r; 
the Jacobian of this transformation is equal to unity. 
The factor ko-r’—ky-r in the exponential then becomes 
q-S—Ko-9+34-s+24's', 3 (ko+k,). 


Equation (19) is now equal to 


—enz/sewceyP@ ff f [tx 


Xexp{i(q-s+Kp—Ko-0+3q:s+3q's’)} 
X (pss’) pro (Ra,Rs)dz sdr,drdr’+c.c. (23) 


8 As pointed out by Lewis (reference 5, pp. 69-70), this ap- 
proximate equality becomes exact in his static limit. 


s=r—R,, s’=r'—R,, 


where Ky= 
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In order to estimate Eq. (23), we assume that pyso® is 
a slowly varying function of its arguments, and con- 
sider first the dependence of the integrand on s. If 3¢ 
is large in comparison with 1/R, where R is the nuclear 
radius (more precisely, R is the distance over which 
po” varies appreciably), the rapid oscillations of 
exp(37q°8) prevent contributions to the integral from 
points much more distant from each other than 2/g 
about the point at which the coefficient of exp(3iq:s) 
isa maximum, namely s=0. This conjecture is readily 
verified by examining the integral 


Ss exp(3iq:s—as)dr=4n/(ig’+a2). 


As long as a<}q, this is independent of a; in other 
words, as long as exp(—as) is not appreciably different 
from unity within a distance of order 2/q of the origin, 
it makes little difference how it behaves. The same type 
of behavior can be demonstrated for other smoothly 
varying coefficients, such as exp(—fs?) in place of 
exp(—as). 

We thus conclude that the bulk of the s integration 
comes from a region of approximate linear dimensions 
2/q about the origin. The same is true of the s’ inte- 
gration. In the case of the @ integration, the length 
that corresponds to 2/q above is 1/(K—Ko), since 
expi(Kp—Ko-@) varies most slowly when 9 is parallel 
to Ko. If we assume that ky and K are roughly equal to 
ky, then g=2ko sin3@ and K—Ko=ko(1—cos}6). Thus 
the present approximation requires that both koR sin}6 
and koR(1—cos36) be large in comparison with unity. 
Since the first of these quantities is never smaller than 
the second, we require that 


koR(1—cos36)>1. 


The s, s’ and @ integrations in (23) may now be 
carried out separately with the help of convergence 
factors, and R, and R,; in p,so® replaced by their values 
when s=s’=o9=0, namely Ra=R,=S. The s and s’ 
integrals are each equal to 167/q?, and the 9 integral 

fis equal to (8x/o){1—[K?+K kp cos?(36) |/ (K?—K,?)} 
if we assume that kyo. If we further assume that 
K&Xko, this last becomes — (16x/ko) cot?(30). With 
these approximations, Eq. (23) becomes 


+(1024me%,2/h%ckog®) cot?(46) 


(24) 


xRe| Fa) rns) exp(ia-S)irs| (25) 


where Re denotes the real part of the following square 
bracket. 

As a further estimate, we assume that the value of 
po (Ra,Ro) when R,=R, is approximately equal to 
its average value as R, varies over the nucleus, which 
Is its integral over R, divided by the nuclear volume: 


yo (Ro,Ra)&(3/4eR®) f pro®(RajRi)drs. (26) 
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Because of the second of Eqs. (18), the right side of 
(26) is equal to [3(Z—1)/4aR®]oyo™ (Ra); thus with 
the help of Eq. (7), we find that 


yo (S,8) exp(éa-S)drs&=[3(Z—1)/4eR*]F (q). 


Substitution of (27) into (25) gives as our final estimate 
for the two-proton part of the second-order scattering 


[768e°?(Z—1)/h AR kog® || F(q) |? cot?(3@); (28) 
this is to be added to Eq. (22). 


(27) 


IV. DISCUSSION 


The importance of the dispersion contribution to the 
scattering cross section is measured by the ratio of the 
second to the first bracket term in Eq. (22) for the 
one-proton part, and by the ratio of (28) to (8) for the 
two-proton part. The first of these is less than or of 
order 7/137 for all angles, and hence at most of the 
order of a few percent. The second ratio is 


Q=[48(Z—1)e/hckR®] cosec*(50). (29) 


Equation (29) is however only a valid estimate if the 
inequality (24) is satisfied. If @ is not too large, (24) 
can be multiplied through by 1-++cos}@~2 to yield 
cosec?(46)<3koR. Substitution into (29) then shows 
that Q must be small in comparison with 


P=12(Z—1)/137hoR 


in order for the estimate to be valid. For 200-Mev 
electrons, and assuming that R=1.2A!X10-" cm, 
P=0.16 for carbon and P=0.97 for gold; for other 
electron energies, P is inversely proportional to the 
energy. Thus whenever our estimate (29) is valid, the 
dispersion correction to the first-order scattering is 
reasonably small, for electrons in the several hundred 
Mev region. 

The main difficulty with our estimate is its restricted 
range of validity. If, for example, we interpret (24) as 
meaning that the left side must be at least equal to 2, 
then for 200-Mev electrons our estimate is valid for 
60> 148° in the case of carbon and @=88° in the case 
of gold, with the limiting angle decreasing as the elec- 
tron energy increases. For these two limiting angles, 
the ratio (29) is Q=0.098 and Q=0.35, respectively. 
It is apparent from the derivation of (24) that the 
validity range cannot be increased without more 
detailed knowledge of the two-proton transition charge 
density pro”. 

It is worth noting that insofar as our estimation 
procedure is reliable, much of the dispersion contribu- 
tion would be included in a first-order calculation that 
starts from a correct initial wave function. To see this, 
we write down that part of the first-order perturbed 
initial state wave function that arises from the nuclear 
ground state only and from all electron states; in the 
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notation of Eq. (9), this is 


vs uo exp(iko-r)— > (E,— Eo), exp (tk, - r) 


Z - 
Xd j J Yo! exp(—ik,- r’)ayoe?| r’— R,’|“Yo' 


j=l 


Xexp(iko-r’)dry'dr’}, (30) 
where % and u, are constant spinors. Equation (30) is 
what would be obtained to first order by regarding the 
nucleus as a rigid charge distribution, and so is included 
in the numerically calculated electron wave function.! 
If now Eq. (30) is inserted in the first-order matrix 
element (1) in place of Yous exp(ik-r), we obtain Eq. (1) 
together with that part of Eq. (9) that arises from the 
n=( term in the summation over intermediate nuclear 
states m. Thus if we were to make a first-order calcu- 
lation using the correct initial electron function in 
place of a plane wave,’ the correction due to dispersion 
would not be given by Eq. (13), but by (13) with the 
term n=0 omitted from the summation over m. In such 
a case we must therefore subtract from (23) the quantity 


— (eegysmemegy Pa) ff ff tl 


Xexp{i(q-S+kop—Ko-9+3q-s+2q:s')} 
X (pss’) p50 (Ra) poo (Rz)d7 sdr,drdr’+c.c. (31) 


in order to obtain the dispersion contribution. 
Equation (31) can now be estimated in the same way 

as Eq. (23), by setting R,=R., and either approxi- 

mating pyo”)(Ra) by (3/4@R*)S pyo (R.)dre or ap- 
® A useful approximation for this purpose has been found by 


Yennie, Ravenhall, and Downs, Bull. Am. Phys. Soc. No. 8, 29 
(1954). 
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proximating poo")(Ra) by (3/4aR?)S poo (Re)dre. Be- 
cause of Eq. (6), the first of these is 325y0/4aR? and the 
second is 3Z/4R*. If we average these two results, we 
see that our estimate for Eq. (31) is the same as (28) 
except that Z—1 is replaced by 3Z(1+6,0). Thus, very 
roughly, the use of the correct initial electron wave 
function is expected to reduce the dispersion correction 
to inelastic scattering by about a factor of two, and to 
nearly cancel the dispersion correction to elastic scat- 
tering. Another way of arriving at the same conclusion 
is to assume that in Eq. (13), products of the form 
VnWm are rapidly varying functions of the nuclear coor- 
dinates unless n=m. Then the principal terms in the 
sum will arise from n=0 for elastic scattering (this is 
included if the elastic scattering is calculated numeri- 
cally), or from n=0 and n= f for inelastic scattering. 
In the latter case, |y,;|? should not be greatly different 
from |yo|?, so that something like half of (13) is ob- 
tained by keeping only the term with n=0. This 
suggests that the first-order inelastic scattering calcu- 
lations could be further improved by using correct 
electron wave functions for both the initial and final 
states? ; the final state function must of course represent 
asymptotically a plane plus ingoing spherical wave. If 
this were done, both the »=0 and m= f terms in Eq. 
(13) would be retained. 

It should be emphasized that the remarks in the last 
paragraph are little more than an indication that the 
situation is improved by using correct electron wave 
functions instead of plane waves, which is almost self- 
evident anyhow. Reliable estimates of the degree of 
improvement cannot be made without more detailed 
knowledge of the one- and two-proton transition charge 
densities. 
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An improved optical model is used to study the scattering of mesons by light nuclei, C! in particular. 
It is found that the differential cross section can be fit reasonably well if a nucleus is used which has a 
diffuse edge; the Gaussian shape seems to work well for C?. 





I. INTRODUCTION 


N optical model is one that describes the scattering 

of an incident particle by a nucleus by means of 

an interaction potential which is independent of the 

coordinates of the individual nucleons, and which 

depends only on the coordinate of the incident particle 

with respect to the nucleus as a whole. In the conven- 

tional optical model! the nucleus is considered to be a 

continuous medium with an index of refraction n, 

with the incident particle having a wave number ko 
outside and mp inside the nucleus. 

The scattering of particles by complex nuclei has 
been treated by Watson? and Francis and Watson’ 
where it was shown that the multiple scattering 
formalism for elastic scattering leads to an optical 
model to order 1/A, where A is the number of scatterers. 
In II, it was demonstrated how an approximate 
interaction potential can be obtained from the equations 
describing the multiple scattering, this potential having 
the simplicity of the conventional optical model. This 
model seems more general than the older optical 
model in that both the form and the magnitude of the 
potential reflect the scattering of the incident particle 
by the individual nucleons bound in the nucleus. As will 
be seen later, the resulting potential is no longer 
restricted to have the same form as the nucleon distribu- 
tion, an inherent characteristic of the older optical 
potential. 

A good region in which to test this model is that of 
light nuclei, where the effect of the diffuse edge is 
certainly important and the description of the older 
optical model is not correct. In particular the scattering 
of mesons by nuclei should provide a convenient 
example, as the meson-nucleon scattering is now rather 
well known in the 100-Mev range, and there is some 
experimental investigation of meson-nuclear scattering. 

One experiment, in which the scattering of 62-Mev 
mesons by carbon was measured,‘ was analyzed by 
Peaslee.> Peaslee, neglecting the multiple scattering 


* National Science Foundation Predoctoral Fellow. This work 
was done in part while the author was a visitor at Brookhaven 
National Laboratory during the summer of 1954. 

1Fernback, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 
é K. +3 Watson, Phys. Rev. 89, 575 (1953). Referred to here- 

er as I. 

5N. C. Francis and K. M. Watson, Phys. Rev. 92, 291 (1953). 
Referred to hereafter as IT. 

‘Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 

5D. C. Peaslee, Phys. Rev. 87, 862 (1952). 


and absorption, was able to fit the differential cross 
section, which is more than twice as large at 180° than 
at 90°. On the other hand the older optical model failed 
to predict this large backward scattering.* Now the 
meson-nucleon differential cross section is quite highly 
peaked in the backward direction, a fact which enabled 
Peaslee to obtain his result. It was hoped that this 
improved optical model would be able to retain this 
feature for light nuclei. 


II. THE POTENTIAL 
A. Derivation of the Potential 


Francis and Watson define a wave matrix for elastic 
scattering, 2,, which is obtained from the wave matrix 
by keeping only those matrix elements which leave the 
nucleus with a final energy equal to the initial energy. 
In analogy to the definition of the ordinary scattering 
operator 7, they define 7, such that Q,=1+(1/a)T., 
where a= E,+in— Ho; E, being the total energy before 
collision, and Ho the nuclear Hamiltonian plus the 
kinetic energy operator of the meson. Then they 
investigate the existence of a potential V., which is 
related to 7, as the ordinary interaction potential is 
related to T, i.e., 


T.= Vet V (t/a) T.. (1) 


Starting with an interaction potential composed of the 
sum of interactions of the incident particle with the 
nucleons, they show by taking the coherent part of the 
multiple scattering equations of I that to order 1/A 
there does exist a solution of (1) of the form V.=7.+1; 
+A; where T,=Dian14(te), (ta) being the coherent 
part of ¢,, the scattering operator for the ath nucleon 
bound in the nucleus, 2; depends on nuclear correlations 
(allowing several collisions to leave the nucleus in its 
initial state), and A gives the contribution of true 
absorption. In the present calculation such nuclear 
correlations were neglected, leaving 1;=0. Also it is 
expected that the contribution of true absorption is 
small for the lighter nuclei, so the Born approximation 
was used for this part of the potential. Then 


Vi.=Te. (2) 


The meson-nucleon scattering amplitude in the energy 
range of interest is given by the /=0 and /=1 contribu- 
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tion. 


a= (3/k)[ (ms 4 Ey t-0- Ey) 73+ (ny Ey +0- Ey) Ty] 
+ (1/k)[n47y+2_T;], 


where n=e* sind; ,, n— correspond to /=0, isotopic 
spin $ and 3 respectively, while those scattering 
amplitudes with two indices correspond to /=1 with 
the first index giving the isotopic spin and the second 
the angular momentum (+ stands for $ and — for 4). 
E; and E, are the projection operators for J=1, J=3, 
and J=4; T; and T; are the projection operators for 
isotopic spin J= 3 and } respectively. According to 
the results of recent experiments®” the meson-nucleon 
scattering can be fit by using only 74+, 7,, and 7_. After 
a sum over spin and isotopic spin in which the spin 
dependence disappears because the ground state of C” 
has both spin and isotopic spin zero, the scattering 
operator then takes the form 


(a.) , 
omc Wa sttek, (3) 


a: * 


Ss t= = 
(2m), 3 


(2n4+1-), 


a (21) *€, sie 


k and k’ are the initial and final wave numbers, and 
€, is the energy of the meson. According to the energy 
dependence of the phase shifts given by both Glicksman 
and Bethe-de Hoffman, s and ¢ are approximately 
constants for the energy region 50-125 Mev. For 
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Fic. 1. Elastic differential 
cross section for uniform 
distribution (a) with change 
in slope factor, (b) without 
change in slope factor. 
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6 Maurice Glicksman, Phys.. Rev. 94, 1335 (1954). 
7H. A. Bethe and F. de Hoffmann, Phys. Rev. 95, 1100 (1954). 
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energies larger than this the form (3) breaks down. In 
the first place, the phase shift 6,,, which gives the most 
important contribution to the scattering, no longer has 
an energy dependence of &’, and moreover in this region 
of higher energy the phase shifts are of such magnitude 
that » begins to differ considerably from 6. Probably 
in the carbon nucleus the momenta that occur are of 
such magnitude as to make the form (3) somewhat 
inaccurate. In this calculation the small imaginary 
part of the scattering amplitude was lumped with the 
imaginary part of the potential coming from pure 
absorption. This form is then assumed for the energy 
dependence of the scattering operator with s and | 
constant, representing an average over w+ and a with 
sum taken over spin. It might be noted that even with 
a nucleus of nonzero spin the spin contribution would 
be of order 1/A. 
In coordinate space 


1 
eltee)=—— J exp(iq’-z)(q’| Te|q) 


Xexp(iq-z’) o(2’)d*qd*q’d*t’. (4) 
From I, Eq. (25) 
(('|te19)) 
Xexpl—7(q’—q) -%alo(%a)d*2a, (5) 


where p(z.) is the nucleon distribution normalized so 
JS o(z)dV =1. Using (2), (3), and (5), (4) becomes 


W\T1d=4 f 


(s| — [c+ ’)e(2’) expLiq’: (2—Za) J 
Z1UeO) = Ss . xX *(Z—Ze 
1UcO (an)? q°q )g\2 ) Exp. 7q Z 


Xexp[—iq: (z’—z.) |d*qd*q'd*z'd*z, 
aie A U ef 
— Gail (ele Dole) exptia’- en} 


Xexpl—iq: (2’—Za) ]+¢p (za) 9(z’) Vz 
XexpLiq’: (¢—Za) ]-V. expl—iq: (2’—2a) ]} 
Xd qd3q'd*2'd*zq 
= — BV: (pV¢)+B'pe 
=—BpV’e—BVp-VetB'py, (6) 


where B= (2r)?At and B’=(2r)*As. Since B’>0 the 
last term in (6) is repulsive corresponding to the 
repulsive s-wave contribution from the meson-nucleon 
scattering. The other two terms arise from the p-wave 
contribution to the meson-nucleon scattering and are 
essentially different in character. The first term is 
always attractive, and is equivalent to a mass change 
inside the nucleus. The second term, depending on the 
gradient of the nuclear shape, is essentially a surface 
term. For large nuclei, which according to current 
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models have a rather constant density in the center, 
this term contributes only in the small region at the 
surface. However, in light nuclei, where the entire 
nucleus is surface, this term is quite important. In fact 
the strong /-dependence of this part of the potential 
will be seen to be the property which enables us to 
fit the back-scattering of mesons from light nuclei. 


B. Uniform Distribution 


If we use the Schrédinger equation with a uniform 
distribution, this potential differs from the form of the 
old optical model essentially only in that it contains 
the gradient term, which is nonzero only at the bound- 
ary. To estimate the effect of this term for a square well, 
the radial Schrédinger equation with p=p(r), 


1@R i dR d dR 
+ {+200 —+8-Lot)—| 
de, dr? Leg dr 
1(/+1) 


r 


+| Bo) 


othe | LR+ER- 0, 


is examined. Assuming the nuclear density goes to zero 
in a distance 26 about the assumed nuclear radius, the 
equation was integrated through this region, giving in 
the limit as 6 goes to zero: 


(dR/dr)* = (1+ 2€,Bpy) (dR/dr)-, (7) 


where (¢R/dr)+ and (dR/dr)~ are the outside and inside 
derivative respectively at r=R. The phase shifts are 
found by matching logarithmic derivatives at the 
boundary, including the factor given by (7). Figure 1 
shows the differential cross section for C” with and 
without this change in slope factor, where the phase 
shifts of Bodansky et al. have been used to determine 
Band B’. (2e,Bou= —0.32, 2€,B’puro?=0.15.) 

Just the presence in the potential of the term depend- 
ing on the derivative of the nuclear shape indicates 
the square distribution is not useful. However, a better 
test of this distribution is found in a heavier nucleus, 
where more partial waves enter into the problem and 
the effect of the discontinuity of the potential is more 
clearly illustrated. Since the effect of absorption is 
the major one in this region, the application of (6) is 
clearly incorrect as far as the description of meson 
scattering by a heavy nucleus is concerned; however, 
to investigate the properties of this potential the 
following calculations were done. First a phase-shift 
analysis was made using a uniform distribution with a 
radius of Ro=6.93X10-" cm, corresponding to Pb 
and r9= 1.17 10—" cm. The other nuclear distribution 
used was uniform in the center and dropped linearly 
to zero in one meson Compton wavelength with a 
nuclear volume equal to that obtained with the uniform 
distribution, a form approximating the distribution 


* Bodansky, Sachs, and Steinberger, Phys. Rev. 91, 467 (1953). 
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fio given by Hill and Ford.® This gives a region of 
constant potential 0 <r <6.19X 10-, and in the region 
6.19X 10-8 <r <7.59X 10-8, 


QeqV = { 2€qpo/[1+2¢qp0B (5.42—0.714r) ]}[0.714Bd/dr 
+ (2¢gEB+ B’)(5.42—0.7141)]. 


In the scattering by large nuclei it is expected that the 
tendency for back-scattering will not be observed, as is 
predicted by the present calculation with the diffuse 
edge. The uniform distribution, however results in the 
phase shift for /=6 to be about twice the size of that 
for =5; that is the partial wave corresponding to the 
impact parameter approximately that of the radius 
of the nucleus is strongly affected by the square edge. 
As seen in Fig. 2, this effect is most noticeable in the 
backward direction where there is interference between. 
alternate waves. By this it is seen that the uniform 
distribution is quite a poor approximation for the 
elastic scattering from even a large nucleus when this 
potential is used. 


C. Gaussian Distribution 


There is some evidence that the nuclear distribution 
of C” resembles a Gaussian” pg=po exp(—r*/o?). po 
and o were determined by setting /pdv=1 and making 
(?\w=JS rp(r)dv the same for this distribution’as the 
uniform case. This gave o=1.45r9 and po= 1/(ax/m) 


1000— 


0 45 90 135 
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180 


Fic. 2. Elastic differential cross section for large nucleus using 
(a) diffuse edge and (b) uniform distribution. 


( ® David L. Hill and Kenneth W. Ford, Phys. Rev. 94, 1617 
1954). 
10 FE. M. Henley, Phys. Rev. 85, 204 (1952). 
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=2.97p,. In order to avoid some of the inaccuracies 
present in the potential (6) the problem was set up in 
momentum space where the Schrédinger equation 
takes the form 


2rA 
(eg—W:) oe (Q) = f [a(9,9') 


+8(q,9')a: a'e(g—9') e(q')d*q'], 
where 


2r 
((q| te| 9’))=—Le(9,9')+8(9,9')a- 4" ].- 


€q 


a and @ now take the place of s and ¢ which appeared in 
(3). Their form is chosen to fit the experimental data 
for elastic scattering. The same form is used for the 
off-energy-shell scattering, not a very good approxima- 
tion but the natural one to make with no other experi- 
mental evidence. Also, because of the rapid decrease of 
the magnitude of the distribution away from the most 
probable value, the scattering near the energy shell 
will be most important. Upon breaking the equation 
into component waves, the resulting one-dimensional 
equation is 


tetealo- f Ki(qsq’)er(q’)dd’, 
0 


where 


Ki(q,q')=— 


9 


(21)? ¢' 
= f Pulu) (8) 


X[a(9,9.)+8(9,9')¢q'u_] expl—to?| q—q’|? ]du. 


There will also be two imaginary contributions to 
the potential, one coming from the imaginary part of 
the scattering amplitude, a term —iv,/2\,, where 2, 
is the velocity of the incident meson and \, is the 
mean free path for scattering in the nucleus, and the 
other given by —iv,/2\a, where A, is the mean free 
path for absorption. Using \, as given by Francis and 
Watson," 


1 areri 
—=4r—(—) —[1.2X 10-27 cm?], (9) 
da Va mc Up 


and taking A, as an average of scattering from protons 
and neutrons 


1 1A (¢,+0n) A q\' 
be <n -—166(-) X10? cm?, (10) 
A 2Va 2 Va k 


where gy, and oy are obtained from the curves of 
Anderson ef al., and the factor } is an estimate of 
the exclusion principle effect. Because of the approxima- 
tions going into the derivation of Eq. (8) it did not 


seem worthy of solution by lengthy numerical methods. 


11 Norman C. Francis and Kenneth M. Watson, Am. J. Phys. 
21, 659 (1953). 
12 Anderson, Fermi, Lang, and Nagle, Phys. Rev. 85, 936 (1952). 


KISSLINGER 


A variational principle in momentum space" was used 
to get an approximate solution. The trial wave function 
used was of the form of the first Born approximation. 

To check the accuracy of this method, the /=0 phase 
shift for the potential 


Lo i 
sn _ exp[— (r/c)”] 


was found in coordinate space and in momentum space 
by use of the Kohn variational principle with a trial 
wave function obtained in the same manner as the one 
used in solving (8). The Born approximation result 
is identical, but the phase shift found by the variational 
principle was about twice the size as the phase shift 
found by integrating the differential equation in 
coordinate space. The source of the discrepancy is 
probably the poor choice of trial wave function. A 
comparison of the first Born approximation wave 
function in momentum space and the Fourier transform 
of the integrated wave function in coordinate space 
indicates the high momentum components of the wave 
function are considerably underestimated by the 
Born approximation, a fact which would considerably 
alter the integrals used in the variational expression. 

Because of the uncertainty in the result of the varia- 
tional principle calculation the problem was set up in 
coordinate space for comparison, using the potential 
(6) with the gaussian density. As mentioned before 
this potentiai is not correct for a deep well, a situation 
obviously present near the center of the nucleus when 
a gaussian distribution is assumed. However the form 
of the potential seems to have some measure of validity, 
although the numbers B and B’ would not be correctly 
given by the experimental data on elastic scattering. 
Choosing the magnitude of B, the magnitude of the 
cross section in the forward direction and the forward 
to backward ratio of scattering could be fit by using a 
ratio of B’/B which is approximately that predicted by 
experiment. Again the imaginary part of the potential 
was taken in the Born approximation. The resulting 
potential is (op=r/c) 


2p d 
2eqV = (1+2¢qp0 exp(— e[2 €,Bpo exp(—p”)— — 
o? dp 


+2€,(2¢,EB+ B’)po exp(—o") fai exp(—p’). (11) 


Using the real part of this potential the /=0, 1 phase 
shifts were found by numerical integration of the 
Schrédinger equation. The contribution of the higher 
waves was found by using the Born approximation 
amplitude with the /=0, 1 partial waves subtracted out. 
The results in Fig. 3 are for 2e,Bpo= —0.61 and 2€,B’ por’ 
=0.3; A=0.5c. A more exact treatment would have 


included the imaginary part of the potential in the 


18 Walter Kohn, Phys. Rev. 84, 495 (1951). 
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SCATTERING OF MESONS BY LIGHT NUCLEI 


/=0, 1 phase shift calculation, but the front to back 
ratio of the cross section is rather insensitive to this. 


III. DISCUSSION 


The optical potential (6) is seen to have the ability 
to predict the large backward scattering in light 
nuclei, while indicating that the elastic scattering will 
be monotonically decreasing for heavy nuclei. It is 
the strong / dependence of the surface term which 
produces this effect. Near the origin the spherical 
Bessel function has the well-known form p!/1-3--- 
(2i+1), a form not too dissimilar to that of the wave 
functions obtained by numerical integration. Assuming 
this asymptotic expansion the real part of the potential 
with the gaussian distribution near the origin is of the 
form (10) ; 


2eVi= (1 +299) 


4¢,Bpo 
— [+ (2H B+ B20 | 


3 
In this region the surface term is seen to be of increasing 
importance with increasing /-values. In particular the 
derivative of the /=0 wave function is zero near the 
origin and is negative for a considerable region where 
the density is largest, resulting in a potential of smaller 
magnitude. On the other hand the surface term adds 
to the negative potential for /=1, increasing the phase 
shifts. Now in describing the scattering of 62-Mev 
mesons by a light nucleus only a few partial waves are 
important, in fact only four phase shifts were found 
large enough to effect the cross section in the carbon 
scattering. Since the surface term produces a marked 
decrease of the s-wave scattering with respect to the 
p-wave scattering, with these two partial waves being 
certainly the most important, the scattering is greatly 
increased in the backward direction. In heavier nuclei 
this effect is almost completely lost, for the surface 
term is zero in the region where the /=0 wave function 
has a negative derivative, indeed this term only 
contributes in the small region of the diffuse edge. 











| eae 
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Fic. 3. Differential cross section for the scattering of 62-Mev 
pions on carbon with a Gaussian distribution. The experimental 
points are obtained by Byfield et al. (reference 4) by an averaging 
over ++ and x, with the Coulomb scattering of a uniformly- 
charged sphere subtracted out. 


Since the scattering produced by a uniform distribu- 
tion is so different from that resulting from a distribu- 
tion with a diffuse edge, it is suggested that this 
potential could be used to investigate nuclear shapes. 
A phenomenological treatment in the region where 
absorption is not too strong might be successful, but 
the treatment of the Coulomb effect and of the imagin- 
ary parts of the potential would have to be improved. 
For heavier nuclei it is doubtful that a comparison with 
experiment would select between the diffuse edge used 
and other shapes which recently have been suggested. 

The author would like to thank Professor K. Watson 
for suggesting this problem, Professor K. Brueckner 
for many helpful discussions, and Dr. N. Francis for 
his advice during every stage of the calculation. 
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The reaction p+ p—+x*+d is represented by a matrix operating on the initial spin state on the assumption 
that the pion leaves only in s- and p-waves. This matrix is determined by five real parameters which may 
be experimentally determined by measurements of the different types of polarization of the outgoing 
deuterons and also of the asymmetry produced by incident polarized protons. Some effects of d-waves on 


the latter are considered. 





I, INTRODUCTION 


NUMBER of experiments' have been done on 

the differential cross section of the reaction 
pt+p-rt+d. It has been suggested that additional 
information might be obtained either by observing the 
polarization of the outgoing deuteron? or by using 
incident polarized protons.’ The present note considers 
both these possibilities using a matrix formalism 
similar to that previously used for nucleon-nucleon 
scattering.* Rosenfeld! and others have made use of 
expansions of the reaction parameters in powers of 7, 
the pion momentum in the c.m. system divided by 
uc. Since we are interested in values of 7 around unity, 
we shall not make use of these arguments except for 
making rough estimates. For the most part, however, 
the discussion will be limited by the assumption that 
the pions leave only in s- and -waves. While our 
results are in agreement with those previously given, 
they go further in treating moré general cases of 
deuteron polarization and in considering some d-wave 
effects. 

The outgoing amplitude will be represented by a 
collision matrix M operating on the incident state of 
the two protons. If the outgoing meson is restricted to 
s- and p-waves relative to the deuteron, the most 
general form of M may be written 


M= TH (oi+ 02) -k+Bk- q(o1—@2) -k 
+C(o:—o2)-q], (1) 


where T is the triplet projection operator; 0; and o2 
are Pauli spin operators acting on the spin functions 
of the two nucleons; k is a unit vector in the direction 
of the relative momentum in the initial state; q is a 
unit vector in the direction of the relative momentum 
in the final state; and H, B, and C depend only upon 
the magnitude of k. The conditions imposed on M 
restricting it to this form were (1) M must transform 
like a pseudoscalar; (2) M must be antisymmetrical for 


1 A. H. Rosenfeld, Phys. Rev. 96, 130 (1954) contains a complete 
bibliography. 

2K. Watson and C. Richman, Phys. Rev. 83, 1257 (1951). 

3 R. Marshak and A. Messiah, Nuovo cimento XI, 337 (1954). 

4L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). (A 
similar formalism has been used to describe meson processes by 
K. A. Brueckner and K. M. Watson, Phys. Rev. 83, 1 (1951); 
85, 852 (1952). 


the exchange of two nucleons; (3) M must lead to a 
triplet state; (4) M must contain no power of q 
higher than the first. Clearly H corresponds to s-wave 
mesons, and B and C to p-wave mesons. The use of M 
as an operator in the spin space of the two nucleons in 
no way implies that the ground state of the deuteron 
is a pure S-state. This may be seen if the deuteron 
wave function is written® 


Wm(r) = (1/1) {u(r) +-w(r)Si2}Xm, 


where Siz is the usual tensor operator and xm is a 
pure spin function; then in evaluating matrix elements 
of any operator, one may transfer the part of Yn 
preceding xm to the operator in question. Thus account- 
ing for the D-admixture in the deuteron only changes the 
parameters H, B, and C but not the form of Eq. (1). 
Some relations between our parameters and those of 
Rosenfeld are given in the Appendix. 


II. POLARIZED INCIDENT PROTONS 


The unpolarized differential cross section may be 
written 


Ip=} TrM1M 
= 2|H|?+|C|?+cos’_|B|?+2Re(B*C)] (2) 
= J(A+cos’6), 


where @ is the angle between vectors k and q, and 
J=|B|?+2Re(B*C)=|B+C|?—|C|2, (3a) 
A= (2|H[?+|C|%)/(|B+C|?—|C|*). (3b) 


Observations of Jo thus give two relations among the 
five real parameters which determine the matrix M 
(apart from its phase). If the incident protons are 
completely polarized in the direction N, there is an 
additional term in the differential cross section given 
by* 

I,=} TrMo,:NMi 


=2 sin# cosy Im(C*H), 
where ¢ is the angle between the normal to the plane 


of the motion and the direction N. The positive normal 
is the direction of kXq, where positive k is the direction 


(4a) 


of the incident proton and positive q is the c.m. direction 


5 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941). 
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of the deuteron. The left-right asymmetry in the center- 
of-mass system would then be (1+«)/(1—e), where 


2Im(C*H) Asiné 
* (2) H+ |C]2) A-+cost®’ 





(4b) 
which is a maximum at 90°. We introduce as parameters 
(independent of A and J) 
X/A=|C|?/(2|H|?+|C|?), 
Im(C*H) v2 Im(C*H) 
~|¢| |z| Jx"(A—x)" 


(Sa) 





sin (y— 71) 


where X and (¥—7;) have previously been introduced 
by Rosenfeld! and Gell-Mann and Watson.® Then the 
value of ¢ at 90° is given by 


€(90°)=Q=Vv2 sin(y—71)[(X/A)(1—X/A)}, (6) 


which is equivalent to the result previously given.® 
While the observed values’:® of «(90°) are quite large, 
around 0.4, they only restrict the value of X/A to lie 
between the limits of 0.1 and 0.9. This means that 
somewhere between 10 percent and 90 percent of the 
isotropic part of the cross section is due to s-waves at 
each of the energies for which the experiments have 
been done. At the lower energy the energy dependence 
of the cross section'’® indicates that this value is 
actually about 25 percent. 

In the experiment® around 420 Mev the pion momen- 
tum 7 is about unity so that the possibility of d-wave 
pions may begin to become of interest. While only the 
square of the d-wave amplitude can change the form 
of the unpolarized cross section Jo, the angular distribu- 
tion of the asymmetry will be changed in form by inter- 
ference terms involving d-waves. The ds interference 
will add to J, a sin@ cos@ cosy term, while the dp 
interference will add a sin@ cos’@ cosy term. Assuming 
Ig varies as 0.2+cos’@ the asymmetry contributed by 
the latter term should be a maximum around 6=50°. 
Since most of the cross section at these energies is 
thought to be due to the B-term, interference with the 
B-term might show itself up first. The only d-wave 
term that interferes with B is a term in M given by 


Ma=D([k-q(o1+2)-q—3k- (01 +02) ], (7) 
which adds an interference term to J, given by 


Ipa=2 sin cos¢g[cos’? Im(D*B)-+-cos@ Im(D*H) 
+4} Im(D*C)], (8) 


1954) Gell-Mann and K. Watson, Ann. Rev. Nuc. Sci. 4, 219 
asa Crawford and M. L. Stevenson, Phys. Rev. 95, 1112 
*T. Fields et al., Phys. Rev. 96, 812 (1954). 
®F. S. Crawford and M. L. Stevenson, University of California 
Radiation Laboratory Report UCRL-2700 (1954). 


and adds to the unpolarized cross section 


Toa= (2/9) (3 cos’@+-1) | D|? 
+ (4/3) (3 cos’*?—1) Re(H*D). 


A value of |D| equal to +|H| might not be unreason- 
able; this would correspond to a |D|? contribution to 
the total cross section of less than 2 percent of the 
s-wave cross section. Accepting for the moment the 
assumptions of Rosenfeld! one can estimate that |B] 
is about four times |C| for 7=1. Using these values to 
compare the DB term in (8) with the HC term of (4), 
we find that the contribution to the asymmetry « at 
6=50° due to the term J,4 could be half as great as 
that due to the sp interference [Eq. (4) ]. Thus the 
asymmetry might be a very sensitive test of d-waves; 
however, it must be emphasized that this argument 
holds only for the particular d-wave term of Eq. (7). 


III. DEUTERON POLARIZATION 


Previous discussions? of the state of polarization of 
the deuteron were limited to the expectation value of 
the spin. In general!® the expectation values of the 
tensors 774 must be considered; for unpolarized 
incident protons these are given by* 


Io(Tsm)=4 TrMMiIT yy. (9) 


Using our previous equations, we find if the z-axis is 
along the direction k and the normal to the motion is 
taken as the y-axis 


1 A—cos’#(2+3X) 
(T2)=— 
v2 A-+cos’é 





(10a) 


v3 
(T 22) = (T»2, _2) = 2 sin?6 (10b) 


A+cos’? 


(X?+-X)? cosy 
(T2)= — (T2,-1)=V3 sin? coss——————_,, 
A-+cos”0 


(10c) 


v3 
ae ee 


(X?+-X)! siny 


=v3 sind cos0 (10d) 


A-+cos’0 
Here y is a phase factor defined by 
(B+C)*C=J(X?-+X) hei, (11) 


To consider the detection of this polarization we should 
use the outgoing laboratory direction as z-axis, but 
since all deuterons are emitted near the forward 
direction we can get a good qualitative picture by 
using k as the z-axis. 

The tensor (722) which is identified unambiguously 
by a cos2y asymmetry in a subsequent scattering of 


10 W. Lakin, this issue [Phys. Rev. (to be published) ]. 
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the deuteron is seen to be a maximum for @=90° and 
there to be directly proportional to (X/A). Thus a 
measurement of (722) would give directly (X/A), 
the parameter which we found to be only very weakly 
restricted by the polarized proton experiment. It would 
then be possible from the polarized proton experiment 
to determine the phase (¥—7:) of Eq. (6). Arguments 
given by Rosenfeld! yield a value of (X/A) increasing 
with energy from 0.3 to 0.6 between 330- and 440-Mev 
proton energies. This corresponds to relatively large 
values for (T22), since the value (X/A) equal to unity 
gives the value of 34/2 for (T22), which is the maxi- 
mum possible value this tensor can have.'® Unfor- 
tunately no detector for the (T22) type of polarization 
is known at present. It may be noted in passing that 
if we rotate our coordinate system so that the z-axis is 
actually the outgoing lab direction, the main affect on 
(T22) is to mix in a fraction of (T21) proportional to 
sin0, where © is the lab angle; however, for the case 
we have considered when the c.m. angle @ is 90°, 
(Tx) is zero by (10c), so that the only corrections to 
(T22) are of order sin’0. 

The tensor (729) depends on both X/A and A and 
so could also be used to determine X/A, except at 
6=90° where it must have the value 1/V2. The maxi- 
mum absolute value of (720) occurs for 6=0°, in which 
case (T'2) equals —v2 for X/A=1 and about —0.7v2 
for X/A=0, the last value depending upon a value of 
A of 0.25. It should be recalled that the detection of 
(T2) depends upon an absolute cross-section measure- 
ment.” . 

If both X and A are known, the measurement of 
either the deuteron spin (S,) of the tensor (721) allows 
the determination of the phase factor y. As has been 
noted” both (S,) and (721) are detected by a cosy 
asymmetry in the subsequent scattering of the deuteron. 
Therefore this experiment is only of value, as far as 
the determination of y is concerned, if it is known 
whether the detector detects (S,) or (Z21). (This 
cannot be determined by a simple double-scattering 
experiment for the detector.) This observation is 
absolutely true because of the complete symmetry 
between Eqs. (10c) and (10d). On the other hand, if the 
measurement of the cosg asymmetry in the subsequent 
scattering is to be used simply to set a lower limit on the 
possible values of (X?+X)!, then the symmetry 
between (10c) and (10d) means that it is not at all 
necessary for this purpose to distinguish between the 
detection of (S,) and (Z21). The maximum value of 
(Sy) (or of (T21)) occurs for 


cos26= —1/(2A+1), 
and the value of (S,) is then given by 
X\'1+A(X/A)} 
s)=(=) |———| siny. 
A 1+A 
The value of 2(T21)/V3 is given by replacing siny by 


(12a) 


(12b) 


cosy. The maximum possible value of (Sy) (obtained if 
siny=1) is approximately equal to (X/A)# since A is 
much less than one. This square root dependence means 
that the measurement of the cosy asymmetry is not a 
very sensitive method of setting a lower limit on 
(X/A). For this case the correction required to account 
for the fact that the lab angle is not zero may be 
sizeable because both (T2) and (722) mix with (72); 
thus the expression that really should be used for 
(T21) is more complicated and the symmetry between 
{T2) and (T:) is no longer complete. 


IV. SUMMARY 


The total cross section, the angular distribution, and 
the deuteron polarization tensor (722) depend solely on 
the magnitudes |H|, |C|, and |B+C]|, where H, B, 
and C are the amplitudes entering the scattering 
matrix (1), assuming only s- and p-wave mesons. 
The amplitudes (B+C) and C both correspond to 
p-wave mesons; it is seen from Eq. (2) that these 
particular amplitudes have the property that (B+C) 
corresponds to a cos@ p-wave term and C to a sin@ term. 
In place of these magnitudes we have found it conven- 
ient to use the parameters J, A, and (X/A) defined by 
Eqs. (3a), (3b), and (5a), since these are directly 
related to the experimental quantities. A is obtained 
directly from the angular distribution, J equals the 
average cross section divided by (A+), and (X/A) is 
obtained from (722) at 02=90° [Eq. (10b) ]. 

Two phase factors are needed to complete the list of 
quantities we might hope to determine experimentally, 
since the phase of M as a whole cannot be measured. 
These are (¥—71) defined by Eq. (5b) and y defined by 
Eq. (11). (¥—71) is the relative phase of the s-wave 
and the p-wave amplitude C and may be determined by 
a measurement of the asymmetry of the reaction when 
polarized protons are used [Eq. (6) ]. y is the relative 
phase of the two different p-wave amplitudes, (B+C) 
and C. It may be determined from the deuteron 
polarization [ Eqs. (10c) and (10d) ], either by measur- 
ing (Sy) or (T21), but one must know which of the two 
is being measured. The experiment with polarized 
protons and also a measurement which gives either 
(Sy) or (T21) may be used alternatively to set limits on 
the value of (X/A), if it is impossible to detect (72.2). 

I am indebted to Dr. W. Lakin who cooperated on 
preliminary considerations of the deuteron polarization. 


APPENDIX 


Relation between Different Parameters 


We have used as basic parameters the three magni- 
tudes |H|, |C|, and |B+C| and the phases of (B+C) 
and H relative to C 


a— (y—71)=arg(C*H), 
y=argl(B+C)*C]]. 
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An alternative parameterization’: is to consider 
scattering amplitudes corresponding to particular 
values of the total angular momentum ; these are related 
to our parameters by 


Ho=C+3B, 
o= 3 (2/5) 4B, 
bai= (2/3) 4H. 
Thus our parameter B contributes both to the J/=0 
and J=2 scattering. This is because the term is 
expressed in conventional vector notation instead of in 
terms of the spherical harmonics Y2m(k). Other param- 
eters defined by Rosenfeld are 
%o= |ro| etr0= —po// 5Su2= —_ (3C+B)/v2B, 
"= |rile*t= —1V3p1/+/ Su2= 3H/B, 
rot (2)3= | rot (3)#| e*¥= —3C/V2B. 
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From these equations it may be seen that our definitions 
[Eqs. (5) ] of X and (y—71) are consistent with those 
of Rosenfeld. The complex ratio of C to B is clearly 
determined by two quantities: one of these is a ratio 
of magnitudes for which we have chosen X; the other 
is a phase factor which may be chosen as y, y, or 70. 
Since ro and 7; may be related to p- scattering results® 
it is of interest to relate y, y, and ro 


3(X?+X)} siny 
1—X+(X°+X)! cosy’ 
coty=coty—cscy[ (X+1)/X ]-t. 


Looking at Eq. (10d), we note that if (S,) turns out 
to be large, that is, siny is not far from unity, then the 
measured value of (S,) would be almost directly 
proportional to tanto independent of the value of X 
as long as X¥<1. 
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Energy Levels of «-Mesonic Atoms* 


K. A. BRUECKNER 
Indiana University, Bloomington, Indiana 


(Received December 27, 1954) 


The shift of the energy levels of the 7-mesonic atom which results from the strong nuclear absorption 
of the meson is estimated and shown to be comparable with the shift associated with the scattering inter- 
action. It is also shown that the level broadening due to the finite lifetime of the meson in the nucleus is 


almost entirely produced by the absorption process. 


N a recent paper by Deser, Goldberger, Baumann, 
and Thirring,! the nuclear interaction of the meson 
was shown to give rise to appreciable shifts and broad- 
ening of the energy levels of the r-mesonic atom.” The 
particular interaction which these authors investigated 
was that associated with the small s-wave meson scat- 
tering observed for free nucleons. It is the purpose of 
this note to point out that another effect exists which 
not only gives level shifts comparable with those origi- 
nating in the simple scattering interaction but also is 
almost entirely responsible for the broadening of the 
levels. This effect arises from the strong absorption of 
the meson from the low S- and P-orbits which leads to 
nuclear stars*; it has been previously described and 
analyzed in detail by Brueckner, Serber, and Watson.‘ 
It is quite apparent from the experimental study’ of the 
*Supported in part by a grant from the National Science 
Foundation. 

1S. Deser ef al., Phys. Rev. 96, 774 (1954). 

*Stearns, DeBenedetti, Stearns, and Leipuner, Phys. Rev. 93, 
he (1954); Phys. Rev. 96, 804 (1954); Stearns ef al. (unpub- 
ished). 

} This effect was mentioned by Deser et a/., but its contribution 
to the level shift and broadening was not determined. 

’ Panofsky, Aamodt, and Hadley, ce Rev. 81, 565 (1951). 


‘*K. Brueckner ef al., Phys. Rev. 258 (1951). This paper 
will be referred to as BSW. 


capture of x mesons in light nuclei that this is by far 
the most important absorption process, the charge 
exchange scattering being almost completely absent 
except in hydrogen. We will give an estimate of the 
level broadening due to this effect and also determine 
the level shift associated with this interaction. 

The mechanism we are particularly interested in is: 


a+nucleus—star. (1) 


This process, which is responsible for very nearly all of 
the absorption, can take place only through the co- 
operative effect of at least two nucleons. As shown by 
BSW, if the reasonable assumption is made that the 
process involves only two nucleons, then fairly quanti- 
tative conclusions can be drawn about the nuclear 
ground state structure. The results show that the 
ground state is rather strongly correlated with appreci- 
able high-momentum components present in the wave 
function. Similar evidence is also available from other 
high-energy processes.° A summary*® of the data shows 


5 G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950); 
C. Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951); 
E. M. Henley, Phys. Rev. 85, 204 (1952); P. A. Wolff, Phys. 
Rev. 87, 434 (1952). 

6 Brueckner, Eden, and Francis (to be published). 
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that the Fourier transform of the dependence of the 
ground-state wave function on the relative coordinate 
Tio is: 


¥(p)= [vendernans 


= N exp(— p*/2a°). (2) 


where WN is a normalization constant and a?/2M=14 
Mev. This choice fits well the + capture data and we 
shall use it in the following. 

We introduce an operator R,° which, acting on a 
two nucleon and one meson system, leads to meson 
absorption and two fast final nucleons. For the capture 
process, the transition matrix element is 


ger 
Haw f (2)? e~ P22" (71/70! | R| ri792) 
Xvr(rire) e(z)dridredr‘dro’. (3) 


If the meson has low momentum and long wavelength 
(for example, in the lowest K-orbit), we can replace 
the meson wave function ¢(z) by its value at the origin 
¢(0). In addition, if the final nucleon momenta are 
large compared with the original momenta, it is reason- 
able to assume that R depends only on the final mo- 
menta and, possibly, the spins and isotopic spins of 
the nucleons. In this approximation, going over to the 
center-of-mass system and relative coordinates, we find 


Heap=¢(0) f eR pr (r)dr 


= 9(0)R(pi)¥ (1). 


The corresponding transition rate is 


1 
Ravs=2| R(p1)|?| e(O)v(p1) ee a i (S) 


if one assumes an average over spin and isotopic spins.” 

Next we consider the scattering of a meson associated 
with the absorption process, which can occur since the 
operator R acting twice can lead to scattering. For this 
process, making approximations similar to those made 
in the absorption process, the matrix element is 


=!¢(0)|2 R()|? : 
Hs= lol [HOIRO— a 


| (0) |? 
= loncacaail 
fe [Pp femRor— mut 


ae 
—niv*(ps)—|R(Pe) I 6) 


7 Lacking knowledge of the spin dependence, we neglect it 
here, but may introduce an error in so doing. 
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where the two terms come from breaking up the 4, 
function into principal value and delta function, i.e., 


1 


1 
cae ris(E—p/M). (1) 


E-p/M 





By using Eq. (5) for the absorption rate, this can also 
be written as 


| e(0) |? 
= P { ¥)——__4 


Ce 
E- P/M 
=AErt+iAErm. 


The first term is the energy shift, the second leads to 
the level broadening. 

To proceed, we first separate the energy shift into 
two parts associated with low and high momenta, i.., 
we write 


_ | e(0)l*7 as 
if 
|R(p) |? se ln 


(2m) 
P{¥@ " 
4s { earn me 


= AER S)+AER*. (9) 








The first term is independent of the correlation effects 
in the wave function; it is very closely associated with 
the scattering of mesons by single nucleons, in which 
case the momentum space wave function is simply a 
delta function at zero momentum. Thus we shall 
identify the first term with the interaction due to 
scattering of mesons by individual nucleons and use the 
analysis of Deser ef al. to determine its magnitude. For 
the second term we have, using the result given for the 
absorption rate [Eq. (5) ], 


|R(p) |? 





|R(0)| ] 
E-p/M E 


AER*/Ravs=P f wpa} 


ox | 


x[ anv PRI rr] (10) 
“<r e 


This can be further simplified if an explicit form is 
assumed for R(p)?. A reasonably general form is 


| R(p) |?= Rot Rip’, (11) 


where Ry and R; are constants. In this case the expres- 
sion for AER* simplifies to 


v(p)dpp?/EM dps 
aa” / 2mv(Ps)— 


AEg*/Rave=P J (12) 





whel 
eval 
to gi 


This 
parts 
proc 
the 1 
lentl: 
of tl 
relat 
of tl 
Ez= 


It is 
felt t 
densi 


To 
be ac 


PRY. 


ENERGY LEVELS OF 


where we have used pz?=ME. This integral has been 
evaluated, using the Gaussian wave function of Eq. (2), 
to give a ratio of (taking E=y) 


AER*=1.09Raps. (13) 


This result completely specifies the real and imaginary 
parts of the energy shift associated with the absorption 
process, if the absorption rate is known. To determine 
the rate, we use directly the results of BSW or, equiva- 
lently, their results for the mean free path for absorption 
of the mesons in nuclear matter, which is simply 
related to the absorption rate. The result for the ratio 
of the energy shift to the K-shell binding energy 


Ez=4u(aZ)? is 
AE* 2 2 
Gs 
Ez 985 2150 


It is interesting to note that the equivalent potential 
felt by the meson in uniform nuclear matter at normal 
density is 


(14) 


= (3.66+ 1.68%) Mev. (15) 


To the energy shift associated with absorption is to 
be added the effect from scattering. The result given 
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by Deser e¢ al. for the effect from scattering is: 


AE*® 4Zap 
" [tart ( 
Ez 


3N+Z)as], (16) 


where a; and a; are the scattering amplitudes for the 
isotopic spin } and $ states, with values of 0.16/u and 
—0.11/p respectively. There can be no contribution to 
the level broadening from this term, contrary to the 
result of Deser et al. since the charge-exchange scatter- 
ing is energetically forbidden in most light nuclei. 
Combining these results, we find (for V=Z) 


AE 2 L% 
—=—_+—, (17) 
Ez 456 2150 


This final result for the level shift is about twice as 
large as the result obtained when absorption is neg- 
lected; in addition, as remarked above, almost all of 
the level width comes from the absorption effect 
leading to star formation. 

The experiments? seem to show a somewhat smaller 
shift than calculated here; the discrepancy may arise 
from the assignment of the low-energy meson scattering 
phase shifts which have been used. 

The author is indebted to Dr. Norman C. Francis 
for several helpful discussions. 
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Applications of Causality to Scattering 
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The optical dispersion relations are extended to the scattering of massive particles and are applied to the 
nuclear interaction of the pion-nucleon system. The sign of the forward scattering amplitude is unambigu- 
ously inferred from measured total cross sections and found to agree with that determined from Coulomb 


interference. 


INTRODUCTION 


HERE is a considerable history of investigations 
on those relations among cross sections and scat- 
tering amplitudes which are independent of the under- 
lying model. For quantum mechanical systems it has 
proved convenient to remove all reference to the details 
of the interactions by expressing these relations in 
terms of Heisenberg’s' S-matrix. The requisites of 
special relativity and of conservation of probabilities 
then are succinctly stated as the Lorentz invariance 
and unitarity of the S-matrix. Unitarity leads to the 
familiar relation 


4n Im f=ke, (1) 
'W. Heisenberg, Z. Physik 120, 513, 673 (1943). 


where f is the amplitude for elastic scattering in the 
forward direction, ¢ is the total cross section, and k the 
wave number of the incident particle. 

In recent years there has been a renewed interest in 
the consequences for scattering of causality,?* the fact 
that signals cannot propagate faster than with the 
speed of light. 

Kramers! and Kronig® showed the consequence that, 


2 R. Kroni, ‘o-¥ — 543 (1946); W. Schutzer and J. Tiomno, 


Phys. Rev. 83, 249 (1951); N. G. van Kampen, Phys. Rev. 89, 
1072 (1953); 91, 1267 (1953); J . S. Toll, Princeton thesis, 1952 
(unpublished). 

3 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954); M. Goldberger (to be published). 

4H. A. Kramers, Atti. congr. intern. fis. Como 2, 545 (1927). 

5 R. Kronig, J. Opt. Soc. Am. 12, 547 (1926). 
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for electromagnetic waves in matter, the real and 
imaginary parts of the index of refraction are not inde- 
pendent. For any frequency w they satisfy the equation 


© 2w* Im n(w) 


Re [m(u)—m]=P f —_———.. (2) 


mes" (ws’?—w?) 


Equation (2) implies that (w), defined for complex 
values of w by analytic continuation from its measured 
value when w is on the positive real axis, is an analytic 
function for Imw>0 with at most a simple pole at 
|w| =, 

According to Gell-Mann, Goldberger, and Thirring* 
such an analyticity property is valid for field theoretic 
systems and for quanta with mass: the S-matrix for 
forward elastic scattering is analytic as a function of 
the energy E of the incident quantum if Im E>0. The 
poles of this function on the real axis are simply related 
to the energy and asymptotic wave function of any 
bound states that may exist. In directions other than 
forward the S-matrix will in general have the same 
analytic behavior except for an essential singularity at 
infinity.® 

The analytic behavior for forward scattering enables 
one to express the real part of the forward scattering 
amplitude as an integral over the imaginary part similar 
to Eq. (2). For this to be as useful as the analogous 
Kramers-Kronig relations for optical systems it is 
necessary to know from experiment the imaginary part 
of the scattering amplitude for all energies, real and 
virtual. It will be shown that this information is directly 
available from experiments and that it leads to a rela- 
tion between the forward elastic cross section and the 
total cross section for real processes. 


THEORY 


The elastic forward scattering amplitude f(£), con- 
sidered as a function of the total energy £ of the incident 
particle with mass m can only be measured for E real 
and greater than the rest energy m (#=c=1). For 
complex values of E, f(E£) is defined by analytic con- 
tinuation. This function of a complex variable f(£) is 
now taken to be analytic in the entire upper half plane, 
Im E>0, with the exception of the point at infinity 
where {(£) may have a pole. 

If g(z) is a function analytic in the upper half plane, 


1 t 
g(s)=— ee (3) 
ni t—z 


for any contour around the point z in the region of 
analyticity. If, in addition, g(z) is at most of order 1/z 


6 That the S-matrix for each angular-momentum states sepa- 
rately has this property follows from the completeness of the 
asymptotic wave functions as discussed without reference to 
causality for interactions that vanish outside some finite radius. 
See W. Heisenberg, Z. Naturforsch. 1, 608 (1946) and N. Hu, 
Phys. Rev. 74, 131 (1948). 
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for large z then 


ig ge 
g(x)= lim — f -———-ds, 
(€>5)—-0 Qari J —o+-is Z—X—1€ 


xreal. (4) 
To carry out the limiting process, we must have some 
information about g(z) on the real axis. It is sufficient 
to treat a g(z) that has simple poles at the points x; 
(i=1, 2, ---) and branch points. If the latter are con- 
nected by cuts in the lower half-plane, then they make 
no direct contribution to the integral when it is taken 
along the real axis; they only determine the relative 
phase of the function on the two sides. The poles, how- 
ever, do contribute as follows: 


1 *Im g(x’) 
Re g(a)=—P f era 
T 


_» xw—x 


1 1 

--2 Re [Res g(x’)|z’=z:]. (5) 
2 i x;—x 

To obtain useful consequences from this equation, we 
must be able to apply it to the forward scattering am- 
plitude and we must have enough information about 
this function to be able to carry out the indicated 
mathematical operation. 

We shall assume in the following that the total cross 
section and therefore, by Eq. (1), the imaginary part of 
{(E), are known from experiment in the range m<E 
<. Since f(Z) may not vanish sufficiently rapidly at 
infinity to satisfy the requirements on g, we introduce 
a convergence factor and consider 


g(E)= f(E)/(E— Es’), (Eo real). (6) 


One can now see from Eq. (5) that Im f(£) in the 
range — 0 <E<m, f(Eo), f(—£o) and the residues of 
f(E) at its poles £; on the real axis must be known. 

First, we observe that if f(£) is calculated as the 
matrix element for forward elastic scattering according 
to a relativistic field theory, then the replacement of E 
by —E gives the scattering amplitude for the inverse 
process.* We therefore take 


f(-—E)= f*(£) (7) 
on the real axis. We next remark that that 
Im f(E)=0, 0<E<m (8) 


if the scatterer is in the ground state. This requirement 
is satisfied for scattering by elementary particles. The 
identity is easily verified by inspection of the partial 


* Note added in proof.—We are indebted to Professor Marvin 
Goldberger for pointing out to us that this assumption applies 
only to the scattering of neutral particles described by real fields. 
Therefore, the subsequent equations can be used only in this case. 
The application of the dispersion relations to the scattering of 
charged mesons has been described to us by Professor Goldberger 
in a private communication. 





APPLICATIONS OF CAUSALITY: TO SCATTERING 


wave expansion of the forward scattering amplitude, 
S(P +m’) = 2 (214-1) (P#!—1)/2ik, (9) 
l=0 


for the scattering of a particle by a potential. Since 
5,(k) is an odd function of k, it is imaginary when & is 
imaginary or E<m and f(E<m) is real. A more 
general argument is based on the form of the matrix 
element for forward scattering due to a Hermitian inter- 
action H. It is the sum of terms each of which is of the 
form 


continuum discrete 
states states 


(0| H|i)é|H| ---|A|2)2|H|0) 
(W;—W —id)- + - (Wi—Wo—i8). 





(10) 


where W» is the initial total energy of the system and 
the W;, --+ are energies of intermediate states. This 
expression contains an imaginary part contributed by 
energy conserving intermediate states in the con- 
tinuum. Under our supposition of incident particles 
with E<m the only energy conserving states could be 
discrete states in which the incident particle is bound 
to the scatterer. The imaginary part therefore vanishes. 
The discrete states only give rise to the poles at £;. 
The imaginary part does not vanish when the scatterer 
is initially sufficiently excited to supply the energy 
deficiency of the incident particle. Then Eq. (8) must 
be revised to read 


Im f(Z)=0, 0<E<m—AW, (8’) 
where AW is the initial excitation of the scattering 
center. 

When Egs. (6), (7), and (8) are used in conjunction 
with Eqs. (5) and (1) one may change from the energy 
variable to the momentum variable k= (E?—m?)! with 
the result 


Re [f(k)— f(fo) ] 





—_ Bh? 
asl f ave(e| 
om J Rh he? 


+>: 2E; Re [Res f(b) | E=E; | 


(11) 





1 
x| | 
E?-—R—m E?—ke—m 
The evaluation of Re f(k) therefore depends on the 
knowledge of this function at some momentum ko as 
well as on the asymptotic behavior of the bound states. 
The latter information can be replaced by knowledge 
of Re f() at as many points as there are bound states. 
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For complicated systems such as enter nucleon-nucleus 
scattering this procedure becomes cumbersome. 
Equation (11) is most useful when there are no 
bound states. With the choice ko=0, the equation 
becomes 
: a(k’) 


Re f(k)=R O+— Pf a 12 
e =Re f a J, ee (12) 


Since a constant cross section contributes zero to the 
integral, one can increase its convergence by subtracting 
the limiting value for high energy, o(~), 


a(k’)—a(2) 


a 


Re f(k)=R ()+—_P ” ak! 
e f(k)=Re f at 


For comparison with experiment one may evaluate the 
forward scattering cross section 


da (0°) 


Re 
=| f(k)|?=[Re f(k) P+—[o(k) P. (14) 
dQ 167? 


APPLICATION 


Equation (13) can also be useful in another way. 
Since the experiment measures only the absolute magni- 
tude of the scattering amplitude, there are always two 
solutions, say f(k) and —f*(k), which have opposite 
signs for the real part. These correspond to the two 
possible choices for the signs of all the phase shifts. 
Both must have a positive imaginary part in accordance 
with the conservation law Eq. (1). The remaining am- 
biguity may be resolved by a study of interference 
effects with the scattering due to a known interaction 
such as Coulomb scattering. 

The causality condition, however, must exclude one 
of the two alternatives, because only one is analytic in 
the upper half-plane; the other is analytic in the lower 
half-plane. Equation (13) gives that real part which is 
consistent with causality requirements. Evaluation of 
it will lead to the correct forward scattering amplitude 
so that Eq. (13) will distinguish between two possible 
sets of phase shifts which differ only in sign. This 
differentiation is particularly simple in the neighborhood 
of a sharp maximum in the cross section. If o changes 
rapidly with k, the integral in Eq. (13) is large and 
positive before the maximum and large and negative 
after it. For sufficiently small f(0) or a sufficiently 
narrow peak, this is also the behavior of Re f(%). This 
property of the dispersion relation enables one to show 
that the phase shift of the strongly interacting isotopic 
spin 3/2 state of the pion-nucleon system is an increas- 
ing function of the energy. Therefore, it must be posi- 
tive and does not have a maximum or cusp near the 
“resonance.” 

Since the 7 meson is spinless the amplitude for meson- 
nucleon elastic scattering is of the form A+ Be: (kX Ak). 
When Ak=0, there is no spin dependence so forward 
scattering is all elastic. The measured forward dif- 
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Fic. 1. Total cross section, r++, as a function of 
momentum in the center-of-mass frame. 


ferential cross-section should be | /|? where the real 
and imaginary parts of f are to,be calculated from 
Eqs. (13) and (1). 

The observed’ dependence of o on the momentum in 
the center of mass frame has been approximated in 
Figs. 1 and 2 by analytic functions for which the 
required integrals could be calculated simply. The extra- 
polation of the cross section to zero pion momentum 
was performed with S-wave phase shifts determined by 
Orear®: a3= —0.119 and a;=0.16, (n=k/uc). 


7 Anderson, Fermi, Long, Martin, and Nagle, Phys. Rev. 85, 
934 (1952); Anderson, Fermi, Nagle, and Yodh, Phys. Rev. 86, 
793 (1952); Fowler, Fowler, Shutt, Thorndike, and Whittemore, 
Phys. Rev. 86, 1053 (1952); G. Goldhaber, Phys. Rev. 89, 1187 
(1953); A. Roberts and J. Tinlot, Phys. Rev. 90, 951 reais 
Bodansky, Sachs, and Steinberger, Phys. Rev. 90, 996 (1953); 
93, 1367 (1954); Anderson, Fermi, Martin, and Nagle, Phys. Rev. 
91, 155 (1953); J. P. Perry and C. E. Angell, Phys. Rev. 91, 1289 
(1953); J. Orear, Phys. Rev. 92, 156 (1953); 96 1417 (1954); 
Fermi, Glicksman, Martin, and Nagle, Phys. Rev. 92, 161 (1953); 
Fowler, Lea, Shephard, Shutt, Thorndike, and Whittemore, Phys. 
Rev. 92, 832 (1953); Barnes, Angell, Perry, Miller, Ring, and 
Nelson, Phys. Rev. 92, 1327 (1953); Homa, Goldhaber, and 
Lederman, Phys. Rev. 93, 554 (1954); Ashkin, Blaser, Feiner, 
Gorman, and Stern, Phys. Rev. 93, 1129 (1954); Orear, Lord, and 
Weaver, Phys. Rev. 93, 575 (1954); R. A. Grandey and A. F. 
Clark, Phys. Rev. 94, 766 (1954); M. Glicksman, Phys. Rev. 94, 
1335 (1954); S. J. Lindenbaum and L. C. Yaun (unpublished); 
Cool, Madansky, and Piccioni (unpublished); Kruse, Anderson, 
os and Glicksman, Bull. Am. Phys. Soc. 30, No. 1, 49 
1955). 

8 J. Orear, Phys. Rev. 96, 176 (1954). 
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Fic. 2. Total cross section, s~+), as a function of 
momentum in the center-of-mass frame. 


The proton is a state of the m+ system with 
energy less than the sum of the rest masses. Therefore 
a contribution to f is expected in Eq. (11) from a 
residue at E<pyp?/2M with momentum dependence 
k?/(k’+-u"). If conservation of isotopic spin is assumed 
then the proton can only affect the phase shift for a 
state of even parity and J=/=}, ie., a1. However 
phase-shift analyses of observed angular distributions 
indicate that a1; is quite small at least up to 100 Mev. 
Therefore any contribution to a, from the proton 
state is probably negligible and we have omitted it. 

The results of carrying out the integrations are listed 
in Table I. As was pointed out above, the change of sign 


Taste I. Re f(z) for elastic scattering, 7°+p. 








1.75 2.0 


25 5 75 3.0 4.0 
—0.36 —0.61 —0.34 —0.13 


n=k/p 0 0. 0.5 0. 10 1.5 
uRef(k) —0.02 —0.017 0.02 0.083 0.19 0.23 








between = 1.5 and 1.75 is characteristic of the behavior 
of Re f(k) near a sharp maximum in the total cross 
section. Hence the expression for f(&) in terms of the 
phase shifts, 


Re t(& = (1/6k) [sin2a;+-2 sin2a 33+ sin2a41 


+2 sin2a3+4 sin2e33;+2 sin2a3:], (15) 


must have the same property. This restriction rules out 
those solutions for the pion-nucleon phase shifts which 
have a cusp-like energy dependence near the cross 
section maximum. Near resonance, where the isotopic 
triplet phase shifts are dominant, a comparison of Eq. 
(15) and Table I implies the same sign choice for sina 
(positive) as has been inferred from the interference of 
the nuclear and Coulomb scattering. 

We have profited from conversations with Professor 
M. Gell-Mann and M. Goldberger to whom we are also 
indebted for prepublication copies of their manuscripts. 
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An attempt is made to verify the presence of effects due to vacuum polarization in available experimental 
data on proton-proton scattering. In spite of the smallness of these effects and relatively large errors in 
the data, it appears that the data substantiates the predicted effects of vacuum polarization on the electro- 
static interaction of two protons, particularly on the assumption of a Yukawa shape for the nuclear potential. 
By correcting the available data for these effects, new values are obtained for the zero-energy scattering 
length and effective range of the nuclear interaction between two protons. The results in the notation of 
Blatt and Jackson are: —R/a=3.704, ro>=2.76X 10-8 cm. 





INTRODUCTION 


HE scattering cross section for protons on protons 
is usually calculated on the basis that the 
potential energy is given by a simple Coulomb potential 
é/r plus a short range specifically nuclear potential 
V(r). It was recently pointed out by the authors! that 
as a result of the phenomenon of vacuum polarization, 
there exists a further contribution to the potential 
energy of the form 


dae? ¢” 1 \ (#—1)! 
=e —2xtr ea ee | 
Vop(r) 3 J é (: ) # é, (1) 


2? 


where a= 1/137.04 is the fine structure constant and 
xk=mc/h is the reciprocal Compton wavelength of the 
electron, which, since it is of much longer range than 
the specifically nuclear potential, can lead to an appreci- 
able effect on the scattering at low energies. It is the 
purpose of the present paper to examine available 
experimental data on proton-proton scattering to see 
whether the specific effects of vacuum polarization are 
discernible and also to investigate the changes in the 
usual analysis of proton-proton scattering data to obtain 
information about nuclear forces brought about by 
recognition of the contribution of vacuum polarization. 
Our work will follow closely the analysis and notation 
of Jackson and Blatt? in their recent review article. 
We shall also make extensive use of the recent work of 
Breit® and his collaborators. 

We shall restrict our attention to the effect of vacuum 
polarization on the S-wave phase shift. In the absence 
of vacuum polarization, the radial wave function u(r) 
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1L, L. Foldy and E. Eriksen, Phys. Rev. 95, 1048 (1954). 
9d Jackson and J. M. Blatt, Revs. Modern Phys. 22, 77 
50). 
3 Yovits, Smith, Hull, Bengston, and Breit, Phys. Rev. 85, 
540 (1952). 


satisfied the equation: 
Pu/dr+k’u—u/Rr+MVu/h?=0, (2) 


where k? = ME/2h?, R=h?/Me. (E is the energy in the 
laboratory system; M is the mass of the proton.) The 
solution of (2) which is regular at the origin can be 
normalized so that it is asymptotic to 


u(r)~sin(kr—y In2kr+o+5)/siné, (3) 


where n= 1/2kR, o=argI'(1+7n) is the Coulomb phase 
shift, and 6 is the nuclear phase shift. For a deep short 
range nuclear potential V, it has been shown that the 
function K defined by 


K=CRR cots-+h(n), (4) 
with 
C?= 2nn/(e*"—1), 
h(n) = Re{T" (—in)/T (—in)} —Inn, 


is nearly a linear function of k? (or £) over a consider- 
able range of energies. It is therefore now common to 
employ this function (or one similar) in the analysis 
of proton-proton scattering data. 

Now one may readily show that the addition of the 
small potential V,,(r) to V(r) in Eq. (1) leads to a 
change in the function K which to first order (and this 
is sufficiently accurate for our purpose) is given by the 
formula: 


AK=——~[ Vegined 5 
—— f wn(r)e( dr. (5) 


Thus knowledge of the solution u of Eq. (1) enables us 
to calculate AK. Outside the range of the nuclear 
potential, where only the Coulomb potential acts, 
will be a linear combination of the regular and irregular 
Coulomb functions F(r) and G(r), which, properly 
normalized, takes the form 


u(r)=F(r) cot6+G(r). (6) 


Thus only a knowledge of the phase shift 6 is required 
to evaluate that part of the integral (5) which lies 
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outside the range of the nuclear potential. Within this 
range, however, detailed knowledge of the shape of the 
nuclear potential is required in order to have knowledge 
of the precise form of «(r) in this range. It is therefore 
convenient to break up the integral (5) into two parts 


AK=A,K+AK, (7) 
MCR pe/me 
AiK= : f V pdr, (8) 
0 


MCR * 
A.K=—— V, war, (9) 


e2/mc? 


where we have arbitrarily chosen to make the division 
at the classical radius of the electron ¢e/mc?=2.818 
<10-" cm since this is of the order of the range of 
nuclear forces. Thus AK can be evaluated accurately 
without any specific assumptions concerning the shape 
of the nuclear potential over the energy range which 
will be of interest to us (0-5 Mev). In this energy 
range we have determined the appropriate 6 at each 
energy from the formula 


K~— R/a+3Rrok’, (10) 


(11) 


which is sufficiently accurate for our purposes. We 
have computed A,K by numerical integration of (5) 
using tabulated Coulomb wave functions over the 
energy range from 0 to 1 Mev. For energies from 1 to 
5 Mev the numerical integration becomes tedious and 
hence some analytic approximations to the wave func- 
tions were used. The results are given in Table I. 
Since the contribution A;K is the same as that arising 
from a small short range addition to the nuclear 
potential, it should be an approximately linear function 
of energy. To obtain a reasonably accurate estimate of 
its magnitude, we have taken as an approximate wave 


with 
— R/a=3.755, ro=2.65 x10-" cm, 
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Fic. 1. Evidence for vacuum polarization contribution to 
proton-proton scattering. The line Kz—K represents the best 
least-squares fit to the low-energy data (full circles); the line 
Ku-—K represents the best least-squares fit to the high-energy 
data (open circles). If vacuum polarization effects are present, 
then the curve AK should be a better fit to the experimental 
points than any single straight line: 
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function u(r) the form 
u(r) = (1—e-*")[F(r) coté+G(r) ], (12) 


where 6 was taken to be 1.2010" cm-!. This value 
has been chosen so as to give the proper effective range 
for the nuclear potential if the Coulomb potential is 
neglected within the range of the nuclear force. This 
evaluation of A,K is probably sufficiently accurate for 
all present purposes. The resultant AK=A,K+ApK is 
tabulated in Table I and plotted in Fig. 1. It can be 
seen that A,;K is approximately a linear function of 
energy as anticipated. 

The most characteristic feature of the contribution 
AK is its strong deviation from a linear variation with 
energy especially at low energies, a direct consequence 
of the relatively long range of the vacuum polarization 
potential. Unfortunately, this curvature is most mani- 
fest at very low energies where there are no accurate 
experiments on proton-proton scattering. Nevertheless, 
we shall show that the available data still appears to 
substantiate the reality of this effect though the limited 
accuracy of present experiments precludes an unam- 
biguous conclusion. It will be noted further that in the 
energy range from 0.2 to 5 Mev, AK is of the order of 
one percent of observed K values in this range. Thus 
we may expect corrections of the order of one percent 
to the properties of the nuclear potential (zero-energy 
scattering length and effective range) derived. from 
proton-proton scattering data when proper account is 
taken of the vacuum polarization contribution. 


EXPERIMENTAL EVIDENCE FOR THE VACUUM 
POLARIZATION CONTRIBUTION 

We consider first the analysis of available experi- 
mental data on proton-proton scattering in the energy 
range from 0.2 to 4.2 Mev to find evidence for the 
vacuum polarization contribution. This would be a 
simple task if we had a priori knowledge of the exact 
form of the specifically nuclear interaction between 
two protons, for in this case we could calculate quite 
precisely the function K in the absence of vacuum 
polarization and the difference between the calculated 
and the observed values could be compared directly 
with our calculations of AK. However, since our 
knowledge of the specifically nuclear interaction is 
obtained from the observed values of K themselves, 
it is necessary to find some other approach. 

An alternative procedure can be based on the fact 
that the shape of the curve of K as a function of energy 
for a strong short range nuclear interaction is quite 
different from the shape of the curve of AK as a function 
of energy at low energies. Thus for a short range nuclear 
interaction (in the absence of vacuum polarization) the 
function K can be accurately represented by a quadratic 
in E: 


K=A+BE+CE’, (13) 
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over the energy range from 0 to 4 Mev. The constants 
A and B, for any given “shape” of the nuclear inter- 
action potential between two protons, determine the 
depth and range of the potential, and conversely. For 
fixed A and B, however, the coefficient C depends on 
the shape of the potential and in this sense is said to 
be “‘shape-dependent.” Thus leaving aside the question 
of the vacuum polarization contribution, if there were 
available sufficiently accurate proton-proton scattering 
data, it would be possible to determine all three coeffi- 
cients A, B, and C and thus to obtain information 
about the depth, range, and shape of the potential. 
Unfortunately, data of this accuracy are not available 
and what are available are sufficient only to determine 
that C is very small and to determine A and B with an 
accuracy of the order of 1 percent. 

However, if a value is asswmed for the coefficient C, 
then it is possible to determine A and B to somewhat 
higher accuracy. Theoretical values for C have been 
computed by Jackson and Blatt for several potential 
shapes (employing, of course, the available approximate 
values of A and B) who find: 


Square well: C= 0.0026 (Mev)~, 
Gaussian well: C= 0.0015 (Mev)~, 
Exponential well: C=—0.0007 (Mev)~, 


Yukawa well: C=—0.00433 (Mev)~. 


The present available data cannot distinguish be- 
tween these, though the higher-energy data appear to 
favor a small negative value for C. We have assumed 
in what follows that the shape-dependent coefficient C 
is that appropriate to a Yukawa well. This assumption 
is favored by three considerations: (1) the higher-energy 
data mentioned above, (2) the charge-independence 
hypothesis, and (3) the limited theory available for 
nuclear forces. Thus we assume that in the absence of 
vacuum polarization effects K can be represented by a 
quadratic expression : 


K=A+BE—0.00433E? (14) 


to an accuracy of the order of +0.01E’, from 0-4 Mev. 

Now, the vacuum polarization contribution to K 
cannot be represented by such a quadratic expression 
over this energy range because of its strong upward 
curvature at low energies. Hence we consider the 
following test for the presence of vacuum polarization 
effects in the proton-proton scattering data. We divide 
the available experimental data for K into two groups, 
those corresponding to energies in the range from 0.2 
to 0.5 Mev and those in the range from 0.5 Mev to 
4.2 Mev. The first group of data we fit by least squares 
to a quadratic of the form (14): 


K,=A1+B,E—0.00433E", (15) 
‘J. Schwinger, Phys. Rev. 78, 135 (1950). 


TABLE I. Vacuum polarization contribution to 
proton-proton scattering. 








E(Mev) 


0.01 
0.02 
0.03 
0.04 
0.05 





0.0195 
0.0183 
0.0176 
0.0171 
0.0167 


0.0098 
0.0090 
0.0084 
0.0079 
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and the second group of data we fit to another expression 
of the same form: 


Ky=Ay+ByE—0.00433E", (16) 


If vacuum polarization effects are present, these two 
quadratics should not have the same coefficients; in 
fact we should find A,>Ay and B,<By. But if we 
take the experimental values of K and correct them 
by subtracting the theoretical vacuum polarization 
contribution at each energy and carry out the same 
procedure on the corrected values K’: 


K,'=A,'+B,/E—0.00433E", (17) 
Ky’ =An'+Br’'E—0.00433E", (18) 


then we should find A,’= A,’ and B,/= By’. 

This is the procedure we have adopted. The experi- 
mental data which have been employed are the same 
as those used by Breit ef al. in their recent analysis, 
with the following exceptions: we have dropped the 
experimental results of Ragan, Kanne, and Taschek 
as being of insufficient accuracy for our purpose, and 
we have included the recent data of Worthington, 
McGruer, and Findley® and of Cooper, Frisch, and 
Zimmerman.® These data are summarized in Table II. 


5 Worthington, McGruer, and Findley, Phys. Rev. 90, 899 
ante See also H. H. Hall and J. L. Powell, Phys. Rev. 90, 912 
1953). 

6 Cooper, Frisch, and Zimmerman, Phys. Rev. 94, 1209 (1954). 





L. L. FOLDY AND E. ERIKSEN 


TABLE II. Experimental results employed in the 
least squares analyses. 








AK Observers 


0.0781 
0.0536 
0.0428 
0.0393 
0.0366 
0.0327 
0.0299 
0.0279 
0.0263 


0.0478 
0.0307 


E(Mev) Weight Ke 


3.8721 
3.8611 





n 


3.9395 
3.9649 
4.0407 
4.0697 
4.1228 


3.8692 


3.9544 
4.0498 
4.1268 


4.1192 
4.2944 
4.3906 
4.5646 
4.7009 
4.8291 
4.8381 


5.1465 
5.2188 
5.3430 


4.5814 
4.5849 
4.8398 
5.1312 
5.3516 
5.5274 
5.6645 


So sesssssss 
Ww OONIOA Uri & WD 


co 
te 
oo 


0.0185 


0.0176 
0.0173 
0.0171 


0.0199 
0.0199 
0.0185 
0.0176 
0.0171 
0.0168 
0.0166, 








2 Use has been made of the calculations of Yovits, Smith, Hull, Bengston, 
and Breit (see reference 3) and of H. H. Hall and J. L. Powell Phys. Rev. 
90, 912 (1953). 

tN. P. Heydenburg and J. L. Little (see reference 3). 

¢ Cooper, Frisch, and Zimmerman (see reference 6). 

4 Heydenburg, Hafstad, and Tuve, Phys. Rev. 56, 1078 (1939). 

¢ Herb, Kerst, Parkinson, and Plain, Phys. Rev. 55, 998 (1939). 

f Blair, Freier, Lampi, Sleator, and Williams, Phys. Rev. 74, see (1948). 

Worthington, McGruer, and Findley, Phys. Rev. 90, 899 (19 53). 


The weights assigned to the various data are those 
employed by Breit e al. and we have arbitrarily 
assigned a weight of 0.030 to the data of Cooper, 
Frisch, and Zimmerman, and a weight of 0.100 to the 
data of Worthington, McGruer, and Findley. 

Carrying out the least-squares fits described above 
to the uncorrected data, we find 


A,=3.782, B,=0.366, 


19 
An=3.729, By=0.480. (19) 


When we make the least-squares fits to the data 
corrected for vacuum polarization, we obtain 


Az'=3.685, B,'=0.494, 
An'=3.705, By'=0.482. 


One sees that there is a decided improvement in the 
matching of the low- and high-energy fits for the 
corrected data, particularly in the more sensitive coeffi- 
cient B, thus verifying, to the limited accuracy avail- 
able, the presence of a vacuum polarization contribution 


(20) 


to proton-proton scattering. A visual presentation of 
the results is given in Fig. 1. 

It should be noted that because of the relatively 
large errors in the data we cannot rule out completely 
the possibility that the better agreement in the case of 
the corrected data is fortuitous and results from a 
fortunate combination of random errors in the experi- 
mental values or from some energy dependent system- 
atic error. Furthermore, this agreement depends to 
some extent on our choice of the quadratic coefficient 
in our quadratic expression for K. Had we taken this 
coefficient to be zero, for example, we would not have 
found better agreement in the A coefficients after the 
vacuum polarization correction though the improve- 
ment in agreement in the B coefficients would not have 
been impaired. This uncertainty in our result also 
cannot be removed until sufficiently more accurate 
experimental data are available to determine the C 
coefficient from the data itself. Thus our claim that 
the experimental data substantiate the vacuum polar- 
ization contribution must be taken with some reserve. 

We may add further that our conclusion is based 
also on the assumption that the only long-range inter- 
actions between two protons are the Coulomb potential 
and the vacuum polarization potential. However, part 
of the magnetic interaction between two protons may 
also behave like a long-range potential, and while it 
would appear that such an effect should be small, 
further investigation of this point would be important.’ 


PARAMETERS OF THE NUCLEAR INTERACTION 


If we accept the above evidence for the existence of 
the vacuum polarization effect (and there is every 
reason from the theoretical viewpoint that it should 
exist) then we may now take the experimental K 
values corrected for the vacuum polarization effect to 
determine those parameters of the specific short-range 
nuclear interaction which are of interest. To this end 
we have fitted all of the corrected data up to 4.203 Mev 
with a single quadratic of the form (14) by least squares 
and find 

K=3.7043+0.4818E—0.00433E?. (21) 


We have not bothered to include the meson tail effect, 
emphasized by Breit, as it should be small over this 
limited energy range. We then regard (21) as the best 
Yukawa fit available at present (in view of both the 
correction for vacuum polarization, which has about a 
1 percent effect on the coefficients, and the inclusion of 
the more recent data). These coefficients correspond to 
a zero-energy scattering length and effective range, 
which in the notation of Jackson and Blatt can be 
written, 


— R/a=3.704, ro=2.76X 10-8 cm. (22) 


7 One of the present authors (E.E.) is planning to investigate 
this point. 
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The changes from previously derived values are 
appreciable; on the basis of data available at the time 
of their publication, Jackson and Blatt? derived the 
values : 


(—R/a) p= 3.755+0.024, 
(ro) sB= (2.65+0.07) X10-* cm 


while the results of Breit ef al.’ correspond to 
(—R/a)p=3.744, (r0)p=2.73X 10-8 cm. 


The values derived by Hall and Powell’ on the basis 
of the Wisconsin data alone are: 


(—R/a)xp=3.72, 


One remark of interest in connection with the results 
expressed in (22) is their bearing on the charge inde- 
pendence hypothesis. Here one is interested in the 
comparison between the.1S nuclear interaction between 
two protons and between a neutron and a proton. As 
has been pointed out by Schwinger,‘ a direct comparison 
of the scattering lengths is not possible since both of 
these include the effects of short-range magnetic inter- 
actions between the particles which are different in the 
two cases. However, Schwinger has made appropriate 
corrections for the latter effect on the assumption that 
the magnetic interaction is short range (and this may 
not be justified for part of the magnetic interaction 
between two protons, as has been pointed out above). 
If we trace the consequences of our change in the zero- 
energy scattering length for two protons through 
Schwinger’s analysis, we find that the corrected neutron- 
proton and proton-proton scattering lengths (on the 
assumption of a Yukawa potential) differ by about 
12 percent. This is not unsatisfactory since the magnetic 
corrections are made on the assumption that the 
magnetic moments associated with the particles can be 
considered point dipoles. Since it is expected that the 
magnetic moments are essentially associated with a 
spatial distribution of magnetization, of uncertain 
amount, and the resulting correction would be in a 
direction to reduce the above discrepancy, the above 
agreement is probably satisfactory. The considerable 
present uncertainty in the effective range of the singlet 
heutron-proton interaction makes the change in the 
effective range of the proton-proton interaction derived 


(ro) P= 2.79X 10-* cm. 
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above of little importance in evaluating charge inde- 
pendence of nuclear forces from this feature of the 
potential. All in all one can say that our present 
knowledge of nuclear forces is entirely consistent with 
the charge independence hypothesis but does not 
unequivocally establish its validity. 

In our analysis above, the effect of vacuum polar- 
ization on the S phase shift only has been considered. 
Since the vacuum polarization potential is of long range 
and the specifically nuclear *P state potential is rela- 
tively weak, we would expect relatively much larger 
effects in the P phase shift. It would be of interest to 
examine this point, since data on the P-wave phase 
shift are now available.® 

In conclusion the authors would like to remark that 
the considerations described above add additional im- 
portance to the necessity for improved proton-proton 
scattering measurements at low energies. In particular 
accurate measurements at energies below 0.2 Mev 
would be very desirable. These would not only aid in 
establishing beyond doubt the existence of the vacuum 
polarization contribution, but would help to make the 
determinations of the zero-energy scattering length and 
effective range less dependent on assumptions about 
the shape of the nuclear potential. 
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It is pointed out that the conservation of parity can lead to certain conservation rules for multiple particle 
theories. These rules involve only the intrinsic parities and the numbers of particles present. The existence 
and precise forms of such conservation rules will depend on the form of the interaction Lagrangian. An 
example is given to show how such considerations may play a role in cataloging the unstable particles. 





HREE methods of cataloging the new unstable 
particles have been suggested. All three attempt 
to group the particles into isotopic spin multiplets 
which are degenerate in spin and essentially degenerate 
in mass. The first method,' due to Pais, assigns each 
multiplet of particles a spin and parity in a three dimen- 
sional isotopic spin space. The second,” also due to Pais, 
employs a four-dimensional isotopic spin space in which 
each multiplet is identified by two isotopic spin num- 
bers. The third method,* due to Gell-Mann, assigns 
each multiplet a spin in a three-dimensional isotopic 
spin space and in addition allows the definition of 
charge in terms of the Z-component of isotopic spin to 
vary from one multiplet to the next. Only the second 
two methods have proved to be flexible enough to 
include all the particles that are believed to exist. 
Besides serving to distinguish the various particles, 
the new quantum numbers introduced by the above 
schemes provide the basis for selection rules that restrict 
interactions among the particles. As more particles are 
discovered, more quantum numbers and selection rules 
may have to be introduced to fit the newcomers into 
these schemes. In the interest of economy we would 
like to call attention to the fact that the formalism of 
field theory contains a quantum number which might 
well be pressed into service. We refer to the concept 
of intrinsic parity which has been discussed by Yang 
and Tiomno* and by Wick eé al.’ Yang and Tiomno 
used intrinsic parity as a basis for selection rules that 
eliminated certain processes that would otherwise be 
allowed by a universal Fermi-type interaction. It seems 
that the same concept can be applied in a somewhat 
different way to get selection rules for processes in- 
volving the new particles. 
Let us begin with a formal discussion of the con- 
servation of parity. The matrix element for a transition 
is written 


Myi=(f|S|i)=(f[I-ISIT |i), (1) 


1A. Pais, Physica 19, 869 (1953). 

2 A. Pais, Proc. Natl. Acad. Sci. U. S. 40, 484 (1954). 

3M. Gell-Mann and A. Pais, Proceedings of the International 
Physics Conference, Glasgow, July 1954 (unpublished). 

#C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950). 

5 Wick, Wightman, and Wigner, Phys. Rev. 88, 101 (1952); S. 
Is) oh Sci. Papers Inst. Phys. Chem. Research (Tokyo) 39, 

(1941). 


where |7) is the initial state vector, | f) is the final state 
vector, S is the S-matrix, and J is the unitary operator 
which affects inversion of the coordinate axes. Since J 
must commute with the Hamiltonian (we assume no 
external field) the state vectors can be chosen to be 
eigenvectors of J. Therefore, 


Myi= eed f| ISI“ |i), (2) 


where ¢;=+1 and ¢=+1.° 
On the other hand, the fact that 7 commutes with 
the Hamiltonian implies that 7S7-'= S. Consequently 


ees= 1. (3) 


This is the statement of the conservation of parity. 

The fact to which we wish to draw particular atten- 
tion is that eye;=1 depends on the relation 7S/—“=S, 
or equivalently 


I f dxLind = ; d4xLint, (4) 


where Lint is the interaction Lagrangian density. When 
only two fields are in interaction, Eq. (4) serves only to 
limit the choice of Lint. However, in a multiple particle 
theory Eq. (4) can lead to selection rules for production 
and decay processes. 

The multiple particle theory which would represent 
the most straightforward generalization of pseudoscalar 
meson theory would have all the meson fields pseudo- 
scalar, all the baryon spinors with the same inversion 
properties, and the interaction Lagrangian density 
would be given the form 


Lin=)>, } i Z. Lmb'XmVoy 51 a Ypr, (5) 
m b 0b! 


where xm* is the m-meson wave function, y is the 
b-baryon spinor, 7” is a rectangular matrix in baryon 
isotopic spin space (6 and 0b’ are not tensor indices), 
and g is the coupling constant. 

However, this choice is quite arbitrary. We can 
choose the various meson fields-to be scalar or pseudo- 
scalar. Similarly, as has been pointed out by Yang and 
Tiomno,‘ the baryon spinor y referring to different 
baryon multiplets can have four different types of 


6 To be completely general we should replace er by e;* in Eq. (2) 
and allow ¢ to assume the values +1 or =. 
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inversion characters; namely, 


type A: ¥(%)> ya(—x), 
type B: ¥(x)—> —ya(—2), 
type C: ¥(x)> = tya(—2), 
type D: ¥(«%)>—iya)(—x). 


Finally, we may have additional interaction terms in the 
Lagrangian which differ in form from Eq. (5). For 
instance, we could have a non-y; term. 

Thus we have at our disposal an additional quantum 
number for baryons and mesons. It will be shown that 
Eq. (4) can lead to a selection rule involving this 
quantum number. This new selection rule is not due to 
any new invariance requirement. Rather, it has to do 
with the specific form of the interaction. 

Let us assume that the strong interaction between 
baryons and mesons which is responsible for the copious 
production of the new particles is given by Eq. (5). 
Further let us restrict the baryons to type A and 
type B. Then if we make the convention that type A 
baryons and scalar mesons have intrinsic parity +1 
and pseudoscalar mesons and type B baryons have 
intrinsic parity —1, we will find that the requirement 
of invariance under space inversion Eq. (4), leads to 
the condition that €mese(—1)=1, where ¢; is the in- 
trinsic parity of particle 7. From this requirement on 
the basic interaction follows the conservation, for all 
processes due to the Lint of Eq. (5), of the quantity 
e(—1)”", where e, the total intrinsic parity, is the product 
of the intrinsic parities of all the particles present and n 
is the number of mesons present. Thus, for any process 
due entirely to the Lint of Eq. (5), we have 


sh Bema 1), (6) 


where the subscripts 7 and f distinguish the initial and 
final states. 

The foregoing discussion must be supplemented by 
consideration of interactions with the electromagnetic 
field. The requirement of gauge invariance leads to the 
presence of an interaction term in the Lagrangian 
density, say L,7™int, which permits charged particles 
to emit and absorb photons. Requiring L:7” int, to be 
invariant under space inversion leads one to assign 
photons an intrinsic parity of +1. Also one finds that 
such interactions conserve the total intrinsic parity e. 

It is necessary to insert an additional interaction 
term in the Lagrangian density in order to describe 
the decay of one type of particle into another via 
y emission. Such an interaction may or may not con- 
serve total intrinsic parity. Consider, for example, 


LEY i= > Qos FW Owl yr, 
bb’ uy 
and 


L3®™ int= . ow F wi 5F pT pr, 
bb’ yur 


TABLE I. Intrinsic parity scheme. 








x 06 Ce FF pe we = x 


— (me) 273 970 970 970 970 1837 2182 2390 2600 2820 
sotopic 

spin (J) $172 172 172 172 1/2 0 1 1/2 1/2 
A=Q-I1; 0 1/2 —1/2 1/2 —1/2 1/2 0 0 -—1/2 —1/2 


Intrinsic 
parity - + i - A B A A(B) B(A) 











L2®™ in¢ conserves € while L3”™ jn conserves the quantity 
e(—1)™ where m is the number of photons present. 
The sum of L2¥”ing and L3¥™ ing conserves no such 
quantity. 

Finally it must be pointed out that interactions that 
allow the transformation of an A or B particle into a 
C or D particle are forbidden since there are no field 
quanta with imaginary intrinsic parity. 

To provide a demonstration of how intrinsic parity 
considerations may play a role in classifying the new 
particles we consider the following problem. Suppose a 
singly charged particle is observed to decay into a 
neutron and a negatively charged K-meson.’ Symboli- 
cally, 

X-—n+K-+5 Mev. 


The problem is to find a place for such a particle into 
the scheme defined by the isotopic spin J and charge 
Q=I,+A assignments shown in Table I and the 
following transition rules: 


(1) Charge Q is conserved. 

(2) The number of baryons is conserved. 

(3) Isotopic spin J is conserved by the “‘strong inter- 
actions.” 

(4) The Z-component of the isotopic spin, J., is 
conserved by the “strong interactions” and the electro- 
magnetic interactions. 


This is essentially the scheme due to Gell-Mann. 
There is a simple connection between this scheme and 
that of Pais. In Pais’ formulation each isotopic spin 
multiplet is characterized by two isotopic spins J+ and 
I~ which bear the following relationships to J and A: 


I*=I, 


F A—} for baryons 
; A for mesons. 


We note first of all that the mass of X~ is about 
2820m,. which makes it heavier than any known 
particle. 

All slow decay processes observed so far obey the 
rules AJ=+4 and AJ,=+}3. Assuming this to be true 
for the decay of X~ allows us to infer that the X 
multiplet will be characterized by J=}, A= —}; [=3, 
A=—}3; or [=3, A=}. Since no multiply-charged 


7 An event which allows this interpretation was reported by 
Y, Eisenberg, Phys. Rev. 96, 541 (1954), 
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elementary particles have yet been observed in spite 
of the fact that the high charge would make it difficult 
for such particles to escape detection, we would prefer 
to avoid introducing multiplets with multiply-charged 
members. This limits us to the choice J=3, A= —} for 
our X multiplet. 

Next we must make sure that the X particle is 
stable with respect to the strong interactions and the 
electromagnetic interaction. The fact that A=—} for 
X means that such decays are forbidden except for 
transitions involving Y, 6, or 7. (The symbol 6 repre- 
sents the charge conjugate of 6.) The conservation of A 
makes X stable against decay into K-meson+nucleon 
and X is not heavy enough to decay into any other 
baryon by K-meson emission. Similarly, the conserva- 
tion of A prevents the decay of X into Y except by 
the emission of z’s or y’s. Thus the X multiplet having 
I=} and A=—} is unstable to rapid decay into the 
Y multiplet via 7 or y emission. 

Let us now introduce the additional assumption that 
the strong interaction has the form of Eq. (5). Let us 
also assume that the electromagnetic interactions con- 
serve total intrinsic parity. Then the conservation of 
parity leads to the conservation of the quantity e(—1)” 
for the strong interaction and the electromagnetic 
interactions. Now if we choose X to have opposite 
parity from Y, then the X multiplet will be stable 
against strong and electromagnetic interactions and we 
have in this way succeeded in finding a place for the 
X-particle in our scheme. 

In addition to playing a role in determining the 
stability of particles, the conservation of «(— 1)" would 
restrict the production reactions. For instance, let us 
assume that 6 mesons and 7 mesons have the opposite 
intrinsic parities shown on Table I. Then the observed 
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process 


a +p +P 


would imply that A° has —1 (type B) intrinsic parity, 
It would follow that the process 


1 +p—\+7° 


would be forbidden. 

As a final example,® we consider the phenomenon of a 
nuclear fragment which stops in a photographic emul- 
sion and disintegrates with an energy release of at 
least about 92 Mev.® Similar events have been observed 
in which the energy release was consistent with the 
assumption that a A° particle was present in the nuclear 
fragment. However an energy release of 92 Mev is too 
great to be due to the decay of a A®°. The suggestion 
that this event might be due to the decay of a 2 particle 
is inconsistent with the Gell-Mann scheme. The incon- 
sistency arises from the fact that a 2 decays rapidly 
into a A° when the 2 is in the presence of neutrons and 
protons. However, if we assume that the strong inter- 
actions conserve e(— 1)”, then we can make the stable 
in the presence of nuclear matter by just assigning it 
an intrinsic parity different from that of the A°. 

The authors wish to thank Professor J. R. Oppen- 
heimer, Professor A. Pais, Dr. L. Michel, and Professor 
C. N. Yang for very helpful and enlightening discus- 
sions on the subject matter of this paper. We also wish 
to express our gratitude to Professor J. R. Oppenheimer 
and the Institute for Advanced Study for the hospitality 
which has been extended to us. 


8 We thank Dr. R. Dalitz for bringing this example to our 
attention. 

*Such an event has been reported by W. F. Fry and M. S. 
Swami, Phys. Rev. 96, 809 (1954). 
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An attempt to explain nuclear properties with the help of a classical nuclear potential whose quanta are 
a mesons leads to involved nonlinear interactions. We therefore used a potential whose quanta are neutral 
scalar mesons. Saturation properties, empirical binding energies, and observed nuclear densities are obtained 
if the potential depends on the velocity of the nucleons. This velocity dependence accounts for a number of 


additional nuclear properties. 





1, NUCLEAR POTENTIAL 


HE nuclear shell model! explains certain nuclear 

properties in terms of the independent motion of 
nucleons in an appropriately chosen potential. This 
theory differs significantly from the Hartree model in 
atomic physics. In the latter, a central body establishes 
a first crude approximation of the atomic potential, 
whereas, in the former, the nucleons themselves com- 
pletely determine the nuclear potential. Bohr and 
Mottelson? have worked out the consequences of this 
difference; the agreement between their theory and 
experimental data provides further support for the idea 
of an average potential within the nucleus. 

The energy difference between the last nucleon in a 
closed nuclear shell and the first nucleon in the next 
nuclear shell is approximately 3 Mev. Therefore, colli- 
sions between the independently moving nucleons 
should not disturb energy states by as much as 3 Mev; 
otherwise, the ordering of states predicted by the shell 
model would be altered. Gamma-ray absorption® indi- 
cates that the energy corresponding to the frequency 
of nucleons in their oribital motion is approximately 20 
Mev. Thus, the average distance traversed by nucleons 
between collisions appears to exceed 20/3 nuclear radii, 
a conclusion that cannot be easily reconciled with the 
cross section for collisions between free nucleons.‘ 

The study of the two-body problem in atomic physics 
led to an understanding of complicated atoms in terms 
of simple two-body potentials describing electrostatic 
forces. The corresponding study in nuclear physics has 
not been so successful. Nuclear interactions, in contrast 
to atomic interactions, are strong, which has the conse- 
; quence that at high energies, the multiple production 
of nuclear quanta (mesons) is the rule, whereas the 
multiple production of electromagnetic quanta is a rare 
event. Consequently, in nucleon-nucleon collisions, 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

tNow at Missile Systems Division, Lockheed Aircraft Cor- 
poration, Van Nuys, California. 

1M. G. Mayer, Phys. Rev. 75, 1969 (1949); Haxel, Jensen, 
and Suess, Phys. Rev. 75, 1766 (1949). 

*A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab. Mat.-fys. Medd. 27, No. 16 (1953). 

5R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954). 

‘See, however, Brueckner, Levinson, and Mahmoud, Phys. 
Rev. 95, 217 (1954); K. A. Brueckner, Phys. Rev. 96, 508 (1954). 


several mesons may be expected in virtual states and 
the description of a nucleus in terms of additive two- 
body interactions may well be impossible. 

On the other hand, the simple regularities exhibited 
by heavy nuclei encourage the belief that the many- 
body problem of nuclear physics might be treated more 
easily than the two-body problem. For a heavy nucleus 
in which the expectation value for the number of 
mesons present is considerably greater than one, the 
mesons obeying Bose’s statistics will tend to occupy 
the same quantum state. The wave function of this 
quantum state will correspond to a classical potential 
of nuclear forces. The greater the number of mesons 
present, the closer the approach to the behavior of a 
classical field. Thus, strong interactions may validate 
the classical limit and thereby simplify the theory in 
the many-body case. 

The empirical facts of the shell model show that the 
potential—and therefore the meson wave function—has 
the following properties. It is constant inside the nu- 
cleus. It does not depend on the mass number A except 
for the lightest nuclei. It extends roughly over a sphere 
of 1.2A#X10-® cm radius. It falls to zero within a dis- 
tance of 1 or 2 times 10-* cm. 

This potential forms the basis for the remainder of 
our discussion. We shall disregard its connection with 
two-body interactions between free nucleons or between 
nucleons within the nucleus. We see at present no way 
in which a smooth potential can be derived from inter- 
actions between elementary particles. Having postu- 
lated the existence of a classical potential, the explora- 
tion of its properties leads to some surprising conclusions. 


2. TYPE OF THE MESON FIELD 


We shall assume an interaction of the nucleons with 
the meson field in the form 


LW*0n*i(4). (1) 


Here y is the nucleon wave function, O; a linear opera- 
tor, @ the amplitude of the meson field, and ®, an arbi- 
trary function of ¢. 

Expression (1) is bilinear in y and y*. Higher powers 


5V. L. Fitch and J. Rainwater, Phys. Rev. 92, 789 (1953); 
A. N. Cooper and E. M. Henley, Phys. Rev. 92, 801 (1953); 
Hofstadter, Fechter, and McIntyre, Phys. Rev. 92, 978 (1953). 
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of the wave functions would imply that nucleons inter- 
act with the meson field only if they are in contact with 
each other. Such an interaction will not lead to inde- 
pendent motion of nucleons. 

We shall show that ®, must be a simple scalar and 
an isotopic singlet ; otherwise simple nuclear properties 
cannot be represented with a potential such as de- 
scribed above. The main purpose of the present section 
is to prove this proposition. 

For the sake of simplicity, we shall test the inter- 
action on closed-shell nuclei with equal numbers of 
protons and neutrons. 

In the strict sense of the shell model a nuclear state 
is defined by filling definite orbits by nucleons which 
move in a classical potential. This means that the total 
wave function can be written as a product of two factors. 
One is the antisymmetrical orbital function of the 
nucleons and the other is the dependence of a proba- 
bility amplitude on the meson occupation numbers. In 
the classical limit a single smooth spatial meson state 
is occupied and the probability amplitudes can be re- 
placed by average occupation numbers. 

A more general function is the sum of several such 
shell-model states. The terms will differ both in the 
orbits filled by nucleons and in the average occupation 
numbers of mesons. In this case the common spatial 
meson functions can still be called the classical nuclear 
potential. 

The nuclear binding energy is the average value of 
(1) over the sum of products. It differs from the strict 
shell-model value by matrix elements of (1) connecting 
different shell-model states. Due to the smooth spatial 
dependence of the meson function and to the exclusion 
principle, only the orbits near the top of the momentum- 
distribution will contribute. Such terms cannot be pro- 
portional to A but rather to A. Therefore the average 
of (1) over shell-model states in the strict sense must 
account for the main part of nuclear binding. 

The invariance of the Hamiltonian requires that (1) 
be a simple scalar. If ; is a pseudoscalar the same is 
true of the factor multiplying it. A pseudoscalar ex- 
pression ¥*Ow gives a vanishing average over any 
pure shell-model state. Therefore a pseudoscalar 
can be ruled out. 

The same conclusion holds if &; is a component of 
any vector or tensor. The factor Y*Ow must then be a 
similar component and will give a zero average over 
any closed-shell nucleus. 

Therefore &; must be a simple scalar. 

The conservation of isotopic spin means that (1) is 
an isotopic singlet. Since ¥* and y are isotopic doublets, 
their product is either a singlet or a triplet. If Y*Ow is 
a singlet ®; is also a singlet. Similarly, if Y*Ow is an 
isotopic triplet the same is true of ©;. 

If Y*Oy is a triplet, it will have components in which 
the nucleon charges change. These do not contribute to 
average values over strict shell-model states. One com- 
ponent is not connected with a change of charge. It can 
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be shown that the contributions of protons and nev- 
trons to this term are equal and opposite and cancel 
when the same orbits are occupied by protons and 
neutrons. 

Therefore &; must be an isotopic singlet. 

We have made calculations with a nonlinear inter- 
action y*y@(¢), where @ is an algebraic function of the 
isotopic singlet ¢. We obtained saturation and proper 
binding by an appropriate choice of &. However, we 
found excessively larger nuclear surface energies which 
we might possibly avoid by introducing into the 
Hamiltonian a term depending on ¢ alone to a higher 
power than two. Such a term corresponds to a direct 
interaction between z-mesons. While we do not see 
that this series of assumptions is necessarily wrong, it 
seems preferable to keep simple linear interactions and 
to introduce ® as the amplitude of some appropriate 
meson field. 


3. LINEAR COUPLING 


If ® is considered as a meson-amplitude, we obtain 
the following simple picture. According to the above 
results, the meson is scalar and neutral. Furthermore, 
the interaction (1) is linear in the meson field. 

The scalar neutral meson need not be an elementary 
particle in any sense of the word. It may be a virtual 
state composed of other mesons. It may be even a 
superposition of such virtual states. It may decay into 
m mesons so quickly that it cannot be observed. It 
may be related to mesons like a sound-quantum is re- 
lated to electrons and nuclei. In any case, we assume 
that nuclear interactions follow in first approximation 
from a linear coupling with the meson field. 

The simplest Hamiltonian valid for the interior of 
nuclei can be written in terms of a meson wave function 
and of a properly antisymmetrized product wave 
function constructed from single nucleon functions y;: 


a= fm) | 
+utclg?—hegs E |vsl}dr. (2a) 


In the interaction term, the constant g has the dimen- 
sions of an electric charge. The nucleon mass and the 
meson mass are designated by m and u. Since ¢ is an 
isotopic singlet, nucleons retain their charge and identi- 
cal potentials act upon neutrons and protons.® The 
kinetic energy of the meson field, proportional to 
(V@)2, will be included later in a discussion of surface 
effects. 


4. VELOCITY DEPENDENCE. OF THE INTERACTION 


The Hamiltonian H, has two shortcomings. It does 
not explain saturation and it predicts too large a neu- 
tron excess in heavy nuclei. 

6 This has the consequence that the protons occupy a smaller 


sphere than the neutrons [M. H. Johnson and E. Teller, Phys. 
Rev. 93, 357 (1954)]. 
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Treating the nucleons as a degenerate Fermi gas, the 
first term in H, is proportional to p*/*, where p is the 
number of nucleons per unit volume. When the inte- 
grand is minimized with respect to ¢ for fixed p, the last 
two terms give a negative contribution proportional to 
p. The nucleus therefore tends to high p values; in the 
absence of surface effects p becomes infinite. 

The Coulomb energy which must be added to H; 
plays an essential part in fixing the proton to neutron 
ratio. If p is held fixed and the proton to neutron ratio 
is varied, the energy minimum occurs when the kinetic 
energy at the top of the proton Fermi distribution 
differs from the energy at the top of the neutron dis- 
tribution by the Coulomb potential. This minimum 
occurs in heavy nuclei for too large a neutron excess.’ 
Therefore “symmetry forces” were introduced’ which 
stabilize nuclei with a small neutron excess. These 
forces are compatible with pairwise interactions be- 
tween nucleons. However, a potential based on neutral 
mesons leaves no room for symmetry forces. 

Both difficulties can be remedied by adding to Hi a 
velocity-dependent term. The Hamiltonian becomes 


Ham Het fet YOE |Wsl*dr, 2b) 


where another coupling constant f has been introduced 
which again has the dimensions of an electric charge. 
The new term, proportional to the kinetic energy of the 
nucleons, is equivalent to an effective nucleon mass, 
metz, Which depends on ¢. Thus the Hamiltonian H» 
follows from H, if m is replaced by mers, 


mets/m=[1+ 2m fou-% P, (3) 


The velocity-dependent term in Hp is positive and 
increases more rapidly than p®. The nuclear potential, 
therefore, has a minimum at a finite p value. In our 
present formulation, the minimum is not absolute; for 
very high p values arbitrarily low energies can be 
reached by making @ negative. The Hamiltonian H2 
can no longer be valid when p becomes high and the 
motion of the nucleons relativistic. At the actual 
densities prevailing in nuclei, we hope that Hz is a 
good approximation. 

The empirically known nuclear radii and the exclu- 
sion principle fix the nucleon momenta. For mers<m 
nucleon velocities and kinetic energies will be increased. 
Therefore, a smaller neutron excess produces the dif- 
ference in kinetic energies at the top of the Fermi dis- 
tributions necessary to balance the Coulomb potential. 


™W. G. McMillan, Phys. Ber. 92, 210 (1953). 

8E. Wigner, Phys. Rev. 51, 94 (1 1937). 

*A velocity dependence was introduced by K. A. Brueckner 
(unpublished) and he was led to similar values as those we find. 
Brueckner started from pairwise interactions with repulsive 
cores (see reference 4). His approach is therefore quite different 
but the consequences seem to be effectively the same. 
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5. THE COUPLING CONSTANTS 


Various authors have summarized the binding energy 
of nuclei in semiempirical formulas” which separately 
itemize the Coulomb and surface energies. According to 
the same formulas, the binding energy of a nucleon in 
the nuclear fluid is 15.5 Mev. The last number, together 
with latest measurements’ of nuclear density, 1.4 10** 
cm, suffice to determine the coupling constants f and g. 

Treating the nucleons as degenerate Fermi gases with 
equal numbers of neutrons and protons, (2a) and (2b) 
become 


H./A=1.8050?m-"'p'+ 3.61h3 up 4 fo 
+pelp'¢’—hegd. (4) 


The explicit appearance of the meson mass may be 
removed by introducing the quantities 


w=pc'¢, (Sa) 
F= (hy te)*f, (Sb) 
G=hy'c¢g (5c) 
H./A= stile aia el (6) 


The energy, (6), reaches a minimum when p and w 
satisfy the conditions 


1.20%?m-'p!+-2.41p!Fw= wp, (7) 
3.61p!Fw= Gw—2w’p. (8) 

By eliminating w*/p between (7) and (8), we find 
2.41h?m—p!+ 8.44p!Fw=Gw, (9) 
H2/A=0.60h?m-'p'— 2.41p'Fw. (10) 


We can now make use of the empirical results, H2/A 
=—15.5 Mev and p=1.4X1088 cm. We find from 
(10), (9), and (7) in succession 


p'Fw=9.22 Mev, 
Gw= 104.8 Mev, (12) 
w*/p=35.7 Mev. (13) 


Finally from (13), (12), and (5c) and from (13), (11), 
and (5b), we have 


8 (fic) = 2.97[p Fou te PF, (14) 

f? (he) =0.0236[ Hype) J. (15) 

We shall later estimate from the surface energy that 
pe-500 Mev. (16) 

Equations (14) and (15) then give 
(tc) 1S71, 

Pc) 13311. 

"WN. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939); 


E. Fermi, Nuclear Physics (Universit Ps of Chicago Press, Chicago, 
1950); A. E. S. Green, Phys. Rev. 95, 1006 (1954). 


(11) 


(17) 
(18) 
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We are, therefore, dealing with strong coupling. 


6. COULOMB AND SURFACE ENERGIES 


Simple electrostatics determines C, the Coulomb 
energy per nucleon. 


C=0.602ZA“R-, (19) 


In (19), Z is the nuclear charge and R the nuclear 
radius. We have neglected the nonuniformity of the 
charge distribution and the correlation between proton 
positions produced by the exclusion principle. Eliminat- 
ing R by means of the empirical density, 1.4 10** 
cm-*, (19) becomes 


C=0.73Z2A+* Mev. (20) 


Green’s semiempirical binding energy formula” gives 
for S, the surface energy per nucleon, 


S=18A-} Mev. (21) 


To minimize H./A+S+C, we must know how C 
and § depend on p and w for a nucleus with Z and A 
held fixed. It is then clear 


C~piw®. (22) 
We take 


S~p-ty*. (23) 


In (23) we have assumed that the surface energy is 
proportional to the surface area, that the thickness of 
the surface layer does not change when p is varied, and 
that the main contribution tq S is proportional to 
(Vw)’, the kinetic energy of the meson field. None of 
these assumptions is accurately valid. 

As C+S is small compared to H2/A, a first-order 
perturbation calculation suffices. We find the new 
value w* of the meson field amplitude which now 
satisfies the minimum conditions 


w*/w=1— (Gw)[(5+0.838)C+ (5+6.63£)S] 
x (1.6618), (24) 


&=h-mp- Gu. (25) 


We also find the new value p* of the nucleon density 
produces insignificant changes. With numerical values 
of the previous section, we have 


£=9,34. (26) 


Taking as examples the light nucleus Ca“ and the 
heavy nucleus U8, Eqs. (20), (21), (24), and (26) 
now give 

Gw*(Ca®)=77 Mev, (27) 


Gw* (U8) =83 Mev. (28) 


The effective nuclear potential is nearly independent of 
A at a value of 80 Mev. This high value reflects the 
large kinetic energy which is a consequence of the 
small effective mass. In fact (3) may be written 


mer,/m=[1+2mh?Fw*} =0.435. (29) 
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A Hamiltonian capable of describing surface effects 
must contain the kinetic energy of the meson field. 
Such a Hamiltonian is 


Hy=Het+ f eh?| Vo|*dr 


=H2+ ; (pc)? | Vw|2dr. (30) 


The presence of |Vw|? in the integrand prevents w 
from dropping sharply to zero at the surface. 

To estimate roughly the connection between surface 
energy and meson mass, we suppose that ¢ and p are 
constant in a sphere of radius R, that p drops suddenly 
to zero at the radius R, and that ¢ goes to zero witha 
constant slope in a layer of thickness L(L&R). Then 
(30) gives 


SA=(3L/R)LR+ tL) f wr. (31) 


For L=v3hp-'c, the right side of (31) assumes its 
minimum value, 


SA = (2L/R)Aw*/p=116hp-'cptAt Mev. (32) 


In (32) the value of w®/p from (13), reduced according 
to (24), has been used. Comparing (32) with (21) and 
using pt=0.52X 10" cm—, we obtain 


ue?= (116/18)hcp'= 660 Mev. (33) 


The termination of p on a sharply defined surface is 
not very realistic. The fact that p and ¢ will decrease 
together near the surface should reduce the surface 
energy for a given value of u. To compensate for this, 
uw should be decreased. Therefore, 660 Mev is an upper 
limit which should be reduced to perhaps 500 Mev. 

Equation (32) with » set equal to the meson mass 
(140 Mev), gives an excessively large surface energy. 
This conclusion has been verified by detailed numerical 
integrations. 

According to (13), the total meson rest energy within 
a nucleus is 35.7A Mev. The actual value should be 
lower in the ratio (w*/w)? which reduces 35.7A Mev to 
21A Mev. The meson rest energy reaches the value 
500 Mev at approximately A= 24, that is magnesium. 
For A<24, the expectation number of mesons is less 
than one, for A> 24, it is greater than one. Hence, for 
nuclei heavier than magnesium, classical ideas should 
begin to apply. 

7. INFLUENCE OF THE EFFECTIVE MASS 
ON NUCLEAR PROPERTIES 


The kinetic energy of a neutron at the top of the 
momentum distribution in‘a nucleus is given by 


Pmax?(2m)-! = (92/4) 8h? (2mR?)-1N 4, 
where N is the number of neutrons in the nucleus. 


Equation (34) holds for protons with N replaced by Z. 
The difference between maximum kinetic energies 1s 


(34) 
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10.7 Mev in U8 if the normal nucleon mass is used 
for m. The Coulomb potential, on the other hand, is 
21 Mev. To reconcile this difference, m.:; must be 0.51 
times the normal mass, which compares reasonably 
well with mer¢ found in (29). 

In addition to the proton-neutron ratio, a small effec- 
tive mass can reveal itself in several other ways. The 
interaction terms containing g and f in the Hamiltonian 
cancel for a nucleon whose momentum is 1.86 10-" 
gcm sec~!. Such a nucleon with a kinetic energy of 65 
Mev in a free state has the same momentum inside 
and outside the nucleus. Consequently, it will not be 
refracted by the nuclear field. Therefore, the potential 
scattering for nucleons of 65 Mev should vanish. 
Actually" the potential scattering decreases above 60 
Mev and vanishes at considerably higher energies. Our 
theory predicts this effect at too low an energy. Further- 
more, our theory indicates’ that at high nuclear energies 
the repulsive term proportional to f should cause a re- 
appearance of the potential scattering which has not 
been observed. 

It seems that the repulsive effects of the f term do 
not continue to increase proportionally to the momen- 
tum square as we have assumed. We have indeed 
remarked earlier that such a continued increase would 
lead to a collapse of the nucleus and we must assume 
that the quadratic term describes the momentum de- 
pendence only at low energies. 


1 J. deJuren and B. Moyer, Phys. Rev. 81, 919 (1951); A. E. 
Taylor and E. Wood, Phil. Mag. 44, 95 (1953). 


787 


The momentum distribution of nucleons in the 
nucleus is fixed by the nuclear radius and the exclusion 
principle. A small effective mass therefore means a 
high nucleon velocity and high frequencies for resonance 
processes. According to calculations,” the principal 
resonances for gamma-ray absorption should occur at 
hw values somewhat below 10 Mev. The observed fre- 
quencies are approximately twice the calculated ones. 
We expect that a value mer;/m=0.5 will remove most 
of the disagreement between experiment and calculation. 

It has been pointed out" that the Thomas precession 
will cause a spin-orbit coupling of the correct sign with 
nuclei. The precession, however, gave too small value 
for the spin-orbit coupling. The strength of the coupling 
is crudely fwv?/c?, where w is the orbital frequency of 
the nucleon. Both w and » are proportional to mers! 
and therefore the Thomas precessions will suffice in 
our model to explain the spin-orbit coupling. In fact, 
ww seems to lie between 15 and 20 Mev and 2°/c? is 
approximately 0.2 so that the spin-orbit coupling 
should be almost 4 Mev. 
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The lattice space quantization method used by Schiff for 
treating nonlinear mesons is used in quantizing coupled meson 
and nucleon fields. Neutral pseudo-scalar mesons with pseudo- 
scalar coupling to neutral Dirac nucleons are assumed. Only the 
fields at the lattice points of a cubic lattice are considered. An 
appropriate lattice space Hamiltonian is found and momentum 
(gradient) terms are treated as perturbations. To zero order the 
lattice points are uncoupled, so the state function can be written 
as a product of functions describing a single point. In the repre- 
sentation chosen, finding a particular point function entails the 
solution of a set of coupled differential equations. These equations 
can be solved in principle with no assumptions as to the magnitude 
of the coupling constant g but require numerical integration, and 


have not been solved. Linear combinations of the zero-order solu- 
tions are found which diagonalize the perturbation to lowest 
order and can be interpreted as one-particle momentum eigen- 
states. The perturbation energy of these states includes a term 
proportional to k? which is interpreted as the kinetic energy. 
Linear combinations of two-particle momentum eigenstates are 
found which approximately diagonalize the perturbation and, 
from these, scattering cross sections are calculated. The lattice 
constant / appears in the final results and must be regarded as a 
parameter of the theory. In order that the perturbation approxi- 
mation be valid, / must be much larger than the meson Compton 
wavelength. 





I. INTRODUCTION 


HE most successful approach to the general 
problem of quantizing coupled fields has been the 
use of perturbation theory, where the term in the field 
Hamiltonian corresponding to the interaction energy 
is assumed to be small and is treated as a perturbation. 
Attempts to apply this method to the case of coupled 
pion and nucleon fields meet with little success, how- 
ever, since in order to obtain even order of magnitude 
agreement between the results of experiment and per- 
turbation calculations, the value of the coupling 
constant g must be chosen so large that the perturbation 
approximation is invalid. 

In view of this it is desirable to find a calculational 
method which involves no assumptions as to the mag- 
nitude of g, or at least less stringent assumptions than 
those imposed by perturbation theory. One possible 
approach is the lattice space quantization method used 
by Wentzel! and more recently by Schiff.? In order to 
obtain some idea of the potentialities of this method, 
the case of pseudo-scalar mesons with pseudo-scalar 
coupling to Dirac nucleons has been studied, and for 
simplicity both mesons and nucleons are assumed 
neutral. The Hamiltonian for such a system is 


H= f (V*(mB—ia- 9) 
+3[0?+ | vo|?+u°¢? ]—igy*Byo}dr, (1) 


* Fuller details of the work presented here may be found in the 
complete Ph.D. dissertation submitted by the author in February, 
1955, in partial] fulfillment of the requirements for the degree of 
Doctor of Philosophy at Stanford University. This dissertation is 
available in microfilm form from University Microfilms, 313 North 
First Street, Ann Arbor, Michigan. 

{ Supported by the U. S. Office of Scientific Research, Air 
Research and Development Command. 

t Now at the Radiation Laboratory, University of California, 
Berkeley, California. 

1G. Wentzel, Helv. Phys. Acta 13, 269 (1940). 

a I. Schiff, Phys. Rev. 92, 766 (1953), referred to herein as 


where uw and m are the “bare” masses of mesons and 
nucleons, respectively, @ the meson field amplitude and 
m its conjugate momentum, y is the four-component 
nucleon field amplitude, and y5=iaa203. 


Il. LATTICE SPACE 


The transition from the continuum to the lattice 
space is made in a manner exactly analogous to Schiff’s 
procedure in (A). A simple cubic lattice of spacing / 
and edge L is defined along with its reciprocal lattice 
in momentum space. The reciprocal lattice spacing is 
2/L, and the periodicity cube in the reciprocal lattice 
has edge length 27//. The lattice meson fields are 


6.= MAY f (eetwG-O 


where r, is a lattice vector and the k sum is extended 
over a periodicity cube in the reciprocal lattice. The 
lattice quantities y., y.*, and 7, are defined by Eq. (2) 
with ¢(r) replaced by the appropriate continuum 
operator. 

From Eq. (2) and the canonical commutation laws 
for the continuum fields the commutation relations 


[¢.,0] a Lar.,1: | Pa Lyte], 
a Ly. yi], = Ly,¢] ai 0, (3) 
[¢s,7:] saad Bet, [veiw], pee 5: Set, 


are readily deduced. The lattice Hamiltonian is found 
by imposing the condition that in the limit /—0 it 
should become identical with the continuum Hamil- 
tonian. This leads to 
H= Lilmp.*Bve+3Lr e+e éj- igh*/*y ,*By sss} 

+3 ae Lt Asboitds ar Bat Wt oy, (4) 


Au=N Dix #*(k) exp[ik: (r.—r) ], 
B,.=N- Dox p(k) expLik: (r,.—11)], 


where 
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with 
pi(k)=sin(k,l)/l, i=x, y, 2, (6) 
and 


N=(L/)}. (7) 


It should be noted here that the definition of A.; in 
(5) differs from the definition in (A) in that ? is used 
in place of p?(k). In a similar way we could have used in 
place of B,; the quantity 


B,./=N- > k expik: (r,—1,). (8) 


Both the definitions with p and with k give the correct 
continuum limit,’ but the p definition is chosen because 
with this choice H is periodic in k space. If the definition 
(8) is used the lack of periodicity leads to difficulties,‘ 
eg., the energy of a free meson of momentum k contains 
a term proportional to k. 

Lattice operators which go directly into the con- 
tinuum nucleon and meson field momentum operators 
can also be defined, but their sum fails to commute 
with the interaction term in the lattice Hamiltonian. 
A similar difficulty was encountered in the case of the 
nonlinear meson field treated in (A). Schiff overcame 
the difficulty there by finding a finite displacement 
operator for the field and defining the momentum 
operator in terms of the displacement operator. This 
method can be generalized to the case of coupled fields. 
The unitary transformations which displace the meson 
and nucleon fields by the lattice vector a are, respec- 
tively, exp(—ia-G™) and exp(—ia-G?), where 


G™=-i>, ¥, Bard, (9) 
GM=> >. Bade", (10) 


and B,;’ is defined in (8). The operators G™ and G™ 
no longer have this property if B,;’ is replaced by Be: 
in (9) and (10); hence in this case we are forced to use 
uw. Next we define the complete lattice displacement 
operator 
S;=exp{—id[G;,+6;% ]} (11) 


and finally the momentum operator 


pi= (S*—S,)/2il, (12) 


The unitary transformation (11) displaces all the 
field quantities one lattice unit in the 7 direction. The 
eigenvalues of p; can be shown to be sin(k,/)/l, where 
ki is the ith component of a reciprocal lattice vector. 

learly for small , i.e., for kX1/I, the eigenvalues of 

i are very nearly k,;. The operator #; is easily seen to 
be Hermitian, to commute with H, and to have the 
orrect continuum limit. 


i=%, Y, 2. 


* The writer is indebted to H. Rubin for a helpful discussion on 
his point. 

‘See also (A). The complications discussed there in connection 
ith the summation of the expression (A23) do not arise if our 
Hefinition (5) of A. is used. 
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III. PERTURBATION APPROXIMATION 
The Hamiltonian (6) can be rewritten H=H)+H’, 
with 
Ho=d {mp .*BY.+3Lre+ (w+ P)¢."] 
= igh /*Y .*By seb} 5) 


H’=} ; oP + ty Asbditds de Bar Ys* ay, 


(13) 
(14) 


where the prime on the first ¢ sum in (14) means that 
t=s5 is omitted, and we have defined 


3 
P=A,,=N 2(k —, 
EW m5 


(15) 


H’ is the lattice analog of the gradient terms in the 
continuum Hamiltonian. We assume H’ is small, and 
treat it as a perturbation. 

In order to find the eigenfunctionals of Ho, we choose 
a representation in which the operators 


n,=y,"*y,' 


are diagonal. In (16) 7 is the spinor index, and ranges 
from 1 to 4. From the anticommutation relations (3) 
it follows that the only eigenvalues of m,' are 0 and 1. 
At the point s there are four operators m,‘, hence the 
state of nucleon field is specified by stating its prob- 
ability amplitude for being in each of the 2*= 16 eigen- 
states of the m,'. These sixteen states are denoted by 


(17) 


The representation is not completely specified by the 
above requirement, so we choose also the meson field 
operators ¢, to be diagonal. From the commutation 
relations (3) it follows that in this representation 


T.= —10/dds. 


(16) 


x(s)= (n2n2nen,'). 


(18) 


Since each of the terms in Ho involves operators at a 
single point, the functional defining the state of the 
complete lattice to zero order may be written as a 
product of functionals, each of which describes a single 


point, i.e., 
V=[], V(s). 


The W(s) may in turn be written 


(19) 


VNR Hilda. (20) 


Now since W is a solution of 


HwW=EW, 
it follows that 


{mp *BY.+3L— 0/062+ (w+ P)o."] 
— igh "By ebs}¥(s)=EW(s). (21) 
In general, the x,(s) are not eigenfunctionals of 


Vs*BysWs, So that (21) gives rise to sets of coupled dif- 
ferential equations. For instance, one solution to (21) 
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is found to be 


W(s)=va(bs)x5(S) —i06(b.)x6(S), (22) 


where 


xs= (1011) and x6= (1110). (23) 


Dropping the subscripts on the ¢’s and defining 


A=3[—@/d¢*+ (w+P)¢"], (24) 
and 


a-9F, 
Yq and 2 are found to be solutions of 
(A+m)va+ g16%= Eva, 
(A+3m)2+2:60.= Ebp, 


where we have added 2Nm to the complete field Hamil- 
tonian in (6) to cancel the energy to filled negative 
energy states. 

In addition to the solution (22) three others are 
found which consist of a combination of two x’s, and 
the corresponding functions of the meson fields satisfy 
Eqs. (25). Of the eight remaining x’s, four are eigen- 
functionals of ¥*Bys) with eigenvalue zero, and 
each of these gives rise to the same single differential 
equation, while the other four are coupled together and 
yield a set of four coupled equations similar to (25). 


(25) 


IV. INTERPRETATION OF THE STATES 
Zero-Order States 


Although the single differential equation mentioned 
above is just the harmonic oscillator equation and is 
readily solved, the coupled equations require numerical 
integration and have not been solved. Nevertheless it 
can be shown that for finite g; solutions exist, and the 
eigenvalue spectra are discrete and have a lower bound.°® 

In case g=0, the state defined in (22) must have 
either v.(¢) =0 or 2(¢) =0. If 14(¢) =0, the state is 
Ya() (1011), where v, is a solution of the harmonic 
oscillator equation. The energy eigenvalues associated 
with the states v.(1011) are (n+3)u-+m, where n is a 
positive integer. Thus this set of states can be identified 
as corresponding to a nucleon plus mesons at the 
point to which they refer. Further analysis shows that 
the nucleon has spin +3. Similarly, if v4(¢)=0, the 
states v(¢) (1110) can be interpreted as m mesons, plus 
a nucleon of spin +3, plus a nucleon-antinucleon pair 
with opposite spins all at the same point. 

We assume tentatively that even if g~0 a particle 
interpretation is possible, and that the states (22) 
include all the states discussed above for g=0. In par- 
ticular, the state with least energy belonging to the set 
(22) is assumed to correspond to a single nucleon and 
no mesons at the point. A similar interpretation is 
made for all the other states using the limiting case 
g=0 as a guide. 


5 The writer is indebted to M. M. Schiffer and G, E. Latta for 
comments on the existence proof, 
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One-Particle States 


According to the interpretation adopted in the pre- 
ceding paragraph, the zero-order states of the lattice 
can be interpreted as states for which a certain number 
of particles is fixed at each point in the lattice. Let us 
denote the ground state, in which there are no particles 
present, by Wo, and call its energy Evo; the state corre- 
sponding to a single meson at s by U;(s), and its energy 
by Ev;; and the state corresponding to a single nucleon 
of spin +3 at s by Vo'(s) and its energy by Evo. The 
true rest mass of the meson yo is approximately 


pwo™Eui— Evo, (26) 


and of a nucleon 


(27) 
It can be shown that the unitary transformation 
Vn(K)=N-? ¥, Ux(s) exp(iK: r.) (28) 


diagonalizes the perturbation H’ among the WN de- 
generate states U;(s). The state defined in (28) is an 
eigenfunction of the momentum operator (12) with 
eigenvalue p(K). For small K, i.e., K<1/l, p(K)~K. 
The state (28) is thus the lattice analog of the usual 
continuum plane wave state. The perturbation energy 
of V,,(K) is of the form 


aP+bp*(K), 


where P is defined in (15). The calculation of the 
matrix elements of H’ is rather tedious and will not be 
discussed in detail here. 

The term aP in (29) is interpreted as a correction to 
the zero-order rest mass of the meson and the term 
bp?(K) as the kinetic energy. If the perturbation ap- 
proximation is to be valid, we must have 


aP+ bp’ (K)<po. 


my~Evo— Evo. 


(29) 


(30) 


If K is assumed small, p?(K)-~K?, hence the kinetic 
energy is approximately 6K’. For a consistent theory, 
the kinetic and rest masses must agree, hence the 
relationship 


b~1/2u0 (31) 


must be satisfied. Whether or not this condition is 
satisfied would have to be checked numerically, and 
this has not been done. If (31) is assumed to be true, 
however, the perturbation approximation can be valid 
only if (K?/2u0)<po. If the approximation is assumed 
to hold without further qualification, this implies 


I>1/po. (32) 


Thus it is clear that the perturbation approximation is 
valid only if the lattice spacing / is large compared to 
the meson Compton wavelength. This is the same con- 
clusion as reached by Schiff in (A) for the nonlinear 
meson theory. 

The state describing a single nucleon of spin +3 ats 
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js Vol(s). In analogy with (27) we define 
Wy(K) = N-12 a Vo (s) exp(iK- r;). 


This state is also a momentum eigenfunction with 
momentum p(K) and diagonalizes the perturbation. 
Its perturbation energy is a’P+b’P?(K). For small K, 
the momentum is p(K)~K, and hence the perturbation 
energy is 


(33) 


a’ P+)'p?(K)~a' P+0'R?. (34) 
Again a’P is interpreted as a correction to the zero- 
order nucleon rest mass Evp—Evo, and 6’K? as the 
kinetic energy. As before, the agreement between 
kinetic and rest masses would have to be checked 
numerically. Although this has been done for neither 
meson nor nucleon, we are inclined to be optimistic, 
because Schiff’s calculation in (A) for nonlinear mesons 
has shown good agreement between kinetic and rest 
masses even when the nonlinear term in the Hamil- 
tonian is the dominant one. 


Two-Nucleon States 


Assuming that the analysis of the preceding states 
allows of a consistent interpretat’on in terms of par- 
ticles, we may proceed to the consideration of two- 
particle states and the calculation of scattering cross 
sections. The state which corresponds to nucleons of 
spin +4 at both s and ¢ we denote by Vo!(s)Vo'(¢). A 


nucleon of spin +3 at s and one of spin —} at ¢ is 


denoted by Vo!(s)Vo?(t), etc. Linear combinations of 
these which are momentum eigenfunctions are defined 
as follows 


¥(Ki,Ke) = YO, Dee Este (s,t) Vol (s) Vol (2) 
Xexp[7(Ki-r.+Ko-r,) ], 
¥o(Ki,Ke) = (V2N)-! Yo. Doe Exe (5,0) 
XLVdl(s) VIF M+VI OVE] 
Xexp[4(Ki-r,+Kz-r,) |, 
¥;(Ki,Ko) =N— >. do: Esce(s,t) Vo2(s) Vier (2) 
Xexp[i(Ki-r.+Ke-r,) ], 
Y4(Ki,Ke) = (v2N ie pe ait E.€(s,2) 
XLVol(s) Ve) —Vol@Ver(s) ] 
Xexp[7(Ki-r.+K2-r,) J, 


(35) 


where 


1 al 


€..=1—6,, and esi)=| 
—lifs<i 


The states (35) can be placed in correspondence with 
the usual symmetrized nonrelativistic plane wave states 
for two spin 4 particles obeying Fermi-Dirac statistics. 
The first three states are symmetric with respect to 
exchange of spin coordinates and antisymmetric with 
respect to exchange of space coordinates, and vice versa 
for the fourth state. The states thus fit into the scheme 
shown Table I. 


TaBLe I. 

















It is easily shown that the WV; are eigenfunctions of the 
operators 


Sz=DLevs*ozs, S= iz. v.*oy,|’, 


with the eigenvalues indicated above. 


Scattering Cross Sections 


Using the states (35), scattering cross sections for 
nucleon-nucleon collisions can be calculated. The states 
(35) do not diagonalize the perturbation. Since they 
are degenerate to zero order, linear combinations must 
be chosen which do diagonalize the perturbation. 
Knowledge of these linear combinations then allows 
one to calculate scattering cross sections. This state- 
ment is not quite correct, however, since the states (35) 
do not include those describing two nucleons at the 
same point, and the effects of these must be included in 
the scattering calculations. 

These states are included, and the perturbation ap- 
proximately diagonalized by a Born-type approximation 
similar to that used by Schiff in (A). Since the per- 
turbation connects only states having the same total 
momentum, we are free to choose a set of states having 
total momentum zero, so that only the states in (35) 
for which 


K,=—K, (36) 


need be considered. If this assumption is not made the 
final results are found to depend on the total momen- 
tum, which is not surprising, since the whole formula- 
tion is not Galilean invariant. The choice (36) seems 
plausible physically however, since it places the center 
of mass at rest with respect to the lattice. 

We denote the cross sections by o,;(0) where the 
subscripts 7 and 7 refer to the initial and final states, 
respectively, and range from 1 through 4, corresponding 
to the four subscripts of the states (35), and @ is the 
angle through which one of the nucleons is scattered. 
The results of the scattering calculations are 


o11=033= AK ‘I$ cos’, 

o22= BK‘l* cos’0, 

o44=(CP+K?(D+F cos’) PIS, 

12=032= GK‘ sin’6, 

2 =023=1K‘l® sin’6, 

13> 091 >= Clg C5 = Og 041 — Cen Ogg 0, 


where K is the magnitude of the momentum of one of 
the incident particles, and the assumption p(K)~K 
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has been made. The quantities A, B, C--- are com- 
plicated sums of integrals involving functions such as 
% and v% of (22), and do not depend on @. 

The scattering amplitude associated with the cross 
section oi; is proportional to cos@, corresponding to a 
scattered wave with orbital angular momentum unity 
and z component zero. The fact that the z component 
is zero is to be expected, since the initial state con- 
sisting of two nucleons moving in the z direction had no 
z component of orbital angular momentum, and the 
initial and final states have the same z component of 
spin. That the scattered-wave nucleons should be in a 
p state is also natural, since we have made a low- 
energy approximation and the » state has the least 
angular momentum of the states of odd parity in the 
space coordinates; these states are the only ones 
available to a pair of Fermi-Dirac particles in a sym- 
metric spin state. 

A similar analysis can be applied to the other cross 
sections (37), and all are found to behave qualitatively 
as one would expect for low-energy scattering due to a 
short-range interaction. 


V. CONCLUDING REMARKS 


The results of all the above calculations, i.e., the 
kinetic energy of free mesons and nucleons and the 
nucleon-nucleon scattering cross sections, are in quali- 
tative agreement with what is expected on physical 
grounds. Whether the results are also quantitatively 
plausible would have to be checked numerically. The 
theory suffers from the fact that the lattice constant / 
appears in the final results, yet it must be large com- 
pared to the meson Compton wavelength, and so 
cannot plausibly be considered a fundamental length. 
It should be borne in mind, however, that the large 
value of / is required in order that the perturbation 
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approximation be valid, and not by any physical con- 
siderations. If, for instance, it could be shown that the 
parameters mw, m, g, and / can be chosen in such a way 
as to give the same results as would be obtained with 
some smaller value of / while still allowing the pertur- 
bation approximation, the objection to the large 
value of / would be overcome. The resulting theory could 
then be regarded as an approximation to a cutoff theory 
with some acceptable cutoff. 

Even if the foregoing were true, however, the results 
are still of no value for predicting experimental results, 
since the effects of electric charge have not been in- 
cluded. The inclusion of charge would considerably 
complicate the calculations, which even in the case of 
neutral particles are quite tedious. This, together with 
the questions relating to the magnitude of /, and the 
fact that in any case only low-energy calculations can 
be performed, make it seem doubtful that the theory 
will be useful, at least in its present form, for obtaining 
physically interesting results. 

In this connection is should be mentioned that 
Miyazawa® has applied the lattice-space method to the 
case of charged fields with symmetric pseudo-scalar 
coupling. He has made the strong coupling approxima- 
tion and neglected the nucleon gradients altogether. 
His results are purely qualitative, but point to the 
existence of nucleon isobars in qualitative agreement 
with the meson-nucleon scattering data. 
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Using a second metric tensor yyy as proposed by Rosen, Gupta’s 
supplementary condition for the gravitational field (which has the 
form of De Donder’s coordinate condition) is written in general- 
covariant form. This supplementary condition appears to be of 
physical importance because of the use made of it by Gupta in 
the quantization of Einstein’s gravitational field. This physical 
significance of the supplementary condition singles out a manifold 
of coordinate systems, which contains as sub-manifolds infinitely 
many metric spaces each allowing only “Lorentz transformations” 
leaving the yyy constant. A particle is called “at rest” if it is not 
accelerated with respect to some of these “Lorentz” frames. 
Although the yy»-metric may be important in the formulation of 
the quantum theory of gravitons, it does not enter in the line 
edement describing the results of physical measurements of time 
or distance, which are described by a line element containing as 
metric the gravitational tensor g,,, so that space, flat with respect 
to hypothetical measurements by unrealistic rods keeping their 


y-metric length on displacement, is actually found to be curved 
by physical measurements by realistic rods keeping their g-metric 
length on parallel displacement. 

The static spherically symmetric gravitational field g,, in 
empty space around a singularity “at rest” is obtained in terms 
of conventional polar coordinates in its “Lorentz” rest system, in 
a form satisfying the supplementary condition. A simple relation 
is established between this new solution and the Schwarzschild 
solution for this static central field. The radial coordinate p used 
in the Schwarzschild solution, which is a convenient variable in 
the discussion of planetary motion, differs by a constant from the 
polar coordinate r in the “Lorentz” frame in which the point 
source of the field is at rest. Neither r nor p is equal to the radial 
distance R measured from the point source. If a picture of space 
is made on the y scale, then space has holes where masses are 
located. (“‘Swiss-cheese”’ model of space.) This fact may be helpful 
in eliminating divergencies of field theory. 





1. COVARIANT FORM OF THE SUPPLEMENTARY 
CONDITION 


N his papers on the quantization of the gravitational 
field, Gupta’* has stressed the importance of im- 
posing the supplementary condition 


0g” = 0 (1) 


on the contravariant gravitational tensor density.‘ 
Here, 0, = 0/0x”, and 


gv” = ger(— g)ts g = Det(gar) = Det(gr’). (2) 


Since the Schwarzschild solution for the static field 
around a point mass at rest does not satisfy the con- 
dition (1), it is of interest to investigate in what way 
the conventional expression for the gravitational field 
around such a point source is to be modified in order 
to satisfy the supplementary condition imposed by 
Gupta. 

This condition (1) in form is identical with the coor- 
dinate condition suggested by De Donder,® and used 


*Publication supported by the National Science Foundation. 

1S. N. Gupta, Proc. Phys. Soc. (London) A65, 161 (1952). 

*S. N. Gupta, Proc. Phys. Soc. (London) A65, 608 (1952). 

S$. N. Gupta, Phys. Rev. 96, 1683 (1954). I thank Professor 
Gupta for letting me read this paper before its publication. 

‘Different methods of quantizing the gravitational field, in 
vhich no such condition need to be imposed, were developed by 
Bergmann and collaborators, and by Pirani and Schild. However, 
Since in those papers an interpretation of the commutation rela- 
tions or an expression for the quantized fields in terms of anni- 
hilation and creation operators is not given, an application of 
those quantum theories of gravitation as yet is not directly 
possible. See P. G. Bergmann and J. H. M. Brunings, Revs. 
Modern Phys. 21, 480 (1949); F. A. E. Pirani and A. Schild, 
Phys. Rev. 79, 968 (1950); 87, 452 (1952); P. G. Bergmann ef al., 
hys, Rev. 80, 81 (1950). 
*T. De Donder, La Gravifique Einsteinienne (Gauthier-Villars, 
Paris, 1921). 


by Papapetrou® in deriving a new form for the gravi- 
tational equation. Its importance for creating a simi- 
larity between the formulas of the theories of gravita- 
tion and of electromagnetism was first suggested by 
Gupta.?* 

As the condition (1) apparently is not generally 
covariant, it singles out a category of coordinate 
systems in which it is valid. In one of these coordinate 
systems,’ we introduce a symmetric tensor y,,, which 
in this chosen coordinate system shall have the com- 


ponents 
(u = 0,1,2,3; & = 1,2,3). (3) 


We call this tensor the y metric or “‘flat-space metric.” 
We also follow Rosen® in defining in every (arbitrary) 
coordinate system the “‘flat-space Christoffel symbols” ® 


re) 


yo=1, Yue = 4,*, 


Mr, = oT «un 
Va,uy = 2(Ou¥2a + OY na — 
where +? is defined by 
Y“Yan = 5,%. (5) 
Then, the quantities 
OM = 0.9 + Prag + Pag — Tag (6) 


will form a tensor under general coordinate transforma- 
tions. This “covariant y differentiation” of the tensor 
density g*# has the same form as the usual covariant 
derivative of such a tensor density, except for the use 


DaV ur); 


6 A. Papapetrou, Proc. Roy. Irish Acad. A52, 11 (1948). 

7™The arbitrariness introduced by this choice of coordinate 
system is discussed in the next section. 

8 N. Rosen, Phys. Rev. 57, 147 (1940). 

*We write y**, I',,, etc., in boldface because we use g”” for 
raising indices without change in print. 
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of the flat-space Christoffel symbols I,, instead of 
the gravitational (curved-space) Christoffel symbols 


nN 
{| defined by 


[= eee 


(7) 
[uv,a] = 3 (OpSra + Or8ue a OaLur)s 


2 Lan ae 6,*. (8) 
We form the covariant y-divergence 
Oy = 3.9 + GP ap. (9) 


In the special frame of reference in which y,, was first 
introduced, the Tas by (4) with (3) obviously vanish. 
Because in this same coordinate S¥stem also (1) was 
assumed to be valid, we obtain for Gupta’s supple- 
mentary condition Papapetrou’s covariant expression” 


(10) 


The category of coordinate systems in which (1) is 
valid therefore are those for which the last term in (9) 
vanishes. Apparently this term does not vanish in polar 
coordinate systems. Therefore, we shall have to use (10), 
and not (1), when we want to apply the supplementary 
condition in a polar coordinate system as usually is used 
in expressing the gravitational field around a point mass. 


where 


aad =="), 


2. GAUGE MANIFOLD OF THE THEORY OF 
GRAVITATION 


In the preceding section we have defined the tensor 
Yu» by giving its components the special-relativistic 
values (3) in one selected frame of reference in which 
the gravitational tensor density g”’ satisfied De 
Donder’s coordinate condition (1). By writing the 
latter equation in the generally covariant form (9), all 
restrictions on the coordinate system could then be 
dropped, and Eq. (9) could be interpreted as a covariant 
supplementary condition imposed on the tensor density 
q”” in combination with the tensor field y,, and quan- 
tities derived from the latter. 

The special coordinate systems for which De Donder’s 
coordinate condition is valid can then be characterized 
by the property that in these frames of reference 


gos = 0. (11) 


Since the I,s form no tensor, this equation is not 
covariant: while it is satisfied in the special frame of 
reference selected for defining y,, by (3), it will not 
hold in general after an arbitrary coordinate trans- 
formation. It will, however, remain valid after appli- 
cation of any coordinate transformation from the group 
of transformations that leaves (11) invariant. We shall 
call this particular group of coordinate transformations 
the “coordinate gauge group.” The collection of coor- 


1 Reference 6, Eq. (29b). 


FREDERIK J. 


BELINFANTE 


dinate systems obtainable from our original especially 
selected one by means of coordinate gauge transforma- 
tions we shall call the gauge manifold." 

There is a subgroup of the coordinate gauge group 
of considerable interest to us.” This is the “Lorentz” 
group which leaves y,, in its special-relativistic form 
(3). Obviously this leaves the I, = 0 and therefore 
is part of the group leaving (11) valid. 

The coordinate gauge group is much wider than this 
Lorentz group. It allows transformation to a new 
(primed) frame of reference, in which the I™’.-g: need 
no longer vanish identically anymore, while yet Eq. 
(11), with primes, is valid at every point: 


g7 FT ag = 0. (11') 
In such a coordinate system the components y,’, will 
no longer have the simple values (3). On the other 
hand, Eq. (1) with primes will still be valid, on account 
of the primed equations (10), (9), and (11). This shows 
that the flat-space metric tensor y (with components 
Yu»), and the “Lorentz manifold” obtained by our 
Lorentz group from our originally selected coordinate 
system, both were not unambiguously determined. We 
might have selected the primed frame of reference as 
the special one, in which a tensor y’ might have been 
defined in such a way that its components 7,» would 
take the special-relativistic values (3). While this 
would make yw» = Yu», it would also make 7’, 
~ Yury, (thence, yy» * Yu»), SO that the tensors y and 
7’, looked upon as “geometric objects,” are different 
from each other. The new tensor 7’ will then determine 
a new Lorentz manifold, consisting of the primed coor- 
dinate system and of all other “Lorentz frames” ob- 
tainable from it by the Lorentz group that leaves the 
components of 7’ invariant. 

As the tensors y’ and y were different, there must also 
be a difference between the new Lorentz manifold (for 
which the components of +’ take the special-relativistic 
values) and the original Lorentz manifold (for which 
the components of + took the special-relativistic values). 
Yet, in all regards, the new Lorentz manifold is as good 
as the old one, and the new 7’ is as good a selection of 
a flat-space metric as the old y was. 

This freedom in choice corresponds to what may be 
called an arbitrariness of “gauge” of the gravitational 


11 We use here the word “manifold” in the meaning of “col- 
lection of coordinate systems obtainable from each other by 4 
certain transformation group.” As the word “manifold” is often 
used with a different meaning, maybe somebody can invent a more 
appropriate name for such a collection of coordinate systems. 

2 Another subgroup of interest is the “‘affine’” group, of linear 
transformations with arbitrary constant coefficients. It is the fact 
that the gravitational Lagrangian density [Eq. (2) of reference 3] 
transforms as a scalar density under arbitrary infinitesimal affine 
transformations, that leads to the important Tolman relation 
[R. C. Tolman, Phys. Rev. 35, 875 (1930), Eq. (7), and footnote 
10 of reference 6], on which the derivation of Papapetrou’s gravi- 
tational equation [Eq. (9) of reference 3] is based. In the “affine 
manifold” obtained by the affine group from our initial frame 0! 
reference, I™*,,=0. A gauge transformation of y as discussed in 
the text following Eq. (11’) will be accompanied by a change-over 
to a different affine submanifold of the same gauge manifold. 
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field. There are two different ways of looking at the 
transformation from one gauge to another. 

The first point of view deals with the purely geometric 
aspect of this transformation, and has the added ad- 
vantage of showing a certain degree of analogy to the 
gauge transformations in electromagnetic theory. We 
first note that the gravitational metric tensor g (with 
components g,,») is a geometric object with a well- 
defined physical meaning, as in any given coordinate 
system its components can be determined uniquely by 
physical measurements. Similarly, the electromagnetic 
field tensor F (with components F,, = — F,,) is a 
geometric object with a well-defined physical meaning. 
Therefore, these geometric objects g and F cannot be 
tampered with in a gauge transformation. On the other 
hand, in gravitational as well as in electromagnetic 
theory we also introduce auxiliary geometric objects 
which are subject to a certain arbitrariness and there- 
fore may be submitted to gauge transformations. They 
are the potential fourvector A in the electromagnetic 
case, and the flat-space metric y in the gravitational 
case, 

In the gravitational as in the electromagnetic case, 
therefore, we may look upon a gauge transformation 
as an alteration in an auxiliary geometric object. 
Whether one wants at the same time to perform a 
coordinate transformation is, from this geometric point 
of view, completely irrelevant: Just as one can change 
the gauge of the electromagnetic potential fourvector 
without altering the coordinate system, we can alter 
Yu» into y’,» without introducing at the same time a 
primed coordinate system. The y’,, must, of course, 
satisfy the same covariant differential equation (10) 
with (9) and (4) as the original ,, did. And, before all, 
they must satisfy the second-order differential equations 
which state that the curvature tensor derived from the 
metric y vanishes identically. These conditions, to 
some extent, are comparable to the condition, imposed 
in electromagnetic theory, that the four-dimensional 
divergence of the potential fourvector shall vanish also 
after a gauge transformation. 

However, in the gravitational case there is no relation 
between the g and the y, comparable to the relation 
between the field strengths and the potentials in elec- 
tromagnetism; except for the relation (10), which is 
considerably different in form. 

In the second way of looking at the gauge trans- 
formation of the theory of gravitation, one confines 
oneself, before and after the gauge transformation, to 
coordinate systems taken from the Lorentz manifold 
in which the flat-space metric y takes the special- 
relativistic value (3). Then, contrary to the electro- 
magnetic case, a change of gauge of the gravitational 
field necessitates a corresponding (non-Lorentz) coor- 
dinate transformation, from a frame of reference be- 
longing to the Lorentz manifold with the metric y in 
special-relativistic form, to some coordinate system 
belonging to the Lorentz manifold with y’ in special- 
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relativistic form.’* This coordinate transformation, of 
course, causes a corresponding transformation of the 
tensor components g,, into g,’,. On the other hand, it 
leaves the new components 7’,’, of the new tensor 7’ 
equal to the old components y,, of the old tensor y. 
From this point of view, where one is not much inter- 


.ested in “geometric objects” and more in components 


with respect to chosen coordinate systems, one therefore 
says that the y,, matrix is left invariant, and that the 
gauge transformation essentially consists of a non- 
Lorentz coordinate transformation within the coor- 
dinate gauge group admitted by De Donder’s coordinate 
condition, together with the corresponding tensor 
transformation of g,,. This non-Lorentz coordinate 
gauge transformation, from the old Lorentz manifold 
to the new one, is for a given gauge transformation 
determined but for arbitrary Lorentz transformations 
which may precede or follow the coordinate gauge 
transformation. 

We have been very explicit on this point in order to 
prevent a confusion of the tensor transformation of g,, 
with corresponding coordinate transformation within 
the coordinate gauge group, on the one hand, with the 
gauge transformation of the geometric object the flat- 
space metric y on the other hand. The latter was 
defined in such a way that the combined effect, of the 
coordinate and tensor transformation stressed in the 
second point of view, and the gauge transformation of 
the geometric object y stressed in the first point of 
view, is just to keep y'uy = Yyv- 


3. ASYMPTOTIC BEHAVIOR OF THE GRAVITATIONAL 
FIELD, AND THE RESTRICTED 
GAUGE MANIFOLD 


There is one point which still needs clarification, and 
this concerns the asymptotic behavior of the metric 
tensor gy». In proofs of the conservation of (matter plus 
gravitational) energy, it usually is assumed that asymp- 
totically (= for increasing spacelike distances) the 
curvature of space tends to zero, and then it is postu- 
lated that the coordinate system asymptotically shall 
become a Lorentz system with special-relativistic value 
(3) for the gravitational metric g,,.!4 The total energy 
and momentum then become components of a “free”’ 
fourvector with respect to Lorentz transformations of 
that Lorentz frame. The purpose of postulating a 
Lorentz frame in the outer regions is for avoiding the 
existence, in those regions, of gravitational energy or 
momentum with respect to the frame of reference used, 
as the existence of such energy or momentum in the 


18 As the Lorentz manifold is determined entirely and merely 
by the geometric object y, and not by the potential fourvector A, 
a similar restriction to a Lorentz manifold imposed in electromag- 
netic theory does not necessitate a modification of this Lorentz 
manifold after an electromagnetic gauge transformation, and 
therefore electromagnetic gauge transformations even from our 
second point of view need not be accompanied by a coordinate 
transformation. 

14 See, for instance, C. Mgller, The Theory of Relativity (Claren- 
don Press, Oxford, 1952), pp. 339-340. 
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outer region would upset the proof of the conservation 
of total energy and momentum. _ 

As we selected, for our original definition of y,, by 
(3), a frame of reference in which the laws of nature 
supposedly took their simplest form, we may then 
assume that the components of g,, just in that frame 
of reference asymptotically will take the values (3) 
wanted for the validity of the conservation laws for 
total energy and momentum. That is, in this particular 
frame of reference, g,, and y,, asymptotically become 
equal. As they both are tensors, this means that the 
geometric objects the tensors g and y asymptotically 
become identical. 

This desirability of keeping the metric g,, at spacelike 
infinity in the special-relativistic form (3) imposes an 
additional constraint on the allowable coordinate trans- 
formations, in addition to the postulate that the trans- 
formation shall belong to the coordinate gauge group 
leaving (11) invariant. The more restricted group of 
transformations, which throughout space leaves (11) 
invariant, but which asymptotically become Lorentz 
transformations leaving the values of the components 
of the metrics y,, and g,, invariant, in the region at 
spacelike infinity where these two metrics become iden- 
tical, we shall call the “restricted coordinate gauge 
group.” The allowable coordinate systems obtainable 
by this group of transformations make up the “restricted 
gauge manifold.” 

Now, if in a new (primed) coordinate system obtained 
by such a restricted coordinate gauge transformation 
we replace the geometric object y (components y,’,) 
by a new geometric object y’ (components y’,’,”) in 
such a way that y’y» = Yu is given by (3), then it is 
true that the tensors 7’ and y differ at finite distances. 
Asymptotically, however, the primed coordinate system 
differs from the unprimed one by a Lorentz transforma- 
tion only, so that asymptotically the y,’,, components 
of the original tensor y were still equal to the old 
special-relativistic values y,,, and therefore the change 
to the new 7’, was no change at all, or, asymptotically, 
7’ = y. In other words, on account of this restriction 
imposed on the coordinate gauge group, all gauge trans- 
formations of the geometric object vy will leave this 
object unaltered at spacelike infinity, and not only y 
but automatically also y’ will asymptotically be equal 
to the tensor g. Thus, gauge transformations of the 
gravitational field are restricted to those which vanish 
at spacelike infinity. If our second point of view is taken, 
this manifests itself in the fact that the components of 
the tensor g,,», after as well as before the tensor trans- 
formation accompanying the restricted coordinate gauge 
transformation, asymptotically keep the special-rela- 
tivistic values without change. 


4. POINT PARTICLES AT REST 


Although general relativity suggests complete equiva- 
lence of all coordinate systems, the importance of using 
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the supplementary condition (1) in attempts to keep 
the quantum theory of Einstein’s gravitational field 
reasonably simple suggests that the category of frames 
of reference in which the condition (1) is satisfied is 
singled out by the simplicity of form of certain laws of 
nature in such coordinate systems.'® We have seen that 
this category of more or less fundamental or “absolute” 
frames of reference constitutes what we have called the 
gauge manifold, and that there were also reasons to 
restrict it further to what we have called the restricted 
gauge manifold, in which a special-relativistic flat-space 
metric given by (3) was determined by the asymptotic 
behavior of the gravitational metric g,,. Further we 
found it expedient to restrict our choice of coordinate 
system even more, to one out of an infinite number of 
Lorentz manifolds, which are submanifolds of the 
restricted gauge manifold, and which can be obtained 
from each other by restricted coordinate gauge trans- 
formations, with a simultaneous gauge transformation 
of the geometric object the flat-space metric , which 
determines each Lorentz manifold by its special- 
relativistic form (3). The main advantage of confining 
oneself to one of such Lorentz manifolds is that it 
enables one to use the choice (3) of the y tensor 
throughout space. 

From a general-relativistic point of view, there is no 
such a thing as a “particle at rest.” From a special- 
relativistic point of view, a particle can be called “at 
rest,” at least with respect to a properly chosen Lorentz 
frame, if, and only if it is not accelerated with respect 
to any Lorentz frame. 

The above considerations suggest an intermediate 
point of view. In gravitational theory, we shall call a 
particle “at rest” (with respect to a properly chosen 
frame of reference, of course) if within the restricted 
gauge manifold there is a Lorentz submanifold with 


18. N. Rosen, Phys. Rev. 57, 150 and 154 (1940), suggests that 
the - metric could perhaps be used in measuring the velocity of 
light. Such a use of yy, is not clear to me, and seems rather doubt- 
ful, as Rosen himself assumes the gy, to govern physical motion 
of objects, and therefore also of clocks and measuring rods. As 
measurement means a comparison of an object and a measuring 
rod, and a measuring rod compared to itself always has a length 1, 
a measuring rod a fortiori keeps its length in physical parallel dis- 
placement, and so does ds = (gyydx"dx”)}, but not do = (ypdx"day)}. 
(See small letter on page 152 of Rosen’s paper.) I cannot under- 
stand Rosen’s alternative “point of view” that the length of the 
rod could change, unless he means by “length” something dif- 
ferent from the result of a measurement by a rod of physical 
reality.—For a more accurate description of the relation Setween 
uv and the results of physical measurements [see Eqs. (62)-(64) 
on page 238 of reference 14], and for an explanation of the neces- 
sity of identifying the metric gy» governing in this way the results 
of measurements, with the metric g,, governing [by Eq. (85) on 
page 244 of reference 14] the geodesic describing the paths of 
planets and light rays, the reader is urged to read chapter VIII 
of reference 14 in full. The basic hypothesis underlying these 
reasonings there is italicized on page 223.—The mere fact that 
the conditions (1) [or (11)] and gy,— yy, (for r— ©), used for 
selecting the frame of reference in which y,, takes the special- 
relativistic form (3), allow for gauge transformations, is a strong 
indication that the yy» cannot have as much physical meaning as 
the metric determining the results of physical measurements. 
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respect to which the particle is not accelerated. It is 
then possible to think of the particle as fixed in the 
origin of some frame of reference, of which the flat- 
space metric has the special-relativistic value (3), while 
the gravitational metric in this frame of reference satis- 
fies the supplementary condition (1). 


5. FLAT-SPACE POLAR COORDINATE SYSTEMS 


From some frame of reference with coordinates 
T, x, y, 2, in which the y,, components are still taking 
the special-relativistic values (3), we transform to 
polar coordinates T, 7, 0, y by 


(12) 


In the following, let us denote by 2°, x', x*, x* these 
polar coordinates: 


®=T(=d), e=7, 2 =6, ®=¢. (13) 


*=rsindcosy, y=rsin#sing, z= r cos. 


One easily finds 
Yes = r? sin’6; (14) 
(15) 


ha 
han 


(18) 


78 =i 1, gf las 1, i: aoa -, 


vy" = 1/y., (no sum!); 


O1Y22 = 2r, 01733 = 2r sin’6, 


02733 = 27? sind cos6; 


— Tye = Ter =Te2n=7, 
— Tiss = [3,13 = 13,31 = 7 sin’, 
— T233 = T'3.03 = T's, 32 = 7° sind cos6; 


I'3, = — rsin’d, 

I;3 = — sin@ cos, 
Py = My = M3 = My = 7, 
T,, T.5 = coté. 


Ty9 =—f, 


(Components not listed vanish.) 

By the above transformation (12) to polar coor- 
dinates, we have introduced a curvilinear coordinate 
system not belonging to the gauge manifold. Therefore, 
in this frame of reference we must use the supple- 
mentary condition in Papapetrou’s general-covariant 
form (10). With the above values of the flat-space 
Christoffel symbols I,,, the four conditions (10) 
become 


(19-0) 
(19-1) 
(19-2) 
(19-3) 


0= 9”, = 3,9”, 
0= 9, = 3,9" — r(g” + g* sin’), 
0 = g%, = 0,9 + 271g” — g* sind cosd, 
0= 9%, = 8.9% + 2rig! + 29% cots. 
6. STATIC CENTRAL FIELD SATISFYING THE 


SUPPLEMENTARY CONDITION AROUND A 
SOURCE AT REST AT THE ORIGIN 


We start by using the Lorentz frame, belonging to 
the restricted gauge manifold, in which the source of a 
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gravitational field is at rest “at the origin.” We then 
transform by (12) to polar coordinates. We ask for the 
spherically symmetric static gravitational field g,, 
surrounding the source at O. 

For reasons of symmetry the expression for the 
square of the line element ds or time element dr in 
this field will be given by 


ds? = g,,dx"dx” = 
udr® +- v?(dé? + sin*6d¢*) — wdT? = — dr’, (20) 
where u, v, and w are functions of r only. From (20), 

(13), and (2) we obtain 
han 


Inserting this in the Eqs. (19), we find that Eqs. 
(19-0), (19-2), and (19-3) are satisfied automatically, 
while the condition (19-1) takes the form 


(— g)! = uw sind; 9g” = — uw sind, 
g" = ut*w sind, g” = uw sind, 
g* = uw/(sind)—. 


d(u“vw)/dr = 2ruw. (22) 


This condition is not satisfied by the Schwarzschild 
solution 


ds? = — dr? = (1 — 2m/p)-"'dp? 


+ p?(d# + sin*@dy*) — (1 — 2m/p)dT*, (23) 


if we would interpret p here as the coordinate r occurring 
in (12) and (22), and then would find p(p — 2m) for 
(u“'v’w) and 1 for (ww) in Eq. (22). Therefore, the 
coordinate system for which the Schwarzschild solution 
is valid is not the coordinate system obtained by con- 
ventional transformation to polar coordinates from 
the Lorentz frame in which the source of the field is 
at rest, and in which the supplementary condition takes 
the simple form (1). 


7. NEW SOLUTION FOR THE STATIC FIELD AROUND 
A PARTICLE AT REST 


We want to find the static spherically symmetric 
field g,, corresponding to the line element given by (20), 
and satisfying the supplementary condition (10), that 
is, (22). This field, around a possible singularity in the 
center, must satisfy the gravitational equations for 
empty space, that is, 


a 
0= Ry = 30,0, In(— g) a 2 
pv 


a mie . 4] | at g). (24) 


From (20) with (13) and from (7)-(8) we find, if 
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primes indicate differentiations with respect to r: 


go=—w, gi= wv, g2= 0, gs3= 0 sin®; (25) 
, 


0 0 w’ 1 ww’ 1 u 
PA fas PO as lool 7a be 
1 ve’ 1 ve’ sin’@ 
le ae Se - 
{" 
2 
e 7 


Lal 


Thence, the Eqs. (24) take the form 


— sin@ cos6, 


aces 


= cot. 





2 
fs 
3 
\ 





ue ww’ u'w’ vw’ 
oP: ey AE oe eee eee ee, Been, 
w w uw vw 


(27-0) 


a” ” 


w u'w' u'v! 
ies, ew a om 


? 
uv v 


0= Ru = (27-1) 


(27-2) 


As shown in Appendix A, these equations are solved by 
u2 = v'y/(v — 2m), w? = K?(v — 2m)/v. (28a-b) 


Here, v may still be an arbitrary function of 1; 
v’ = dv/dr; m and K are undetermined constants. 
We now insert (28) in our condition (22). This yields 


d[v(v — 2m)/v'] = 2rdv. (29) 


As shown in appendix B, the general solution of this 
equation is 


v—™m v— 2m 
r= ot + in ) +C2(v— m). (30) 


2m v 





If we assume that measuring rods measure ds,!* then 
radial distances from the position v = 2m are given, 
according to (20) with (28a), by 


R= f udr = f tr — 2m) }idv 


= [o(v — 2m) ]}* + mIn[vt + (v — 2m)*] 


— mln{v? — (v — 2m)*]. (31) 
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We postulated that g,,— Yu» for r— ©, so, asymp- 
totically, we should find v—?°, thence r—v. Ex. 
panding (30) for large r in powers of (m/v), we obtain 


r—Cil— 3(m/v)? + ---]+C2(v—m), (32) 
so that the best we can do is putting . 
C,= 1. (33) 


While the term with C, is unimportant for r— , 
it becomes predominant near the singularity at » = 2m, 
where u*, by (28a), would go through infinite and invert 
sign, so that R would become imaginary for r < 2m. 
If p is the “effective” radius of a circle around the 
origin, defined as (27)-' X the circumference of such 
a circle, then, by (20), 


(34) 


Apparently, among the real circles around the origin, 
the one with smallest circumference is the one for 
which v = 2m, for which 


R=0, p= 2m, 


p=2. 


(35) 


If we want to keep r = finite for this zero circle, we see 
from (30) that we must choose 


C, = 0. (36) 


Since for large values of r we want to find goo — Yo0, 
we should have w*— 1; therefore, by (28b), 


K—1, (37) 
Combining (28), (30), (33), (36), (37), and (20), 


we find 
he 


(39) 


(“zero circle” around O). 


v=r+m, 
u = v/(v — 2m) = (r + m)/(r — m), 
w = (v— 2m)/v = (r — m)/(r +m); 


r—m r+m 
(G2}r- (22) 
r+m r—m 
— (r+ m)?(d@ + sin?@d¢°). 


8. “SWISS-CHEESE” MODEL OF SPACE 


dr? = 


Now, imagine a picture of our space on the 7 scale, 
that is, at T = 0, drawing points P; and P» a distance 
Jv"? do apart, although their actual distance is fry”? ds. 
(See footnote 15.) On the y scale, our space looks flat 
and is an ordinary Euclidean xyz-space, with polar 
coordinates r@y. (This flatness is, of course, due to the 
distortion introduced by not drawing on the g-scale 
with metric g,».) Now, we have seen that, in our actual 
space, points with v < 2m (so by (38) with r < m) 
should be excluded as they would lie at imaginary 
distance from the zero circle. In our flat picture of 
space, this means that there is a spherical hole in space, 
or a cylindrical hole in four-dimensional space-time 
(“Swiss-cheese” model of space). On the y¥ scale, this 
hole has a radius m and a circumference 2rm. Actually 
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(on the g-scale), it has a radius R = 0, but a circum- 
ference 2rv = 44m = 4rGM,/c?. [Compare Eq. (49) 
of Sec. 10.] For instance, for a neutron, this circum- 
ference would measure 1.55 X 10-* cm. Because the 
circumference consists of many points, it is not com- 
pletely correct to call the source of our static field a 
point singularity, and it is better to call it a singularity 
at the origin, than to call it a singularity im the origin. 

Papapetrou® has found that, on the y scale, the 
gravitational equation on account of (1) may be written 
in the form 


Cla = (16xG/c)E, 


CL] = +"0,0,, 


while the symmetric total energy density {“” includes 
the spin as well as orbital energy density, of the gravi- 
tational field as well as of matter. Gupta has stressed 
the importance of this fact in the quantum theory of 
gravitation.’~* The result (40)-(41) indeed suggests use 
of the y scale in defining the rules of quantization of 
the field. This, however, seems to imply that in mo- 
mentum representation of fields we should expand 
fields in terms of “plane waves” exp(ik,«"), where the 
coordinates x“(= f do) form a fourvector with respect 
to the Lorentz group determined by the tensor y,,. We 
now have found that this Lorentz space has holes 
where matter is located. Consequently, there is a 
natural cut-off radius for the fields around such a hole, 
which will help to suppress high-momentum states in 
the expansions of such fields. To what extent this will 
provide a means of eliminating the divergencies en- 
countered in the quantum theory of fields is a matter 
which deserves careful investigation. 


(40) 
where 
(41) 


9. RELATION OF OUR SOLUTION TO 
SCHWARZSCHILD’S SOLUTION 


If, instead of the polar coordinate 
r=(?+y+ 2)! 


introduced in the transformation (12), we introduce 
the effective radius p of Eq. (34) as our radial parameter, 
then (38) gives 


p=v=r+m, dr= dp, (42a-b) 
“v= p/(p =o 2m) = (1 oars 2m/p), 


w= 1— 2m/p. - 


Inserting this in (20), we obtain the Schwarzschild solu- 
tion (23). On account of (42b), the transformation 
(42a) has not changed at all the values of g,, (of u, 2, 
and w) in transforming from our to Schwarzschild’s 
coordinates. Schwarzschild’s radial coordinate (the 
effective radius p) is simply larger by the constant m 
than our polar coordinate r obtained by (12) starting 
from our Lorentz frame of reference. 

By (42), the supplementary condition (22) takes the 


799 


form 
d(u-v’w)/dp = 2(p — m)uw, 


which evidently is satisfied by (42)-(43). 


(44) 


10. MOTION OF A PLANET IN OUR STATIC 
CENTRAL FIELD 


The variable p is not only the effective radius used 
in calculating the circumference of a circle around the 
origin. To its importance adds its usefulness in the 
discussion of the motion of a “planet” around this 
origin. This motion is described in the well-known way 
by the geodesic determined by 


xt /dr? + | é (dx*/dr)(dx#/dr) =0. (45) 


The reader will remember'® that one integral of 
motion is given by the angular momentum of this 
planet, 


L = Mcp'dg/dr, (46) 


where M = mass of planet, and where we have assumed 
that the plane of the motion is given by 6 = 7/2. 
Another integral of motion is the energy, which is given 
by 

E = — Me goodx°/dr = Mce?(1 — 2m/p)(dT/dr). (47) 


Notice that here we have to use p, and not r or R. Also, 
Binet’s method for obtaining the orbit of the planet 
can be used if one introduces p~ (not 7!) as a new 
variable. In first approximation one thus finds Kepler’s 
elliptic orbits corresponding to a Newtonian central 
field of force with potential energy 


aad GMM./p, (48) 


where the “mass of the sun” M, is related to our con- 
stant m by 
m = GM,/c. 


In second approximation one obtains 


p= A(1 — ecosTy), 


(49) 


(50) 


where A = a'(1 — e)"', if a = half the major axis 
and e= eccentricity of the approximately elliptic 
orbit, of which the advance of the perihelion per period 
is approximately given by Einstein’s 


n = 2n(1—T) ~ 6rGM [Lack(i — &)}. 


11. DISCUSSION 


We have found that the coordinate p appearing in 
the Schwarzschild line element (23) remains a most 
convenient radial parameter in discussing such prob- 
lems as planetary motion, and that by the simple 
relation (42) it is related to the polar coordinate r 
obtained by (12) from the “flat” Lorentz frame xyzT 


(51) 


16 See, for instance, P. G. Bergmann, Introduction to the Theory 
of Relativity (Prentice-Hall, Inc., New York, 1947), pp. 212-217. 
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in which the source singularity of the field is at rest. 
By “flat” we mean, of course, “‘y flat,” that is, the 
vanishing of the curvature which would follow from a 
metric 7,». Judged after the identification of the plane- 
tary motion (45) of particles in the g,,-field with 
geodesics, as well as from the results of physical 
measurements made in the g,,-field (see footnote 15), 
spacetime notwithstanding the flat metric y,, has the 
curved aspect described by the gravitational metric 
tensor g,». In this regard, the flat “picture” of space 
may be called distorted. However, this does not take 
away the usefulness of this flat picture in visualizing 
space, as a help in calculations, and as a basis for a 
simple quantum theory of fields. In particular, we have 
noted that in the presence of electrically neutral!’ 
point particles (or, rather, “bubble particles”) there 
may be “holes” in this flat picture of space, that is, 
there may be real values of the orthogonal coordinates 
xyz in our “Lorentz frame,” to which no “real” points 
correspond. (The “reality” of a point is here judged 
after the reality of its g,,-measured spacelike distance 
from other points.) 

In discussing the effect of a gravitational field g,, on 
the motion of a planetary particle, we have not con- 
sidered the effect of this particle itself on the gravita- 
tional field; that is, we have omitted gravitational self- 
interaction. This may seem particulary serious as the 
gravitational fields from various matter sources are not 
really additive, due to the nonlinearity of Einstein’s 
gravitational equations. Gupta circumvents the latter 
difficulty by considering the nonlinearity in the field 
equations as the attion of the gravitational energy 
(including spin energy) as another source of the gravi- 
tational field g”’ satisfying Papapetrou’s otherwise 
linear wave equation (40). This makes it possible in 
principle to solve in successive approximations for the 
gravitational field from given matter sources.?~* 


APPENDIX A 
Adding Eqs. (27-0) and (27-1), and multiplying by 
(— v/20’), we find 
d{In(uw/v')|/dr = 0; thence, uw = Kv’, (A.1) 
where K is some constant. Multiplying Eq. (27-2) by 


v/v’ we find 
d[In(woo’/u) \/dr = u?/vv’. (A.2) 


Multiplying this by wvv’/u, and using (A.1) in the 
right member, we obtain 


d /wrv’ wo'\d /wvr' dy 
_ —) = —)- in — } = wu= K-, 
dr\ u u /dr u dr 
17 Fields surrounding interacting particles may prevent the 
occurrence of holes in our flat picture of space. 


BELINFANTE 
thence, 
wor'/u = K(v — 2m), (A.3) 


where m is some other constant. Again using Eq. (A.1), 


we find from (A.3) 
u?(v — 2m) = K—uwvvr’ = wv’, (A.4) 


This yields Eq. (28a). Squaring (A.1) and using (A.4) 
we obtain 


uw? = Ky’? = K*42(v — 2m)/o, 


which gives Eq. (28b). 
Finally, Eq. (27-0), multiplied by (— w/w’), yields 


d[In(u-'v’w") dr = 0, or w' « u/v (A6) 


This equation does not impose any restriction on ». In 
fact, the derivative of the square root of Eq. (28b) 
yields already 


: ot k _ =) —{ v 
Ww = |] = 
dr v wv \v— 2m 


(A.5) 





). (A.7) 


or, by Eq. (28a), 
w’ = mKu/?, 


so that (A.6) is automatically fulfilled as a consequence 
of (28a-b). 


(A.8) 


APPENDIX B 
Introduce new variables x and y by 
v=m(x+1), r= xy, (B.1) 
and take x as the independent variable, so that 
d(x + 1) dr\— d(x + 1) dy}? 
a Nag ge ee 
dr dx dx dx 


(B.2) 


This changes Eq. (29) into 

d[ (x? — 1)(y + xdy/dx)] = 2xydz, 
or, if we put dy/dx = p, 

(4x° — 2)p + x(x? — 1)dp/dx = 0. 


(B.3) 


(B.4) 
Integration yields 
p = Cx? (x? — 1) = dy/dx; 


ee | x—1 
y= Cf--+= Inf )|+ev. 
Soe x+i1 


By (B.1) this gives Eq. (30). 


(B.5) 


thence, 


(B.6) 
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A simple method for developing and reducing relativistic equations for particles of higher spin is briefly 
described. Some results obtained for systems with spin 34 and h are stated. 





ELATIVISTIC wave equations describing parti- 
cles with spin greater than one (in units of 7) 
have been considered by Dirac,! Pauli and Fierz,? 
Wigner and Bargmann,’ Rarita and Schwinger,‘ and 
Bhabha and Lubanski.’ Recently Bhabha® has consid- 
ered an equation for a particle having two mass states, 
one with spin $ the other with spin 3. Most of these 
discussions have relied heavily upon group-theoretic 
mehtods as applied to the Lorentz group. It is the main 
purpose of this note to describe a simple procedure for 
the generation of relativistic equations which makes use 
only of the properties of the sixteen Dirac operators 74; ag 
and the associated properties of the four-element Dirac 
spinor @qa. The general method will be given and some 
of the results obtained listed. Details will be presented 
in a paper in preparation. 
Without any loss in generality we can assume the 
equation to be of the following form: 


[B,dy +s }¥=0, (1) 


where 8, and @ are operators which are to be determined. 
To illustrate the procedure we shall consider particles 
of spin 3. The generalization to higher spins will be 
obvious. The wave function then must transform like 
the product of three Dirac spinors dadsoy, i.e., like a 
wave function describing a system of three spin } 


particles, so that 
V=WVasy (2) 


is a wave function with 64 components. The space 
reflection operator 4 and the infinitesimal rotation 
operator S,, may then be very easily expressed in 
terms of the Dirac operators 4 and o,, 


m= yay 4 &, (3) 
Sur=3 Lope Foy? + oy, J. (4) 
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educational leave of absence from the Massachusetts Institute of 
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1P. A. M. Dirac, Proc. Roy. Soc. (London) A155, 447 (1936). 

°M. Fierz, Helv. Phys. Acta. 12, 3 (1939); M. Fierz and W. 
Pauli, Proc. Roy. Soc. ete on A173, 211 (1939); W. Pauli and 
M. Fierz, Helv. Phys. Acta. 12, 297 (1939). 

*V, Bargmann and E. P. Wigner, Proc. Natl. Acad. Sci. U. S. 
34, 211 (1948). 

‘W. Rarita and J. Schwinger, Phys. Rev. 60, 61 (1941). 

5 J. K. Lubanski, Physica 9, 310 (1942); Kramers, Belinfante, 
and Lubanski, Physica 8, 597 (1941); H. J. Bhabha, Revs. Modern 
Phys. 17, 200 (1945); 21, 451 (1949). 
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Here 
144? 4 OW = V4; er! 4; 88°'Y 4; 17'V 0B! 
and 
Ty OV =C py; aa Opp Oyy'V apy’, 


where summation over repeated superscripts is under- 
stood and égg- is just the Kronecker delta. The condi- 
tions on 8, and 6 may be stated. The operators 8, 
must transform under a rotation like a four-vector 
while 8 must transform as a scalar. In addition, the 
three-vector 6, must anticommute with 7,4 while 6, and 
8 must commute. The operators 8, and 6 are Hermitian, 
and 6“ is not necessarily nonsingular. It may then be 
shown that the adjoint wave function Wt is 


Wt=V*m, (S) 


where ¥* is the complex conjugate of Y. The current 
density 7, is ; 
Ju=VB Y= VB. (6) 


It has been known for some time that the conditions 
on 8, are met by 


Bu= Vw + +74; B=1. (7) 


It was this solution which is essentially used by Bhabha’ 
and Lubanski® and later discussed by Hepner.* How- 
ever, it is clear that this is not the only possible form. 
For example, we may multiply y,“ in (7) by any 
invariant in indices (2) and (3) so that 


Bu= Vu yn. (8) 
is a possible form. Simularly, any invariant is possible 


for B so that 
B=? yy, (9) 


is a possible form for 8. Another example of 8, not 
based on (7) is 
Bu=Cur™y,™. 


It is clear from the completeness of the Dirac operators 
that in this way we may represent all possible 8, and 8. 

In contrast to the typical results obtained by the 
authors referred to above, these equations contain a 
mixture of dynamically independent systems, and 
before we can employ the equations generated by the 
above procedure we must separate these systems. The 

7H. J. Bhabha, Revs. Modern Phys. 17, 200 (1945); 21, 451 


(1949), 
8 W, A. Hepner, Phys. Rev. 84, 744 (1951). 
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procedure employed here is a generalization of a method 
given by Klein? and Schwinger. It is based on the 
remark that Casbads, where C is the charge conjugation 
operator, transforms like a scalar. Hence CagVagy 
transform like a Dirac spinor y,. The 64 components 
of Y may then be broken up into the following types, 
where we suppress the spinor index on the right hand 
side of the equation: 


CapVasy=¥, 
(¥u7C) «pV a8y=Wu, 
(¥57C) «pV aby=X; 
(YT 75"C) «pV aby =Xuy 
(Gur"C) a6V aby=Wur, 


spinor 

vector spinor 
pseudospinor 
pseudovector spinor 


tensor spinor. 


The coupled system of equations in terms of these 
dependent variables as described by Eq. (1) may be 
obtained by multiplying that equation by (ya7C)as 
and then commuting through 6, and 6. Some of these 
equations will not be coupled. Further determination 
of independent systems is found by determining in 
addition the equations satisfied by y,W,, O,W,, etc. 

We shall now give some specific results obtained for 
the spin 3 system without any details. We find that 
the most general equation involving y, only is 


uO Wr tOQW AM ep rruVrO Wr - 
= Ry, (OwW,) +Rd, (vu) +Sy, (yun), (10) 


where €,,,, is the Levi-Civita tensor, and Q, M, R, S 
are constants. Note that not all possible combinations 
of 8, and @ are needed to obtain this form. The Pauli- 
Fierz equation is obtained in the Rarita-Schwinger 


9 A. Klein, Phys. Rev. 82, 639 (1951). 


form by choosing the constants so that 
YiWu=0, IW,=0, (11) 


is a consequence of Eq. (10). When these are inserted 
therein, we obtain the Rarita-Schwinger form 


(YuOutk’)y, =0, (12) 


to which of course must be added conditions (11). 
Bhabha’s® mixed mass and spin equation of 20 

components may be obtained by considering 8, and 8 

which couple y and y,. A sufficiently general form is 


E (Yu utk’ yp =Ay Wit Bow,, 


(Yu ute Wrt+Mys€rruVrOur= AYW+BOwW (13) 
+Cy, (OW) +Ca, (Y¥uWu) +Dy, (yy): 


By suitably choosing the coefficients these equations 
may be made to automatically imply y,0,(y,»,)=0 
and +,0,(0,,)=0, permitting the remaining 12 compo- 
nents to describe a particle having a spin $ and a spin 
3 with different mass for each spin state. 

A similar discussion has been made for spin 1. Here, 
of course, we obtain only mixtures of the vector meson 
and pseudoscalar meson equation or pseudovector 
meson and scalar meson equation. It may be of some 
utility however that forms for 8, and 8 may be obtained 
for which nonvanishing amplitudes can exist for only 
one of these, e.g., the vector meson. It is also of some 
interest that a 8, and 8 may be obtained which yield 
the Maxwell equations, where of course x is no longer 
related to the mass but just a constant relating the 
electromagnetic field and the vector potential. 

A more detailed discussion of these matters will be 
given in a paper in preparation. The author is indebted 
to Julian Schwinger and Saul T. Epstein for many 
helpful suggestions. 
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It is shown that in field theory the structure of the scattering matrix for a certain variety of processes, 
such as those between a meson and a nucleon, a photon and a charged particle, etc., can be analyzed making 
use of relativistic invariance and microscopic causality. General formulas have been obtained which enable 
one to express scattering matrices for real as well as virtual processes explicitly by means of a parametric 
representation. The ideas are closely related to those which have been used by several authors in the analysis 


of the Green’s functions for interacting fields. 





* I, INTRODUCTION 


RMAL aspects of scattering matrices, apart from 

the dynamical characteristics of the individual 
cases, have been studied extensively. Generally speaking, 
a scattering process may be described either by means 
of the S matrix of Heisenberg, or by means of the R 
matrix of Wigner, and each has its own advantages as 
well as disadvantages. In nonrelativistic quantum 
theory of nuclei, the latter has proved of great use, 
while in quantum field theory the former has mainly 
been exploited so far. It remains to be seen whether an 
R matrix formalism can be developed successfully in 
the relativistic case.! 

The structure of these matrices is restricted a@ priori 
by various formal requirements which reflect the 
structure of the underlying theory. In field theory, 
relativistic invariance and invariances under other 
transformation groups must be imposed. This has been 
widely utilized in analyzing the S matrix. Another 
remarkable and important requirement is causality, 
which also seems to be a fundamental property of our 
physical world. Recently, Gell-Mann, Goldberger, and 
Thirring? have applied it to the scattering of y rays by 
charged particles in field theory with interesting con- 
sequences of practical use. 

Like relativistic invariance, causality in the present 
field theory may be called microscopic causality, in the 
sense that two simultaneous measurements at different 
points (on a space like surface) should not interfere 
with each other, however close they may be. This 
enables one to draw some conclusions on the analytic 
behavior of the scattering matrix as a function of energy, 
which expresses itself by a relation between absorptive 
and dispersive parts of the matrix elements of different 
energies, a relation obtained by Kramers and Heisen- 
berg’ a long time ago. 

The purpose of the present paper is to exploit both 


*Supported by a grant from the U. S. Atomic Energy Com- 
mission. 

t On leave from Osaka City University, Osaka, Japan. 

‘The only attempt so far along this line seems to be that of 
Schwinger: J. Schwinger, Phys. Rev. 74, 1439 (1948). 

* Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). Earlier literature on causality is cited in this paper. 

5H. A. Kramers and W. Heisenberg, Z. Physik. 31, 681 (1925); 
also R. Kronig, Physica 12, 543 (1926). 


relativity and causality more thoroughly than has been 
done so far, and try to get more detailed information 
on the nature of some scattering matrices in field theory, 
such as that between a nucleon and a meson. This is 
made possible by virtue of a convenient formula which 
expresses the scattering matrix as a product of two 
operators in the Heisenberg representation at different 
space-time points. Relativistic invariance and the 
causality condition, which demands commutativity of 
the two operators outside of each other’s light cone, 
then enable one to write down the general form of the 
matrix element as a parametric integral representation 
involving certain unknown functions. 

This phase of considerations is closely related to that 
concerning the so-called Ar’ or Sr’ functions which, 
originally introduced by Dyson* and Schwinger,® and 
studied along an interesting line by Kiallén and 
Lehman,® are fundamental in the current quantum 
field theory. In fact, the present results may be in- 
structive not only as a theory of the scattering matrix, 
which has direct bearing on observation, but also for 
throwing some additional light on the fundamental 
character of quantum field theory. 

Although we shall not attempt here any application 
of the results to particular problems, a brief discussion 
of their physical significance will be made in the last 
section. 


II. DERIVATION OF THE SCATTERING MATRIX 


Formal but exact expressions for certain types of the 
scattering matrices, such as that for the scattering of a 
gamma ray by a particle, have been obtained recently 
by several authors.® Indeed this can be done in various 
different ways, either by using perturbation theory 
explicitly or without it, but leading essentially to the 
same result. Since our purpose is to study the structure 


4F. J. Dyson, Phys. Rev. 75, 1736 (1949); J. Schwinger, Proc. 
Nat. Acad. Sci. U. S. 37, 452 and 455 (1951). 

5G. Kiallén, Helv. Phys. Acta 25, 417 (1952), Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 27, No. 12 (1953); H. 
Lehman, Nuovo cimento 11, 342 (1954). See also M. Gell-Mann 
and F. E. Low, Phys. Rev. 95, 1300 (1954). 

6 F. Low, Phys. Rev. 97, 1392 (1955); M. L. Goldberger, Phys. 
Rev. 97, 508 (1955). For the particular case of the low-energy 
limit, see also N. Kroll and M. Ruderman, Phys. Rev. 93, 233 
on Deser, Thirring, and Goldberger, Phys. Rev. 94, 711 

1954). 
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of such scattering matrices, it may be appropriate to ' 


show the derivation of the starting formulas more or 
less in our own way. 

As an example, let us consider the scattering of a 
pseudo-scalar meson by a nucleon. We assume that the 
latter can be described by the Dirac spinor field which 
may interact with any other fields in addition to the 
meson field under consideration. In order that the 
theory yield meaningful results in the current field 
theoretical sense, however, it is further necessary that 
the fields and interactions be of the renormalized type. 
Understanding this, we shall assume that the meson- 
nucleon interaction is given by the interaction Hamil- 
tonian: 


3 
Ain= —2 gIWYsTaW Ya, (1) 


where y and y are the nucleon field operators, gq the 
meson field operator, and the 7 are the conventional 
isotopic spin matrices. 

In order to pay particular attention to this inter- 
action, let us take an interaction representation in 
which the entire Hamiltonian has been eliminated 
except for the above part, Eq. (1). Then we construct 
the S-matrix which describes the meson-nucleon inter- 
ation only: 


Sa5(2,—2)=3(-#" @ (dz) & (de) 


 < (dan) Hint (a1) + + + Hint (%n) 


=P exp —i J 
where (dx)=dxdydzdt and h=c=1. P stands for the 
time-ordered product of the operators. The matrix 
elements for the meson-nucleon scattering can be ob- 
tained from the expression 

limF aa(x,x’) = lim (W;,P(S, ga(x), p(x’) Va). (3 


to+o 


tl! —@ 

W, and YW; are the initial and final states of the nucleon 
(without the meson interaction) which we assume to be 
realized at = —% and i=+, respectively. Taking the 
limits indicated in (3), we get the initial and final states 
of the combined system of a free meson and a nucleon, 
since g(x) operating directly on WY creates one meson 
states. 

The expression (3), being of the typical time-ordered 
form, may be converted into the so-called normal form: 
we divide g(x) into creation (negative frequency) 
part g(x) and annihilation (positive frequency) part 
¢*(x), displace them all the way to the left and right 
of S, respectively, and avail ourselves of the relations 
gt Y,=V,;¢~-=0.’ Knowing the structure of S, this can 
be carried out without difficulty, and one arrives at the 


Hina(+) ax) (2) 


7A convenient formula for this procedure is given in T. 
Kinoshita and Y. Nambu, Phys. Rev. 94, 598 (1954), Appendix. 


YOICHIRO NAMBU 


following result : 


Fag") =bapAe (2—2)+ f f Ar(x—5)Ar(a’—y’) 


OH int 
«(2n0(5- 


ya (y)’ 


ss i—)*.) (dy) (dy!) 


=uade(s—2’)+ ff dr(e—y)Are—y/) 


xX, PS, —gystav(y), 
— gbrsrah(y’) Va) (dy) (dy’). (4) 


Ar is the Feynman propagation function for the meson. 
In the limit t>-++-0, t+—, the Ar’s describe the 
propagation of real meson waves in the wave zone. 
Omitting the first term corresponding to the direct 
propagation without interaction, the scattering matrix 
for a meson of four-momentum &,, isotopic spin 8 to 
that of four-momentum /,, isotopic spin a is obtained as 


Mas(l,k)= f f eite!¢- ile (dz) (dx!) Mapx,2"), 
Manx) =(&y, PCS, ehrerab(2), gUrsrab(x!))¥e), (5) 


apart from some trivial factors. 

We can convert Mas(x,x’) into a form which looks 
more useful for our purposes. The ordered operator 
appearing in Eq. (5) is in the mixed representation, one 
side being referred to ‘= — ©, and the other to¢=+ 0. 
A Heisenberg representation (referred to = — ©) will 
be obtained by writing 


Map(x,2")=(S7'Vy, S7P(S, greta (2), 
gvysrab(x’))Wo). (6) 


Since WV; is a stationary state of the nucleon, however, 
S“W,;=W, apart from a phase factor which may be 
neglected.* On the other hand, it is easily seen that 


S>P(S, shysta (x), ghys7ay(x’)) 
S(— 2, ©)S(c,2)gbrsra(x)S(z,2") 
Xghrstab(x’),S(x’, 20), 12 
— 2, 0)S(20, 2")ebyerab(x’)S (xx) 
Xghrsrab(x)S(x, — 0), 
S(— 0, a)gbrsra(a)S(x, — ©)S(—@, x’) 
Xgbrsrab(x’), S(a’,—2), 120 
~ | S(— ©, x )gbrerap(x")S(a’, — ©)S(—@, 2) 
Xgvrsray(x)S(x,—0), &<i' 
= P(gtbystat(x), gbystst(x’)), 


8 Actually the phase factor is to be removed by renormalization 
as stated below. 


t<t’ 
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with 
tystath(x)=S(— 0, x)Pysray(x)S(x%,-—0), etc. (7) 


The boldface operators are in the Heisenberg repre- 
sentation which coincides with the interaction repre- 
sentation at t=— 0. The last condition, however, is 
irrelevant, and we can write in general: 


Mas(x,x’) = (@;, Plgtrystaty(x), gyysta(x’))Ba), (8) 


with the ’s being the rigorous Heisenberg state vectors 
for the nucleon including the meson interaction. 

In the above derivation the problem of renormaliza- 
tion has been omitted. In order to take account of it, 
we would have to start from a renormalized Lagrangian? : 


Lint a eZiiWystay Pat Z bu? Ga Ya 
+Z5mp)+rZ4( Cava). (9) 


The effect is that we can eliminate all the infinities and 
interpret the masses and the coupling constant as the 
observed ones in the actual calculation of Eq. (8) by 
means of perturbation theory. Since, however, we are 
not primarily concerned with such explicit calculations, 
but rather interested in finding out the general structure 
of M, we shall simply use Eq. (8) supposing that the 
renormalization has been carried out. 

The results obtained in this section can be extended 
to other scattering problems such as the scattering of 
| light by charged particles. 


III. STRUCTURE OF THE SCATTERING MATRIX 


According to the last results, the scattering matrix 
(of a meson-nucleon system) can be obtained from the 
quantity M defined by Eqs. (5) and (8). We want to 
study in this section the general properties of expres- 
sions of the form 


M=(qt|Aa(x)Ap(x’)| p,). 


Here | p,s) (or |q,t)) is the eigenstate of a real particle 
(fermion or boson) with the four-momentum ,(or q,), 
spin and other internal coordinates s (or t). Aa(x) isa 
local operator (defined below) at point x with spin and 
other indices a in the Heisenberg representation. 

From the requirements of the quantum field theory 
we know offhand that M should have the following 
properties : 

(1) Under the translation 


(10) 


(11) 


the operators Aa(x), Ag(x’) are transformed according 
to 


A a(x)—A a (y) =exp (iP,a,)A a (x) exp(— iP,d,), (12) 
Ag(x’)—A p(y’) =exp(iP,ay)A a(x’) exp(—iP,a,), 


*See for example, P. T. Matthews, Phil. Mag. 62, 221 (1951); 
J. C. Ward, Phys. Rev. 84, 897 (1951). 


om , ae, 
Xp = Xp dy, Lp =X +4, 
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where P, is the energy-momentum operator of the 
total system. M transforms accordingly as 


M-—M'= (qt | exp(iP,a,)A @ (x)A a(x’) exp(— iP 4,4y) | p,S) 
=exp[—i(p—9),a,]M, (13) 
P,| b,S)=Pul P,S), Pul qs4)=qul q5¢)- 


(2) Under a homogeneous Lorentz transformation R: 
Xy—Vu= >.» Cuv%y Without time reversal, the state 
vectors transform contragrediently to the operators, so 


that 
| p,s)>R| P,8)= Lie Cat GwrPs,t) 
=e|Rp,Rt), 
A q(%)—>RA a(*)R*= Yip €'CapA a (Cur) 
=¢'Ara(Rx), 


since 


(14 


where C,; and Cag are the spinor or tensor transforma- 
tion coefficients corresponding to R; ¢ and é’ are the 
intrinsic parities which take the values +1 or +7 (the 
latter is possible in case of spinor quantities). It follows 
then that M transforms under R as 


M (z)>M"' (z) = (gt|R-RAq(x)Ag(x’)R™-R| ps) 
=+M(Rz)=M(z), (15) 


with z standing for all the arguments appearing in M. 
In other words, if we denote by %,, %:, %2, mg the unit 
spinors or tensors representing the direction of polari- 
zation of the state vectors and operators, M is a scalar 
or pseudo-scalar quantity made up of 9, g, x, x’, u, v, n, 
and m. Especially it must be linear in each of the 
polarization tensors u, v, m, and m in view of Eq. (14). 

(3) Other invariances. If the theory also is invariant 
under other types of transformations such as gauge 
transformation, charge conjugation, or isotopic spin 
transformation, they must be reflected in the nature of 
M in a similar way. It will not be necessary to enter 
into details here. 

(4) Causality. Apart from the invariance under 
various transformation groups, the conventional field 
theory requires another property which may be called 
(microscopic) causality. We use the term here in a 
well-specified sense that two measurements at spatially 
separated points do not interfere; or in other words, a 
disturbance in the space-time does not propagate faster 
than the light velocity. This entails the property that 
two Heisenberg operators at space-like points « and x’ 
commute (or anticommute) each other except possibly 
when x«=x’. We shall call such operators local 
operators. 

10 Rigorously speaking, not all Hermitian operators are physi- 
cally observable. A spinor operator like y(x)-++y*(x) cannot be an 
observable quantity. [E. P. Wigner, Z. Physik 133, 101 (1952); 
Wick, Wightman, and Wigner, Phys. Rev. 88, 101 (1952).] 
However, we may modify the causality statement by saying that 
two spinor operators should anticommute for space-like points. 


In the following we assume that the A’s contain even numbers of 
spinor operators. However, extension to the general case is easy. 





806 


We now define the following four quantities: 
Mi=(q,t| {Ao(x), As(«’)}| p,5), 
M2=(q,t|[Aa(x), Aa(x’) J] P,5), 
M3=e(x—x’)Mp, 


1 t>t’ 
e(x—x’)= 40 =f’ 
= te, 


M,= (gt | P(A a(X), A a(x’)) | p,s) = 3Mi+3M3. 


It is the consequence of causality that (a) M2 and M; 
are zero if (x—x’)?>0; (6) M3; and M, do not depend 
on the choice of the time axis (except possibly for 
x=’, which case needs special consideration). Thus all 
these M’s must share the invariance properties de- 
scribed in 1. In addition, we note that (c) Mi, M3, and 
M, are symmetric, while M2 is antisymmetric, under 
the simultaneous exchange x <x’ and a <8. Moreover, 
if A. and Ag are Hermitian, M,; and M; are Hermitian 
matrix elements, while M> is anti-Hermitian. 

We now go over to the momentum representation of 
the M’s and try to study their nature. For this purpose, 
it must further be assumed that such Fourier trans- 
forms really exist and are meaningful. It is not always 
the case, however, for an arbitrary operator A(x) in 
the present field theory. So we explicitly assume here 
that the M’s are such quantities that, at least after 
renormalization, they are finite and have Fourier 
transforms. . 

The Fourier transforms are as follows: 


M ¥(k,l)5*(k—1+- p—q) 
1 ilzp,ikz’ " / U 
=a f f e-ilzgito! M ,(x,x/)(dx)(dx’). (17) 


The delta function on the left-hand side, expressing 
energy-momentum conservation, is a consequence of 
Eq. (13). We can define, therefore, three independent 
vectors: 


P=3(p+9), Q=3(-g) =20—2), K=3(k+); 
p=P+Q, q=P-Q, k=K-Q, l=K+Q, 


of which only K will be regarded as variable. Further, 
we get 


(2x)*M 1, 2(K)6*(k—1+ p—q) 
=(q,t|Aa(—I)Ap(k)+Ap(k)Aa(—1)|p,s) 
=D (g,t| Aa(—J)|2)(z| Aa(k)| 9,5) 
+(q, t|Aa(k)|z){2| Aa(—I)|p,5)), 
Aa(t)= f e#*Aa(a) (ds), etc., 


(16) 


(18) 


(19 


the summation being over a complete set of orthogonal 
states; and with the aid of the formula 
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P—ds, (P=principal value), 
s 


we have 


1 1 
M(K)=— f PK KOMA(R YAK). (20 


Corresponding to (c), we observe that M1, M3, and M, 
are symmetric, while M2 is antisymmetric against the 
change K>—K, a. 

Our main task is now to see the implications of (a) 
and (b) on the nature of the Fourier transforms. 
Equation (20) already suggests the dependence of M; 
on the time component of K. As a function of Ko, M; 
should go to zero at most as 1/Ko as |Ko|—>= if 


Xexp (ilr+ikr’)dy, 


the integrand of which is the commutator of two opera- 
tors with equal times, is assumed to be finite. Naturally 
M:2(Ko) goes to zero more strongly than 1/Ko. 

On the other hand, we have requirements of rela- 
tivistic invariance for the M’s, whereas Eq. (20) is not 
an invariant expression since there enters a special time 
axis which has nothing to do with the intrinsic nature 
of the system. Thus we are led to expect that the frac- 
tion in Eq. (20), which gives the Ko dependence of M;, 
could effectively be transformed into inverse poly- 
nomials of the scalars K®, (PK), and (QK), and that 
such inverse polynomials could be decomposed into 
partial fractions of real values if considered as functions 
of Ko. 

To see this, it is convenient to construct the quan- 
tities 


f M,(Ko)dKo= 


- , 
: oa Semmes Se 


Ms=M.+M3. (21) 


They have the property that M, (M_) is different from 
zero only in the future (past) light cone: ¢>?’ (¢’>2). 
The corresponding Fourier transform M.4(Ko) can be 
continued analytically into the upper (lower) complex 
plane, and has no singularities there. Let us then take 
the function 


i 
Gua) —exp ig) (14-5, Jame, (22) 
4 


OX, 


where A;(x) is the retarded (advanced) propagation 
function for a field with mass m: 


(D?—m?)A, (x)= —6(x), 


A,(0)=0, 9A,(0)/dt=+6(r), (23) 


Ai(x)=0 for 
t>0, 
and a,, b, are arbitrary vectors. The G’s therefore share 
the same property of being zero except in one of the 
light cones. The Fourier transforms of the G’s are 
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G.(k)=[1+ OOP, 


Fine( k+l (i-+o)-+m)| (24) 
1+ (6,k) 
i (k-a-kin)?+-m? 


with an infinitesimal time-like vector 7 pointing to 
future (no>0). 

Let 9 be a set of functions G(«) which are nonzero 
only in the future (¢>0) or past (¢<0), and such that 
G(ko) =O(1/ko) for |ko|—>2%. Then such functions have 
the following properties: 


(1) If Gi(x) and G2(x) belong to M,, then G3 (x) =aG, (x) 
+6G.(x) also belongs to 91,. 

(2) If Gi(w) and G2(x%) belong to IN,, then G;(x) 
= fGi(x—)Ge(y) (dy) also belongs to IN,, and 
G3(k) =Gi(k)G2(k). 

The same is true for the set SW_. Since the function 

(22) obviously belongs to SW and cannot be factored 

further without impairing the relativistic invariance, 

we may conclude that the set 9174 can be generated by 
elementary functions of the form (22) according to the 
above rules (1) and (2). We further observe that 


1 1 
(bak in)*+-m? (b-to’én)*-+-m 








1 
-f daL{ (k+-a+in)?+m?}« 
+{(k+a’bin)?-+-m"} (1-2) 
) 0 P 
=—f —+ yf dx (k+-axa+ (1—«)a’bin)? 
Om? dam?/ Jo 
+«(1—x)(a—a’)?+xm?+ (1—x)m? J, 
1 1 
ky 
(k-+a+in)?+m? (k+a'+in)?+m” 


(25) 
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--(=+ : ) f “ds (b-+20-+ (1—a)a/ Lin) 


2 00, da,’ 0 
+x(1—x)(a—a’)?+«m?+ (1—x)m? >> 


1/ 9 a P 
4(Srg5) feet om 
2\ dm? dm?/ Jo 


XC(k+xa+ (1—x)a’+in)? 
+«(1—«)(a—a’)*+a4m?+ (1—x)m? >, 
which enables one to reduce a product of two G’s into 


a linear combination of single G’s. Thus an arbitrary 
function belonging to Ss. may always be expressed as 





p\ (m?,a,)dm? (da) 


G(k)= 
= Penner 





k 
+ f ~~», (mt,0,)dm* (da), 
(k+-a-in)?+m? 
provided that we formally understand by the p’s func- 
tions of the variables m and a, with sufficiently general 
character, including perhaps derivatives of delta 
functions. 

The integrand of Eq. (25) is not exactly of the form 
Eq. (22) since the corresponding mass term «(1—x) 
X (a—a’)?-+am?+ (1—«)m” is not necessarily positive 
definite. If it is negative, the corresponding G(x) will 
be superficially nonzero also outside of the light cone. 
In the physical consideration below, however, it is 
natural to assume that such a contribution does not 
arise actually. This situation is related to the fact that 
the representation (26) is not unique, a point which will 
be discussed later. 

In order to apply the above results to the case under 
consideration, let us for the moment assume that there 
are no spin or tensor variables involved. We have then 
three vectors K, P, and Q available, on which the M’s 
should depend. Thus the vectors a, and p, must be 
linear combinations of P and Q. It is then easy to write 
down formulas for the M’s explicitly: 


(26) 


medadB. (27) 





p1(m?,a,8)+p2(m’,a,8) (K,P) +ps(m’,a,8) (K,Q) 
M.(K)= d 
+(f) J J J (K-+aP+80-+in)?-+m? 


The p’s are taken to be equal for both M, and M_, since otherwise it leads to inconsistencies as we shall see. 
From Eq. (27) it follows that 


M.(K)=" f f f e(K-+aP+80)8((K-+aP-+80)?+m)[or+p2(K,P)-+ps(K,0) ldm*dadg, 


M(K)=" ff [5(K-+aP+80)+m Niort ps(K,P)+09(K,Q)Mmtdads, 


1 
_ # 1 2 ’ 3 ’ ‘ q ) 
M,(K)=P f f f Tab cagyepasllt tPa(KeP)+0u(K,0)Himtdads 








1 
ie nil Coi+po(K,P)-+p3(K,0) ]dm*dads. 
M,(K)=—i f f f (K+aP+60)?+m— Pha +p2(K,P)+p3(K,Q) ]dm’dadgp 
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In the last formula, ¢ represents a small positive con- 
stant. 

In Eq. (28), Mz and M; are the immediate conse- 
quences of Eq. (27). Before proving the formulas for 
M;, and M,, let us first note restrictions on the p’s." 

(1) In the first place, the symmetry properties (c) 
require that 


pi(m?,a.,8) = pi(m’, —~a, —B)=pi*(m*, a, ~~), 
p2(m*,a,8) zs —p2(m*, —~a, —B) = po*(m’, a, —8), (29) 
p3(m?,a,8) = —ps(m?, —a, —8)= —ps*(m’, a, —B). 

(2) According to Eq. (19), M; and M2 are zero for a 
given value of K unless a real process is possible in the 
intermediate state z, the energy-momentum of which is 
either p+k=P+K or p—/=P—K with positive time 
components, and each factor 6((K++-aP+6Q)?+m?’) in 
M; of Eq. (28) should correspond to some such process. 
Since, on the other hand, the particle considered is 
assumed to be stable, the mass of the intermediate state 
cannot be less than that of the initial state u. We have 
thus two relations: 


(K+aP+80Q)?+m?=0, 


30 
(P£K)+u2<0, PrtKo>0, ee 


which must be compatible with each other. From Eq. 
(30) we get 

w— m+ P?— (aP+BQ)?+2(K, (1Fa)PFBQ) <0, 
or 


w—m’?+[ (1a) PAO P 
+2(K+oaP+80, (1Fa)P#BQ)<0. (31) 


Equation (31) is satisfied for any possible K only if 
(1Fa)P+60=0, or if K, K+aP+80, and (1) PQ 
are all time-like vectors with 


+-sgnK o= +sgn(K+aP+Q) =sgn[ (1Fa) PQ], 
and j 
m+{—[(1Fa)PF6O FP} 2p. (32) 
Considering Eq. (29) and the properties of P and Q: 


—P=4+0?>p?, 
we conclude that 


lo] +18] (Q2/w?+0*)!<1. (33) 


LX 


1 As was mentioned above, the p’s may contain derivatives of 
the delta function up to infinite order. But in order that the 
Fourier transform M2 in Eq. (28) have no extraordinary behavior, 
arbitrarily high derivatives clearly should not occur. We assume 
here that this is actually the case. 


Fic. 1. The lowest (second-) order 
Feynman diagams for the scattering 
process between a ¢ meson (full line) 
and a x meson (wavy line). 


We see from this also that the second (first) term of 
Eq. (19) does not contribute if (K-++aP+Q)p is positive 
(negative), and so M;=Mz2 (—M2) accordingly. This 
proves the formulas for M; and M, in Eq. (28). If we 
took in Eq. (27) different p’s for Ms, we would get for 
M, an additional term similar to M;. The above argu- 


ments rule this out. 
(3) If we take a K such that (K,Q0)=?—#?=0, then 


(K-+aP+60)?-+-m?= K?+2a(K,P)+02P?+6°0?-+m’, 


so that p; and pe are functions of 6”. When this equation 
is combined with Eq. (29), we then see that 


Pi (m?,a,8) ’ 


For the particular case Q=p~—q=0, which corre- 
sponds to the forward ‘scattering of real or virtual 
mesons, M, must be positive definite: 


(2m)*M16*(Q) = Del (p| A (—2) |2){2| A () | D) 
+(p|A(’)|2)(2|A(—2)|p)] (35) 
=D] (| A ()|2)|?+1(6| 4 (—&)|2) [7] 20. 
This should hold for an arbitrary K=k, so that 


p2(m?,a,8) are real. (34) 


f f f [eitype |6((1—a?)m?+-x-+-2ay)dm*dadB > 0 (36) 


for Q2=0 and any « and y. J 

The formulas Eq. (28) have been obtained on the 
assumption that there are no spin or tensor variables 
involved. In case there are such variables, we must con- 
struct the p’s with the correct transformation properties. 
For example, in the case of Sec. 2, 


A ~ givystey, 


so that Mag is a scalar, but we have four vectors K, P, 
Q, and y, available; of course it must also depend on 
the r spin. Thus we have 


Mie= ff [0((K-+aP-+90)-+m*\dntdads 


X {SasLe1t+ (K,P)p2+ (K,Q)os+(K,7)p4] 


+ TapLpst (K,P)ps+ (K,Q)or+ (K,y)ps]}, etc., 


: (37) 
Tap = —(TatTp— TBT a). 
24 


Scalars like (P,y) and (Q,7) have been eliminated by 
means of the equation of motion for the free nucleon. 

A little care is needed, for example, in the case of the 
current operator for a scalar particle: 


J,= —ieL ¢*(0,—ieAy) p— (0, +-1¢A,y) o* ¢], 


where A, is the electromagnetic field. In this case the 
commutators of the J,’s at the same point do depend on 
the coordinate system, so that the previous invariance 





a a a a ae ae ee a a ae ae aa ae 
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arguments cannot be applied directly, although the 
gauge invariance enables one to overcome the dif- 
ficulty. We will not go into details here. 

In concluding this section, it seems appropriate to 
point out that the representation Eq. (26) is not a 
unique one. We first observe that the quantities 


K=1/((k+a)?+6], K,=k,K 
satisfy the relations 


OK, 
ay 
0b 0b 20a, 
1 OK, 


(38) 


0K. 
“[P+eK 0. 


2 da, 
From this follows that if the p’s are defined as 
1 OA, 
p= way += “Oya y~~-—, 
2 0a, 
oO’ 10 Ory 
alt ee 


ay a r ’ 
Om? 20a, 9b 





Pu= 


where \ and A, are functions of a, and 4, and if 
A 0 (41) 


uniformly on the boundary of the domain of a, and 4, 
then Eq. (26) is identically zero after partial integra- 
tion. In other words, the p’s are indeterminate to within 
arbitrary additive functions (40) with the condition 
(41). Thus the restrictions found before for the p’s 
should not be interpreted as necessary consequences of 
the representation (26), but rather as a specification to 
a certain extent of the “gauge” by means of physical 
considerations. The precise meaning of such a “gauge” 
transformation is not clear. It may also be suggested 
that this freedom could be used to eliminate one of the 
p’s explicitly, but it is not clear whether we can in gen- 


eral satisfy the boundary condition (41). It should fur- _ 


ther be noted that Eq. (39) implies 


0 al 
GK=$K,=0, GE —+45—, 


» Oa,” 


so that each of the p’s by itself is not unique either. 
On the other hand, the degree of freedom of a scat- 
tering matrix can be checked easily. A scattering matrix, 
which is a complex quantity, depends in the spinless 
case on three parameters: total energy, relative mo- 
mentum, and scattered angle if we let the mass of the 
scattered particle be arbitrary; if we let both the in- 
cident and outgoing particles be separately arbitrary, 
we need four parameters. In the first case we have 
(K,Q)=0, so that M, in Eq. (28) contains two real 
functions pi, p2 of three parameters m?, a, and 8; this 
is reasonable. In the latter case, we have a greater degree 
of freedom, and it is natural that a new function p; 
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should appear. Since, however, we have been treating 
M asa function of K only, and not of P or Q, such argu- 
ments as these cannot be complete. 


IV. CORRESPONDENCE TO PERTURBATION THEORY 


It is not difficult to verify the preceding formulas with 
the perturbation theory, at least in the lowest few orders. 
To avoid unnecessary complications, let us take a 
neutral scalar field y of mass yw interacting with another 
neutral scalar field x with mass x according to the 
interaction 

—8ex. 


The quantity to be calculated is 
Mu=(q| P(ge’,ge") |b), 


which describes, according to Sec. 2, the scattering of 
a x meson by a y meson. The lowest order perturbation, 
of order g’, corresponding to the two Feynman dia- 
— in Fig. 1, gives immediately 


M.=e[ Ar (p+k)+ Ar (p— —l)] 


Ain= (42) 





i! 1 
= ~ie( + ), 
(P+K)*+w—ie (P—K)?+p?—ie 
(43) 
so that 


pr = g°6(m?— w?)6(1—|a|)8(8),  p2 =ps°=0. 


In the fourth-order approximation, there are eight 
corrections to each of the second-order diagrams, which 
are classified into five kinds in Fig. 2. 

(a) Represents the self-energy correction to the 
initial or final meson line, which amounts only to the 
renormalization of the amplitude. 

(b) Is the self-energy correction to the intermediate 
meson-line. This can be obtained by replacing the 
Ar-functions in Eq. (43) by the modified ones Ar’. As 
has been shown by several authors,> Ar’ has the 
structure 


Ap!) (P4£K)=—i J 
ut (P4K)?+m'?—ie 


A) 


r (m°)dm’, 





which is also clear from our present argument. Thus, for 
this part, 


pu =f(m#)6(1—|al)8(6), pm =pu=0, 


gate 


Fic. 2. Typical fourth-order corrections to one of the lowest order 
diagrams. 


(44) 
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where f{(m?) may be calculated in the g-approximation. 
(c) Is the self-energy correction to the incident 
x-meson line. This can azain be obtained by multi- 
plying Eq. (43) by 
cc) e+ 
(R+x?)A’ (k) = ee p..(m?)dm?. 


1 1 1 1 
+K)+2 +m? (PEK)+u2 (K—0)+-m? 





1 

fie “(el (PEK) +i J+ (1—»)[(K—-Q)?+m?]}? 
1 

fe {(K+«P— (1—x)Q P+2°y?+ (1—~) m2}? 

1 











Ma 
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The correction to the outgoing x line is obtained by 
replacing Q by —Q. Hence 


0 
prc =| (atu — m+ ((1+ [6l) a — 
Om 


-(241e!- ++ La |f-c7 et, 160 


dla 4|8| 
m?— a*y? 


f.=6(1—|a|— ae | ae ? 





(45) 


(4) — 


= p3-) = 0, 


Pr 
which satisfies the inequalities (32) and (33). 
The corrections (d) and (e), although more com- 
plicated, can be calculated in a similar way. We give 
below only the results. 








(4) =; 
(21)* J | ((p—1)?+u*)(p—t+k)? 
¥ 


(4) =} 


tH \(P+e)(p+kP +n] 


+similar terms| (dt), 








1 
* "(2n)! fl ((p—t)?+w)L(p—t+k)? +e IL (q—8)?+2? (P+) 
5'(m?— fa(a,x,y)) 


+similar terms| (dt), 





pur= (= ~) a(1—|al~ a ff ani 


(1—|a|)« 
424 114 (1— Jal) 
(1—x)(1- y) 


pura (= -) 01- lal - anf — 


fala,x,y) = 2(1—|a et 


( 


> 


fe (a,x,¥) gz 


z 


p2 =p3 =0, 


-=5 


p2 and p3 have been found to be zero in the present 
example. This is due to the special choice of the inter- 
action, and may not be a general rule. Indeed, if the ¢ 
and x fields interact with another spinor field y through 
a Hamiltonian 


fibbveot foldx, 


there will be a contribution to the scattering from 
diagrams represented in Figs. 3, and p2 and p; will not 
be zero since the nucleon propagation functions contain 
momenta also in the numerator. 

The effect of the renormalization has not been dis- 
cussed so far. If we do not carry out renormalization, 
what happens is that the p’s get multiplied by the 
renormalization constants Z-introduced in Eq. (9), and 


imine 


{2((1—|o])?— #7] +[1—2|a| +2(1— a 


xdy, 


(1—x)(1—y) 


1—x 
——+ 
1—y y(i—z) 


ye 


—xX 


fe(a,x,y)), 


|) ?+s|a|x°}, 


1 .2>0 
O(x)= 
0 «=0. 





also in general a (divergent) constant term must be 
added to M; and M, of Eq. (28), which makes our 
causality considerations invalid. In the present ex- 
ample, this occurs in the case of the diagrams in Fig. 3. 


V. DISCUSSION 


The present results are of interest for two reasons. 
First, we see the general structure of certain types of 
the scattering matrix in an explicit form. Second, it is 
an extension of the work developed by Kallém, Lehman, 
and others’ who studied the structure of quantities 


(P(Aa(x),Aa(x’)))o, (47) 


where the matrix element is taken with respect to the 
vacuum rather than one particle states. 
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As a theory of the scattering matrix, we can compare 
the results with the dispersion relation of Kramers and 
Heisenberg* between the real and imaginary com- 
ponents of a scattering matrix: 


“ - Ten ')) 


Re[M (w)— uonl=—P f (48) 


/ 
T ow’ 2 


@“—@ 
where M(w) is the forward scattering matrix of a real 
particle as a function of the energy w. If we put, corre- 
spondingly, in Eq. (28): 

Q=k—/=0, K*=k?=—.’=const, (49) 
and regard it as a function of (P,K) = —yw (in the rest 


system of the scatterer), then it is easy to see that each 


integrand, 
1 


o? P?+ mm? — K+ 2apw— ie 


ae 


ama | 
o? P?+- m?— x’— Zapw— ie 





ad a) pw 


e | 
T ’ 
oe P?+ m?—xK?—2apw—te a? P?+-m?—x?+ 2apw—ie 





satisfies Eq. (48) separately. 

Our formula thus gives more information about the 
scattering matrix in that it is not restricted to the 
forward scattering of a real particle, and is in an 
explicit form. On the other hand, it must be admitted 
that this has been achieved at the cost of stronger 
assumptions on the properties of M. For one thing, the 
nature of the functions p is actually not clear. The same 
seems to be true in the case of Eq. (47), although the 
derivation there looks simpler and more convincing. 

It may be stressed, on the other hand, that only 
causality and the transformation properties of the 
system have been utilized in deriving the results. As 
long as these conditions are satisfied, the formulas 
should apply to any system. 

As a formula for the scattering matrix, its use may 
perhaps lie in that it gives some insight into the relation 
between real and virtual processes. One may also be 
able to determine the scattering matrix or the p’s by a 
method other than the perturbation method. 
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Fic. 3. Scattering of two mesons through an intermediate 
spinor field indicated by broken lines. 
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The implication in field theory is, among other things, 
that renormalization is necessary not only to secure 
convergence, but also to satisfy causality. For the 
imaginary part of the radiative corrections to a process, 
which simply corresponds to the occurrence of a new 
reaction, is finite at least in the lowest order, while the 
real part is divergent and indefinite. Since causal'ty 
implies a definite relation between the real and imagi- 
nary parts, we would get inconsistencies without renor- 
malization. It also suggests that the infinities could also 
be disposed of by the causality requirements, which 
really seems to be the meaning of Lehman’s procedure 
of calculating renormalized quantities. 

One of the limitations of our results is that the scat- 
tering matrix is considered as a function of one variable 
vector K only, so that the p’s still depend on P and Q 
in an unknown way. But now that the general method 
of approach has been found, it does not seem too dif- 
ficult to get the complete information about the scat- 
tering matrix insofar as it can be obtained without 
actually solving the equations of motion. Also this 
would enable one to discuss a wider variety of matrix 
elements involving products of more than two Heisen- 
berg operators. 
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Three notions are introduced as a help in discussing the notion of particle in relativistic quantum field 
theory: particle interpretation, simple particle interpretation, and relevant simple particle interpretation. 
The problem of finding all solutions of the Heisenberg-Dirac commutation rules and Jordan-Wigner anti- 
commutation rules for annihilation and creation operators is posed and its solution indicated on the basis 
of work by G&rding and Wightman. Observables of particle position, momentum, and spin are introduced 
in accordance with the work of previous authors and the corresponding particle densities are expressed in 
terms of fields. The results disagree with those of previous authors. The relativistic transformation proper- 
ties of fields are deduced from the corresponding properties for states in the case of no interaction. The use 
of “Schrédinger-type” relativity transformations makes this discussion completely elementary and makes 
possible a treatment of time inversion no more complicated than for other relativity transformations. The 
Schrédinger-type charge conjugation transformation is also discussed. 





INTRODUCTION 


HE use of configuration space in quantum field 
theory has been discussed by various authors. 

In his fundamental paper on the nonrelativistic theory,! 
Fock showed the equivalence of the second quantized 
nonrelativistic theory of spin-zero fields with the 
Schrédinger theory of spin-zero particles. The first 
complete configuration space treatment of a relativistic 
spinor field was given by Furry and Oppenheimer.” 
Although the treatment of these last authors is clear in 
its essentials, it was somewhat obscured by the diffi- 
culties of subtracting infinities in hole theory which 
were very troublesome at that time. The present 
authors began a reinvestigation of the relativistic case 
some time ago, in the hope that it might yield methods 
for handling bound state problems within the frame- 
work of the renormalization program. Eventually, some 
of this work appeared in a thesis by one of us.* Mean- 
while, considerable progress has been made in treating 
bound states by other methods." Furthermore, nu- 
merous and various articles have appeared giving 
explicit configuration-space representations of several 
field theories." Finally, important applications of 


1V. Fock, Z. Physik 75, 622 (1932). 

2W. Furry and J. R. Oppenheimer, Phys. Rev. 45, 245 and 
343 (1934). See also, however, L. Landau and R. Peierls, Z. Physik 
62, 188 (1930). 

3S. Schweber, thesis, Princeton, 1952 (unpublished). 

4E. Salpeter and H. A. Bethe, Phys. Rev. 82, 309(A) (1951); 
84, 1232 (1951). 

5M. Jean, Compt. rend. 233, 602 (1951). 

6 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

7 J. Schwinger, Proc. Natl. Acad. Sci. U.S.37,452 and 455 (1951). 

8 E. Salpeter, Phys. Rev. 87, 328 (1952). 

*R. Ferrell, thesis, Princeton, 1951 (unpublished). 

10 R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 

1G. Brown, Proc. Roy. Soc. (London) 215, 371 (1952). 

2F. J. Belinfante, Phys. Rev. 75, 1633(A) (1949); and Phys. 
Rev. (to be published). 

3 T. Sato, Science Repts. Tohoku Univ. 34, 75 (1950). 

4M. Jean, Compt. rend. 232, 1183, 1290, and 2405 (1951); 
Ann. phys. 8, 338 (1953). 

15 J. Leite Lopes, Anais. acad. brasil cienc. 23, 39 (1951). 

16 J. Valatin, J. phys. radium 12, 607 (1951). 


configuration-space methods have been made.'7-™ The 
greater part of our unpublished formal results are con- 
tained in one or another of the papers listed. For this 
reason, we devote our attention in this and a following 
paper mainly to questions of physical interpretation 
and mathematical uniqueness, limiting our discussion 
of the formal apparatus to brief recapitulations neces- 
sary for continuity together with remarks supple- 
mentary to the existing papers. That the existing state 
of affairs invites a discussion of the physical inter- 
pretation is obvious from the fact that the physical 
interpretation of the Bethe-Salpeter amplitude, the 
most important recent formal tool, is still far from 
complete.” 

Let us recall the physical interpretation of con- 
figuration space given by Furry and Oppenheimer. They 
constructed amplitudes giving the probability that 
there be m negatons and  positons and that these 
particles be found with given spins in any regions of 
3m- and 3n-dimensional configuration space. Neverthe- 
less, they said: “An unambiguous determination of the 
presence of a posit(on) in a system demands that under 
the circumstances of the experiment one should be able 
to abstract entirely from the creation and destruction 
of pairs.” Since in any case in which electromagnetic 
interaction is involved pair creation is a possibility it 
was necessary for them to regard the number of positons 
as an observable only in a very weak and approximate 


17R. K. Osborne, Phys. Rev. 86, 340 (1952). 

18]. Tamm, J. Phys. (U.S.S.R.) 9, 449 (1945). 

19S. Dancoff, Phys. Rev. 78, 382 (1950). 

2” M. Lévy, Phys. Rev. 88, 72 and 725 (1952). 

21 An approximate relation between the mt iy ampli- 


tude and the ‘“‘Tamm-Dancoff amplitude” was found by M. Lévy, 
Phys. Rev. 88, 72 (1952). This is further discussed in F. J. Dyson, 
Phys. Rev. 91, 1543 (1953)—see footnote 31 below. While our 
paper was in preparation we found the work of M. Naniki and 
Y. Suzuki, Progr. Theoret. Phys. (Japan) 9, 223 (1953). Their 
definition of the manifold of single-particle states for an electron 
is the same as our definition of the manifold of states of one Bethe- 
Salpeter y quantum. However, our discussion of localizability is, 
as far as it goes, in disagreement with theirs. 
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sense. Furthermore, because they used positive energy 
wave functions to describe the possible states of one 
negaton, the coordinate, x, was no longer an observable 
within the manifold of states of a single particle. This 
led them to the opinion that there were essential limita- 
tions on the observability of position for negatons and 
positons. Clearly, in this interpretation, the number of 
particles and their positions are very far from being 
observables in the strict sense of the nonrelativistic 
theory of measurement. 

In the intervening years, many papers have been 
written on the position operators of the Dirac elec- 
tron.”-*7 It is now known that there is a position 
operator, q, which acts within the manifold of positive 
energy solutions. It has the desirable properties: 


C9i,9x ]=0, [9i,PeJ= +1852, jk= i, 2, 3, 


where q is a three-vector. In fact, q is uniquely deter- 
mined by the properties of the Dirac electron under 
Lorentz transformations.” It is now quite clear that 
if there is any position observable in the usual sense 
for the Dirac electron, the operator must be q. Using q 
instead of x, one can then construct position observables 
for m negatons and  positons which, formally at least 
escape the objections of Furry and Oppenheimer. 
Analogous results hold for the spin observables. 

One may ask whether these reformulated negaton and 
positon operators form a complete commuting set of 
observables in the strict sense. This question can only 
be answered in the negative by a proof that the per- 
turbations afforded by nature are insufficient to produce 
a measurement of the operators. Such a proof would 
probably require a far greater knowledge of the con- 
sequences of the formalism than exists at present. Here, 
we shall adopt the customary convention of calling an 
operator an observable when it is self-adjoint and will 
make no attempt to show how such formal observables 
can actually be measured. Of course, such questions 
must be answered by a complete theory, but their 
investigation is scarcely feasible until the formal foun- 
dations of the theory are established. 

The amplitudes discussed by Furry and Oppenheimer 
form only one among many possible sets of configuration 
space amplitudes. A unifying physical idea which 
connects all of them is the notion of a particle inter- 
pretation. A particle interpretation of a quantum 
mechanical system is a complete description of the 
system in terms of particle observables. We defer until 
another occasion a full discussion of the reasonable 
requirements to be laid on such particle observables. 
For the present discussion we demand merely the 


2 A, Papapetrou, Acad. Athens 14, 540 (1939). 

%R. Becker, Gott. Nach., p. 39 (1945). 

4M. H. L. Pryce, Proc. Roy. Soc. (London) A195, 62 (1948). 
a Mgller, Comm. Dublin Inst. for Adv. Studies A, No. 5 
49 


(1949). 
tsa} D. Newton and E. Wigner, Revs. Modern Phys. 21, 400 
=J L. Foldy and S. A. Wouthuysen, Phys. Rev. 78, 29 (1950). 
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existence of operators E(™™-:°)(S) and F™™-:)(T) 
giving the probability of finding at any time m particles 
of the first kind, of the second kind, etc., with proper- 
ties succinctly indicated by S or T. S stands for any 
region of (3m+3n+---)-dimensional position con- 
figuration space together with a certain distribution of 
components of particle spins. T stands for a region of 
(3m+3n-+ ---)-dimensional momentum configuration 
space together with an arrangement of components of 
particle spins. 

There is no insurance in the above requirements that 
the particles of a particle interpretation have definite 
mass. Such a particle interpretation we call simple. A 
more precise formulation is the following. In a simple 
particle interpretation: (a) The no-particle state has 
definite mass, zero; (6) the one-particle states have 
definite mass and the appropriate spin; (c) in a state 
with more than one particle the energy shall reduce to 
the sum of the free particle energies [ (m?+p”)?] when 
the particles are far from one another. For example, in 
the case of electrodynamics a simple particle inter- 
pretation would call states of a single physical photon 
or electron, one-particle states, while the vacuum would 
be the no-particle state. A simple particle interpretation 
is particularly suitable for scattering problems since it 
enables one to label initial and final states by the 
numbers and properties of the actual stable particles 
observed in the laboratory. From this point of view, a 
particle with a finite lifetime is not a particle at all but 
only a resonance state in the scattering of its con- 
stituents. It scarcely needs emphasis that the aforemen- 
tioned is not the only possible definition of what one 
should mean by a particle interpretation. 

All the usual representations of field theory, Heisen- 
berg, interaction, and Schrédinger, can be used to 
construct particle interpretations, whose particles will 
be referred to from here on as field quanta. It is an 
elementary fact and furthermore will be made at least 
plausible below that none of these field quanta yields a 
simple particle interpretation. Thus, a single electron 
alone in the world is not a y-field quantum of charge e 
and spin 3. It is rather such a field quantum plus a 
cloud of y quanta and pairs of y quanta, the whole 
system having a zero mass spread. It follows from this 
that initial and final states of scattering problems are 
not correctly specified by the momenta of definite 
numbers of field quanta. 

The statements of the preceding paragraph ought to 
be well known to every student of quantum field theory. 
In fact, the classical Bloch-Nordsieck method”* is just 
an approximate passage from Heisenberg field quanta 
to a simple particle interpretation in a special problem. 
Similar remarks apply to the methods of successive ca- 
nonical transformation of Tomonaga” and Schwinger.” 

28 F, Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937). 

2S. Tomonaga, Progr. Theoret. Phys. (Japan) 1, 27 (1946); Z. 
Koba et al., Progr. Theoret. Phys. (Japan) 2, 101, 198 (1947). 


% J. Schwinger, Phys. Rev. 74, 1439 (1948); 75, 651 (1949); 
76, 790 (1949). 
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We reiterate these statements because many discussions 
of the renormalization of the S matrix, perhaps tend to 
obscure this situation using, as they do, a description 
based on the bare particles which result from adia- 
batically turning off the interaction. 

There is one unsatisfactory feature about this notion 
of a particle interpretation. It does not apply to par- 
ticles of mass zero and spin greater than or equal to one, 
because for those cases and only those cases there is no 
position operator q.?° However, there is still a momen- 
tum configuration space. 

Once the notion of a particle interpretation is familiar, 
the idea naturally arises of connecting it with the Bethe- 
Salpeter amplitudes. This leads to a particle inter- 
pretation which is related to the new Tamm-Dancoff 
method of Dyson.*! It gives a physical interpretation to 
the Bethe-Salpeter amplitude for space-like separated 
arguments, and will be discussed in the sequel to this 
paper. 

There is a third even more restricted class of particle 
interpretations which arise in connection with present- 
day field theory. There, one is given a formal set of 
operator field equations which one hopes someday to 
be able to solve but which at the moment can only be 
attacked by various perturbation methods. Nowhere 
is a definition of a simple particle interpretation given. 
Nevertheless, such phrases as ‘‘a state of two actual 
electrons and no photons” are freely used. These 
phrases do have content however because prescriptions 
exist for calculating S matrix elements between such 
states directly from the field quantities. It is a strongly 
restrictive requirement on a particle interpretation of a 
relativistic quantum field theory, that the scattering 
amplitudes calculated from the particle interpretation 
agree with those calculated directly from the fields. 
Such particle interpretations we shall call relevant. We 
shall see that irrelevant simple particle interpretations 
of a field theory are easy to construct while relevant 
simple particle interpretations are much more difficult. 

The paper is divided into three parts. The first lists 
the configuration space representation determined by 
interaction representation (or, in part, Heisenberg 
representation) quanta. The uniqueness of this repre- 
sentation is then studied starting from the annihilation 
and creation operators. The resulting theorems 1 and 2 
put a solid foundation under methods which have been 
used heuristically in field theory for some time. Because 
of the basic character of the theorems, the proofs are 
elaborated in some mathematical detail. 

The second part is devoted to the particle observ- 
ables of interaction representation quanta and their ex- 
pression in terms of field variables. The particle density 
in ordinary 3-space for which various expressions have 
been given in the literature is here deduced directly 
from the particle interpretation. The densities at 
distinct points commute, unlike the densities given by 
previous authors. 


31 F, J. Dyson, Phys. Rev. 90, 994 (1953); 91, 1543 (1953). 
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In the third part the relativistic transformation 
properties of amplitudes and operators are examined. 
We have tried to show how the straightforward use of 
the “Schrédinger type” relativity transformation en- 
ables one to avoid certain kinds of muddling com- 
plications connected with the space-time inversions. 


1. OPERATORS OF THE NUMBER OF PARTICLES; 
THE FUNDAMENTAL UNIQUENESS THEOREM 


The operators giving the number of particles for 
several common field theories are collected in Table I 
together with references to the original papers. In one 
of the representations given they are apparently o de- 
pendent. Actually, by virtue of the differential con- 
servation laws, they are not. For example, 


0 
—Ly Mt (x)y4p (x) ]=0, 
Oxt 


so? 
f do* (xy t(x)y ah (x) 
- : do (x)p(2)y, (1). 


The number operators satisfy characteristic com- 
mutation rules with the corresponding fields, by virtue 
of the commutation or anticommutation rules between 
the fields themselves ; 


[¥V (2),VO]=9 (0), 
[yPt(a), VO] =—yor(a), 
WP@)VO]=0, WP 1@),VO]=0. (2) 


Thus, if , is a proper function of VN“ of proper value, 
\, Wa (x)@, is a proper function of proper value \—1. 
If 6,40 and \+0, Ya‘ (x)&, cannot be zero for all x 
on a, since then 


f do*(x)~Ot(x)y,~ (x) b= NHS, =0. 


Since V+ has only non-negative proper values, there 
must be a wave function, $0, for which y_“+ (x)®o=0, 
x on o. Wave functions of arbitrary positive integer 


® This conclusion holds by virtue of the known dependence of 
y+) (x) on its values at other instants: 


1 

yO(2) == f Se—2"yydo"(x We’), 
tJo2 
1 

yor ()=- f (x! )y"do, (x’)S(x'—2), 
t Jo2 


and the equation which expresses the basic propagation character 
of the Dirac equation 


1 
Me f S(x—2')y"doy (x')S (x’ — x") = S(x— 2"). 


t Jo 
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TABLE I. Operators of number of quanta (interaction representation). Notation: p denotes the four-vector p*={p°,p}. The metric 
tensor iS gyy=— (— 1)°05,,,. The Lorentz-invariant scalar product is pyx"=p-x= p°x°— p-x. A 3-dimensional surface element is denoted 


O(xlx2x3) A(x%x2x3) A (x3x%x!) 0 (x°x!x?) 





da" (x)= | : : ; | aes 

O(uju2u3) O(uyu2U3) A(uiuetts) O(ur1Ut2u3) 
where 4, “2, and “3 parametrize the surface. Momentum space integrals marked {, are over the + hyperboloid p?=m?, p°>0. If A 
isa matrix, A’ is its transpose, A* its Hermitean adjoint and A its complex conjugate. We use the relativistic singular functions A‘) (x), 


§*) (x), and A=AM+4A©, S=SH+5©, where 


+i ap rs) 
A‘) (x)= f ers, s%()=(ar tm )aee) 
2(2r)3 J (m+ p*)t Ox! 


If V is a number operator, then the projection operator onto the states with m of those particles is sin(N—m)x/[(N—m)r]. 











SPIN ZERO®,},¢ 
The field operator (x) satisfies (O-+m?)¢(x)=0. It splits into 6 (x)+¢@ (x), where 
0 to) 
o* (x)= fare | A) (x—x’)—— A) (x— x’) jew 
Ax’ Ax!# 
The charge-conjugate field is ¢°(x)=¢*(x). ¢(x) has the Fourier expansion 


r jae | dp 
o(2)=—-—— | ——_[o (peri #-+.9(— pet] 
2 On) J, (nt 


Neutral case: Here the field is self charge-conjugate, #(x)=¢°(x), and so ¢(—p)=$*(p) and 6 (x)= * (x). The commutation rules 
are [6(x), 6(x)]= (1/i)A(@e—2’). 
1 ag* ag) dp 
Number operator: NO=- feo (x)o (x) —o* (x) o}- f ———-+¢"*(p)o(p). 
i ax" ax" + (m?+p*)t 
Charged case: The commutation rules are [¢(x), ¢(x’)]=0 and [¢(x), 6*(x’)J= (1/7)A(x—x’). 


. 


1 


1 aoh* eo) dp 
Number operators: neon facto] (x)p (x) -—o* (x) | f srw 
m 
+ 


(m?+ p*)} 


Ox" Ox 


1 do 0o* ap 
NO=- f dora] (x)p* (2) -—@O (x)- o}- f —?(—p)p*(—p). 


1 Ox! Oxt (m?+ p?)? 


SPIN ONE-HALF4.¢-8,¢ 
v(x) is a four-component spinor operator satisfying (—iy#d/dx4#+m)y(x)=0, where y*y’+-y’y"=2g”, y° is Hermitean, and y’ 

(j=1, 2, 3) is anti-Hermitean. y1(«)=y*(x)y7°. 

1 

yO(e)=- f do¥(x!)S(x—2" ya (#). 

i 
y*)t(x) is defined as (y*)(x))*y®. The charge-conjugate field is ¥°(x)=Cy1 (x), where C“y"C= —y"7, C*C=1, C?=—C. y(x) has the 
Fourier expansion 

1 dp : 
v(z)= J —_Ly (perv = +y(—p)eir*]. 
(2m)! J. (m?+p?)! 


Neutral case: Here ¥°(x)=y(x) and therefore y* (x)= Cy T(x) and y(p)=Cyt(— p). The anticommutation rules are [y(x), ¥(x’) 1, 
=—(1/i)S(x—2')C and [y(x), ¥1(x’)],.= (1/4) S(x—2’). 


. Bp y*(pw(p) 
Number operator: N= | do* (xO (x)yww (x)= , 
+ (m?+ p*)t (m?+ p*)! 
Charged case: The anticommutation rules are [y (x), ¥(«’)],=0 and [y(x), yi (x) 1, = (1/i)S(x—2’). 
Gp y*(py(d) 
m?+-p?)t (m?-+-p?)t 
f dp v¥(—pwy*(—-?) 
+ (m?+p?)t (m+ p?)! 








Number operators: win fdcreowerrtervines f- 
+ 





NO= J do" (xt (ey he (x) = =+ J do* (x(x) yyTPOH(x). 








* See reference 14. 4 See reference 2. 
>See reference 15. e See reference 13. 
° See reference 3. 


proper value can be built up from &) by applying rules would be violated. Thus, if VN“ has any proper 
operators Wet(x). None of the wave functions so ob- values at all, it has all the non-negative integers as its 
tained may vanish since otherwise the commutation proper values. That V“ is non-negative follows from 
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the fact that it may be written /d*xy*(x)y (x) 
and is therefore a sum of non-negative operators. A 
similar proof holds in the case of spin-zero particles, if 
one uses the expression for V~ in momentum space.* 

The discussion of the operator NV“ is the same as 
that for V™ if Y“ (x) is replaced by Y“ (x) and VW 
interchanged with N“@. For a neutral spin-one-half 
field the previous discussion remains correct, if Eqs. (2) 
are dropped; one has then VO =N@ =No, The 
spin-zero case is covered, if one replaces y by ¢ in the 
preceding. 

Table I and the preceding discussion apply to opera- 
tors in the interaction representation. They also apply 
with some modifications to the Heisenberg quanta. For 
example, the definition for spin } 


N= f doy x)1(x) yp (x) 


stands in the Heisenberg representation with the addi- 
tional remark that in general V,“ is not independent 
of o since the number of positive particles is not an 
integral of motion. In the spin-zero case, the deriva- 
tives of the field ¢(x) have to be replaced by the 
canonical conjugates. We will not give the details in 
this case but only remark that the commutation rules 
for annihilation and creation operators, equations (18) 
to (20), remain unaltered, so that the following discus- 
sion of uniqueness applies either to Heisenberg or inter- 
action representation quanta. 

What we have just said makes it plausible that the 
N@® and N® may be interpretéd as operators of the 
number of quanta, at least they have the positive 
integers as proper values if they have any proper values 
at all. However, it would be desirable to have a much 
stronger characterization of the N’s and the associated 
annihilation and creation operators. The type of thing 
which is wanted is most clearly indicated by an analogy 
with the Schrédinger theory of m electrons. There one 
has the observables g; and p,, j7=1, 2, ---3n, which 
describe the position and momenta of the electrons. 


They satisfy 
(9i,Pe]= 65, (3) 
L9i,9eJ=0, (pj,Px]=O0. (4) 


It is natural to pose the mathematical problem of 
finding all sets of Hermitian operators satisfying the 
commutation rules. The physical interpretation of the 
operators would lead us to suspect that the solution 
should be unique up to unitary transformation. As 
stated, the problem is not mathematically precise, for 
the following reason. It is easily shown that the com- 
mutation rules (3), (4) cannot be satisfied for bounded 
operators.* But unbounded operators cannot be every- 

% For more details see Jean’s clear expository article in the 
Annales de physique, reference 14. 

* We sketch the well-known proof for two operators: If g and p 
are bounded and satisfy (3) and (4), then g"p— gil 1; there- 


fore, alle ipl aerial > lene a" |=nllq™]|, and [lal 
>n/2\|p||, contradiction 
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where defined. Thus, some condition on the domains of 
g and p must be imposed and (3) (4) must be inter- 
preted to mean: left-hand side equal to right-hand 
side on a certain domain. A uniqueness theorem has 
indeed been proved by Rellich** using suitable con- 
ditions on the domains. An alternative approach was 
early proposed by Weyl.** He noted that, if 
3n 


U(o1- + -o3n) =exp(i ~ o5pi) 


V(r-° 


3n 
*T3n) =exp(i D> 7593), 
7=1 


then formal use of the commutation rules yields 
U(o1- + +o3n)U(o1'+ + +o 3n') =U (o1+01'+ + -o3n+o8n), , 
V(r1-++73n)V(r1'+ ++ 73n')=V (tit 71'+ ++ Tan +730’), 
U(o1- + +o3n)V (71° + + T3n) 


3n 
=exp(i D. oj7j)V (71° ++ 73n)U 01" +o3n). (7) 
j=1 
Here the U and V should be everywhere defined, indeed 
unitary operators. Von Neumann proved that all repre- 
sentations in separable Hilbert space of relations (6) 
and (7), continuous (actually only measurability need 
be assumed) in the parameters o and 7 are unitarily 
equivalent to discrete direct sums of copies of the usual 
Schrédinger representation.*” The theorems of von 
Neumann and Rellich show the essential uniqueness of 
the operators of the Schrédinger theory. 

It is natural to seek a similar characterization of the 
annihilation and creation operators of the field theory 
and the number operators constructed from them. Such 
a theorem would be not only a useful tool in field theory 
but would also reveal to what extent the usual con- 
figuration space formalism is general. Just as in the case 
of the Schrédinger theory it is necessary to formulate 
the problem more precisely. This is easy to do in the 
case of the Jordan-Wigner anticommutation rules 
(spin 3), but more difficult for the Heisenberg-Dirac 
commutation rules (spin 0). 

Consider first the spin } case. Let fn, n=1, 2, ---, 
be any infinite set of positive-energy spin } wave 

35 F, Rellich, Gott. Nach., p. 107 (1946). 

36 H. Weyl, Z. Physik 46, 1 (1927). See also H. Weyl, The Theory 
of Groups and Quantum Mechanics (E. P. Dutton and Company, 
Inc., New York, 1931), pp. 272-80. 

37J. von Neumann, Math. Ann. 104, 570 (1931). An examina- 
tion ‘of von Neumann’s proof shows that it is also valid in non- 
separable Hilbert space. The direct sum of Schrédinger representa- 
tions will then be nondenumerable. By the usual Schrédinger 
representation is meant: Let the wave functions be square- 
integrable functions on Euclidean 3” space with coordinates 
1, i *++sn. Let the operator g; be multiplication by g; and 
p; be ia 6q;. The domain of q; is all wave functions, f, for which. 
gif is square-integrable. —%d/dq; is defined first for. _f such that 
0f/dq; is square-integrable. The resulting operator is not closed 
but it has a unique closed linear extension which is p;. See J. von 


Neumann, Mathematische Grundlagen der Quantenmechanik 
(Dover Publications, New York, 1943), p. 68. 
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functions normalized and orthogonal in the scalar 
product : 


| (x) rug(a)do*(sx) 


ii 3 Jala) rors) asta \dor(2); (8) 


then we define the annihilation operators 


ie f fiteyW(x)dow(n), ) 


(Note that the a’s ought to have labels expressing their 
dependence on f and o. This is and will be suppressed, 
since no properties of the f, save their orthonormality 
enter the following discussion and we consider anni- 
hilation operators only for a single fixed oc.) If the field 
is neutral (self-charge conjugate), (9) defines all the 
annihilation operators that have to be defined. If the 
field is charged, the annihilation operators for the anti- 
particles are defined by the equation 


bys f ftara(a)do"(a), j=1,2,--, (10) 


or equivalently by 
at f fet(a)ran(edor(a, 


The commutation rules of the a; and 3; are 
a;a,+a,a;=0, 
ajax*+a,*a;=5;, j, R=1, 2, °°: 
ajb,+b.a;=0, ajb,*+b,*a;=0, 
bjb,+b.b;=0,  bjb,*+d,*b;=5,. 


Evidently, with respect to the anticommutation rules 
the 6; behave like additional a’s associated with the 
charge-conjugate wave functions. Thus there is no lack 
of generality in considering a set a,, 7=1, 2, ---, satis- 
fying (11) and (12); this will be done in the following. 

Now define the operator of “the number of particles 
in state 7” by the equation 


N;=a;*a;, j=1,2,---. 


It follows immediately from the anticommutation 
tules that 
N?7=N; and [N;, N,]=0. 


Thus, if a; is everywhere defined, the N, are projection 
operators. In any case, the a; are necessarily bounded. 
Therefore, in the case of the anticommutation rules the 
natural uniqueness problem is the following: Find all 
sels of linear operators, a,, everywhere defined in a Hilbert 
Space, KH, and satisfying (11) and (12). Unlike the 
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Schrédinger-Weyl problem (6), (7), this one does not 
have a unique irreducible solution up to unitary equiv- 
alence.®® In addition to the solution usually used by 
physicists there is an infinity of others which can be 
divided into two classes, discrete and continuous. Since 
the discrete class can be discussed using elementary 
methods and has a simple physical interpretation we 
treat it first. The final result for the discrete case is 
given in Theorem 1. For the sake of clarity, we carry 
out the discussion in a series of steps summarized in 
three lemmata. 

The WN; and (1—N,) are commuting projection 
operators, none of which can be identically zero since 
a;*a;=0 or a;a;*=0 implies a;=0 which would con- 
tradict the commutation rules. Furthermore, no finite 
product of these projection operators can be zero, 
provided it does not contain N; and (1—JN,) for the 
same 7. By use of the commutation rules such a product 
can be written +([[a)*([[a), where [a is a product 
of distinct a’s or a*’s. If the product were equal to zero 
then [Ta would also be equal to zero which again would 
contradict the commutation rules. 

Next we define a set of projection operators, Ea, 
where a stands for the sequence of zeros and ones au, 
a, *:+. It will sometimes be convenient to regard a as 
the real number whose binary fraction expansion is 
-, Le., Do nai® 2-"an. Eq is defined as 


a1, a2, oe 


M 
lim E.*= lim [J Vj«i(1—N,)*-*i, 


M-20 M2 j=1 


where by definition V,=(1—N;)°=1 and Nj=N,, 
(1—N;)'=1—N;. The E, are indeed projection opera- 
tors, since they are limits of decreasing sequences of 
projection operators.* 

The physical significance of E, is clear; it is the 
operator whose expectation value is the probability of 
the occupation number distribution a;a2---. Although 
E, is a projection operator, nothing we have said so far 
prevents it from being zero. In fact, as we shall see, 
most of the E, have to be zero for a representation of 
the a; in a separable Hilbert space. We will give ex- 
amples of representations in which all Z, vanish. Such 
a representation we call continuous. A representation is 
called discrete if there is no nontrivial subspace on 
which all EZ, vanish. That every representation is a 
direct sum of a discrete and a continuous representation 
follows from 


8 P, Jordan and E. Wigner, Z. Physik. 47, 650 (1928), proved 
that for a finite set of a;, all irreducible representations by matrices 
are unitarily equivalent. Of course, they also gave the basic repre- 
sentation for the infinite case which is usually used in field theory. 
Examples of the other discrete and of the continuous representa- 
tions occur in J. von Neumann, Compositio Math. 6, 1 (1938). 
K. Friedrichs, Comm. Pure Appl. Math. 5, 367 and 383 (1952), 
has studied examples of continuous representations (for both anti- 
commutation rules and commutation rules) which he calls 
myriotic. See also his book Mathematical Aspects of the Quantum 
Theory of Fields (Interscience Publishers, Inc., New York, 1953), 
Sec, 21. 

39 See, for example, J. von Neumann, reference 37, p. 45. 
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Lemma 1—E,E,=0=E,.Eq, if aXe’. Sa Eo is a 
projection operator. ()°. £.)3¢ and (1—°. E.)K are 
manifolds of 3 invariant under the a; and a;*. In 
(>). £.)K the representation is discrete ;in (1—}> « Ex)3H 
it is continuous. A necessary condition that two repre- 
sentations of (11) and (12) be unitary equivalent is 
that their E, be equivalent for all a. 

Proof.—We first remark that the manifold belonging 
to E, is characterized as follows: If ® satisfies 


E,6=6, (13) 


then 


Njib=6, (1-Nj)-*=6, j=1,2,---. (14) 


To show this we take a ® satisfying (13) and estimate 
||V7#b—4|| < ||Nj*— E,MO||+||E.MO—SI]. 
For sufficiently large M, we have 


|E.“b—4|| < €, 
so that 


||Vj*%—4|] <||Vj71(@— E.¥®)||+||EMb—S|| <2e. 


Consequently, the first half of (14) holds. The second 
half is verified in a similar manner. The first statement 
of the Lemma is now easy to check. For if aa’, the 
two binary fractions differ in at least one place, say 
the jth. Then by (14) E,#=@ implies E,6=0. Now 
vectors satisfying either E,= or 0 span the whole 
space. Therefore, in any case, F,E.:=0; and also, by 
interchange of a’ and a in the preceding argument, 
E.E,=0. E 

The sum >>, £q is a projection operator since it is 
a sum of orthogonal projection operators. If ® satisfies 
(13) and therefore (14) then a,@ and a,* satisfy (14) 
with a; changed by one, and therefore (13) for some 
E.’. These statements follow from the commutation 
rules 


= E *_  *\ 7 * 
Nja;—a;N;=—a;; Nja;*—a;*N;=a;*, 


which in turn follow directly from equations (11) and 
(12). The net result is that satisfying (13) for some a 
are carried by application of a; or a;* into © satisfying 
(13) for some other a. But ® satisfying (13) span the 
manifold (>. E.)3. Therefore it is invariant under the 
a; and a;*. This may be expressed in the formulas 


Q;(Qia Ex)= (Qa Ea)aj, O;*(Qa Ea)= (La Ea)a;*, 
which imply 
a;(1— Qa Ea)=(1—Yia Ea)aj, 
a;*(1— oa Ea)=(1— Dea Ea)a;*, 


ie., that (1-0. E.)3 is also invariant under the a; 
and a;*. 

That the representation of the a; and a,* is con- 
tinuous in (1—}-.. E.)K is obvious since that manifold 
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is defined as one in which all E, vanish simultaneously, 
On the other hand, if e()°. E.)H, then =). E,8, 
so that the vanishing of E.® for all a’ implies the 
vanishing of . (We use the sumbol ¢ to mean “is an 
element of.”) Therefore the representation of the a; and 
a;* is discrete in (1a Ea)K. 

If two representations a; and a,’ are unitarily 
equivalent: 

a;= U. a;’ U " 
then clearly 
E,*=VE’*U-; 


and, consequently, passing to the limit, 
E,=UE,'U-. 
We are permitted to pass to the limit because 
||E.&— UE,’U-'4|| < ||E.&— E.”4|| 
+||UE./"U-'6— UE,'U-"4| 
=||E,&— E.™6||+||E£,’“U-'6— E,'U-4 ||, 


and the right-hand side becomes arbitrarily small for 
sufficiently large M. This completes the proof of Lemma 
4 

Although many of the E, may vanish, if one is non- 
vanishing so are an infinity of others. In order to deal 
with this situation it is convenient to define equivalence 
classes, [a], of the sequences a. a and a’ lie in the same 
equivalence class if they differ in at most a finite number. 
of digits. 

Lemma 2.—All E, whose a’s belong to the same 
equivalence class have the same dimension. In fact, if 
a’ differs from a by having a,;’=0 rather than a,= 1, then 


a;E,a;*=Ey and E,=a;*Eqd;. 


Proof.—Let ® be a non-null proper function of Ea. If 
a;=0 consider a;*®; if a;=1 consider a. As we have 
seen in the proof of Lemma 1, these are non-null proper 
functions of E,-, where a’ differs from a only in the jth 
place. Further, if a;=0, a,*60 since a;*6=0 would 
imply a,;a;*#= (1—N;)@=0, a contradiction. Similarly, 
if a;=1, a60 since this last would imply V®=a;*a; 
=0, a contradiction. Consequently, if a;=1, a; is a 
nonsingular linear mapping of the manifold of EZ, into 
that of E., while a;* is a nonsingular linear mapping 
of the manifold of E,’ into that of E.. If a;=0 the roles; 
of a; and a;* are reversed. In either case the manifolds 
of E, and E, have the same dimension. Actually these 
mappings are one to one for every solution W 0 
NW=V is of the form V=a;*6, where N,#=0 (set 
=a,W), while every solution of N;W=0 is of the form 
a, where V #=@ (set 6=a,*V). This proves the last 
half of the lemma. 

Lemma 3.—Let [a] and [a] be distinct equivalence 
classes of dual fractions. Then > get and > geta’)E 
are orthogonal projections whose manifolds 


(LpetaiZs)IC=M(a) and Ma’) = (Leta Ls)H 
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are invariant under the a’s and a*’s. The representa- 
tions induced in S(a@) and Ma’) are inequivalent if 
one of them is nontrivial. 

The representation induced in (a) is a direct sum 
of irreducible equivalent representations. 

Proof.—Since Yi getajEg and Yo peta}Es are sums of 
orthogonal projections operators, they too are projec- 
tion operators. They are orthogonal because their con- 
stituent projections are pair-wise orthogonal. 

We know that 9(a) and IN(a’) are invariant under 
the a’s and a*’s since we have shown in Lemma 2 that 
the a’s and a*’s map manifolds belonging to the E, 
into one another if the a belong to the same equivalence 
class. The representation of the a’s and a*’s within 
M(a) cannot be equivalent to that within M(a’) 
because the projection operators Eg, Bela] are zero 
within SW(e’) and nonzero within SW(a) provided that 
j(a) is not the zero manifold. We are here using Lemma 
1, and have established the first two statements of 
Lemma 3. 

Consider now the representation of the a’s and a*’s 
in M(a). If the manifolds belonging to the Eg, Bela] 
are one-dimensional, then the representation is irre- 
ducible. To prove this consider a bounded operator A, 
which commutes with all the a’s and a*’s. It then com- 
mutes with all the V; and (1—N;). Thus, if ® satisfies 
Egb=@, then EgAb=A®. A® is therefore a multiple 
of . Thus A=)°g(aj9es where gg are numbers. The 
commutation rule of the Eg, with the a, and a,* then 
implies that all the gg are equal, so within SW(a), A is 
aconstant multiple of the identity. To see this compute 


0=N;A—aj*Aa;=Q gel NjEs—a;*Ega;]. 


Now if 8,=1, N;Eg=£g and a;*Esa;=0, while if 6;=0, 
V;Egs=0 and a;*Ega;= Eg, where 6’ differs from @ in 
having 8;’=1. Thus, 


~ wEs= & 


6; =1, Be[a] vi =0, velo] 


QyEy, 


and therefore gg is unchanged by the replacement of 
8;=0 by B;=1. Knowing that A=q > eta}, we easily 
conclude that the representation is irreducible, for if 9t 
were a linear manifold invariant under the a’s and a*’s, 
the projection operator onto 9%, would commute with 
the a’s and a*’s, It therefore would either be the 
identity operator or zero, depending on whether g=1 
or 0. 

If the manifolds belonging to the Eg are greater in 
dimension than one, we pick an orthonormal basis in 
one of them, ®;, i=1, 2, ---. Then by applying to this 
basis an appropriately chosen product of a’s and a*’s 
we can get an orthonormal basis for each of the other 
manifolds belonging to an Eg, Bela]. The proof of this 
last statement involves a certain amount of elementary 
ombinatorics. First, note that 


(II @ Pai, [] @ Ba;) = 512545, 
1 2 
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where J]: @ stands for a finite product of a’s and a*’s 
with distinct subscripts. []2 a is a similar product not 
necessarily distinct from []: a. It is assumed that the 
two vectors in the scalar product are not zero. We 
shall not give the detailed justification of (15); it 
requires only the systematic use of the commutation 
rules and the fact that E.b.;=,;. (15) shows that 
the new set of vectors obtained by applying the appro- 
priate J] @ is an orthonormal set. Second, by Lemma 2 
it is a complete set, since [] a maps the manifold of E, 
onto the manifold of the appropriate Eg. 

Let &; denote the closed linear manifold spanned by 
vectors of the form [] aq; (i fixed); then the ®; are 
orthogonal and have sum (a) by the proof we have 
just carried out. Furthermore, the ®; are obviously 
invariant under the a’s and a*’s, and irreducible since 
E, is one-dimensional in ® ;. Finally, the representations 
of the a’s and a*’s in the @; are all unitary equivalent. 
The operator giving the unitary equivalence is estab- 
lished by making the elements of the bases [ a®.; corre- 
spond for different 7. 

We summarize all this discussion in: 


Theorem 1.—Every discrete representation of the 
commutation rules 


0;4,+4,0;=0, 


a;04*+0,,*0;=5 jx, 4, k= ‘. 2, 3, ites 
by bounded operators is a direct sum of irreducible 
representations. 

The unitarily inequivalent irreducible representations 
are X; in number, there being one for each equivalence 
class [a] of binary fractions. An equivalence class of 
binary fractions is a set of binary fractions whose 
elements differ from one another only in a finite number 
of binary digits. 

For only one of these irreducible representations, the 
one whose equivalence class contains zero, does a no- 
particle state and an operator of total number of par- 
ticles, > ;-1° Nj, exist. 


The physical meaning of the distinction between the 
various inequivalent irreducible representations is 
easily seen in terms of a concrete form which we con- 
struct as follows. The vectors of our Hilbert space are 
sequences of complex numbers, f(8), where 6 runs 
through the members of an equivalence class. The 
sequences are supposed to satisfy 


XL |f@)/?<, 


Bela] 


and to have the scalar product: 


(fg= LX f(g(s). 
Bela] 


This is a standard form of Hilbert space. The operators 


40 J. von Neumann, reference 37, pp. 24-31. 
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a; and a,* are then defined: 
(a;f)(8)= (1-B;)9;(8) f(6’) 
(a;*f)(8)=6;9;(6) f(6), 


where @’ differs from 8 only in the jth place and 
j-1 
§;(8)=exp(wi 2 Bx) 
=1 


is the Jordan-Wigner phase factor. The verification of 
the anticommutation rules (11) and (12) is identical 
with that for the Jordan-Wigner operators which are 
included as a special case.** Clearly, f(@) is a prob- 
ability amplitude for a distribution of occupation 
numbers given by the sequence (61628;---). In an 
irreducible representation, the distributions of occu- 
pation numbers which can occur differ only by the 
annihilation and creation of a finite number of par- 
ticles. Thus, if the no-particle state is among the 
possible states, there can be no states in which an 
infinity of particles is present, and conversely. Further, 
there is a continuous infinity of distinct “degrees of 
infiniteness” in the case where an infinite number of 
particles is present. 

In a sense the infinite cases are trivial modifications 
of the usual one arrived at by interchanging a, and a;* 
for a suitable number of j’s. However, such an inter- 
change cannot be obtained by unitary transformation if 
the number of changes is infinite. 

It should be noted that the completeness of the func- 
tions f, was not involved in the proof of the theorem; 
all that was required was that the f, be orthogonal 
normalized and denumerably infinite. However, we do 
need the completeness and positive energy property 
in order to express the number operators of Table I in 
terms of the NV ;: 


When we turn to the commutation rules we are faced 
with the same difficulty which was encountered in the 
case of the Schrédinger q’s and ’s; we are forced either 
to deal with unbounded operators or to rephrase the 
problem. Our procedure will be to reformulate the 
problem in terms of a denumerably infinite set of p’s 
and q’s. The representation problem of this set of 
operators is then accepted in Weyl’s form and solved 
by a generalization of the arguments used by von 
Neumann in the case of a finite number of p’s and q’s. 

Consider a neutral scalar field ¢(x). Let f, be a set 
of solutions of the Klein-Gordon equation orthonormal 
in the “scalar product”: 


f ior) (Ze pte)-H0)=0)), 


i 


AND S:. S: 


SCHWEBER 
We define annihilation operators: 
i of; dg 
ams f does] oe) f—) | 9 
1 Oxe Ox 


If the field were charged we would define the anni- 
hilation operators for particles of opposite sign: 


1 of; ‘ ag* 
by=- fu (| es @)-f@—)| (17) 


In the charged case the commutation rules of the a’s 
and 6’s are, 


a;a),*— a,*a;= O jk, 
a;b,*— b,*a;= 0, 


b;b,.*— b,*b;= O jx. 


a;a;,— a,a;=0, 
a;b;,— b,a;=0, 
b jb, —b,.b;=0, 


In the neutral case, we merely drop the last two lines. 
Just as for the Fermi-Dirac commutation rules, the a’s 
and b’s may be amalgamated into a longer list of a’s, 
so from this point on we consider a denumerable set of 
a’s satisfying (18). 

Define now 


1 1 
gi (artai'), by kor 08"); (21) 
then one has, as a formal consequence of (18), just 
equations (3) and (4), except that now the ’s and q’s 
are denumerably infinite in number. This shows inci- 
dentally that it is impossible to find bounded repre- 
sentations of the Heisenberg-Dirac a’s. 

Now for any sequences oi02:-- and ‘r:72:-- of real 
numbers of which all but a finite number are zero, we 
define U(o,02---) and V(ri7T2---) by Eq. (5), with n 
replaced by ©. Equations (6) and (7) then hold with » 
again replaced by infinity. Of course, the sum in (7) is 
actually finite since all but a finite number of the o and 
7 vanish. Thus the problem is finally formulated: 

Find all representations by unitary operators continuous 
in the o’s and 7’s of the relations 


U(or02" Z ‘)U (e109! i ‘j= U(oito1',o2+0%!: : ); 
V (rita: + +)V (ri'r2!+ ++) =V (rit t1't2+ 72’: ++), 
U(oy02:++)V (r172" ++) 


(22) 
(23) 


=expi > oj7j)V (7172+ -)U(o102"--), (24) 
i=1 


where the sequences o and r are zero except at a finile 
number of places. 

The idea of our solution is identical with that for the 
Fermi-Dirac case. We shall introduce projections Ea, 
where a=aya203:+- characterizes a certain occupation 
distribution of the states labeled by the f;. However, in 
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the Bose-Einstein case, the occupation number a; can 
take on all integer values rather than just zero and one. 

Before we can construct the E,, we need the pro- 
jection operators onto the states with various occupa- 
tion numbers for a fixed 7: P,“, n=0, 1, 2, ---. These 
are the analogues of the N; for the Fermi-Dirac case 
but are by no means as easy to construct. In fact, the 
main technical device used by von Neumann in his 
uniqueness proof for the finite case is an explicit con- 
struction of P; in terms of the U’s and V’s. However, 
since we know von Neumann’s theorem to be true, we 
can get the existence of the P;‘” from well-known 
theorems about the harmonic oscillator. In fact, von 
Neumann’s theorem implies that }(p,?-+q,;?—1) exists 
and is self adjoint operator unitary equivalent to the 
operator giving the number of quanta in a harmonic 
wcillator. The P;‘ are then just the projection oper- 
ators on its spectral manifolds: 


b(pp-tq?—1) => mP;™, (25) 


n=0 


} P™=1, 


n=0 


(26) 


Furthermore, 


P= (a,*)"P; (a3)*/n! (27) 

Equation (27) has to be treated with some under- 
standing. a; and a,* as defined by (21) are by von 
Neumann’s theorem densely but not everywhere defined 
operators. However, they are defined for every proper 
function of $(p;?++g;?—1). Thus the right-hand side of 
(27) is defined and equals the left-hand side for all states 
in which a definite number of 7 quanta are excited. 
Consequently, the operator on the right-hand side has 
a unique closed linear extension which is the left-hand 
side. Finally, note that none of the P;‘” ever vanishes, 
and that Pj") Py™ = P,™ Pj), 

von Neumann gives the formula 


1. gp? A? x+y? ixy 
Pj =— f f dxdy exp| - ( ) -—| 
fh Ae la 4 z 


XU(0---,0,«,0,---)V(0- - -0,y,0,---), (28) 


where x and y are in the jth place in U and V respec- 


tively, 
An elementary calculation shows that 


1 i.) -) eet 2 
Ppa J f adsl 1- =| 
2a J_»! —o 2 


Xexpl—2(«?+y")—pixy | 
X U(0,- + -0,x,0,---)XV(0,- - -0,y,0,---). (29) 


Similar formulas hold for the other P;“”. von Neu- 
mann’s uniqueness proof uses (28) as a definition and 
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shows that the properties which we have taken from 
the theory of the harmonic oscillator are direct con- 
sequences of (22), (23), and (24) alone. 

With these preliminaries out of the way, we can 
make an argument parallel to the Fermi-Dirac case. 
We first define projection operators: 


M 
Ea= Eajaz2a3: = lm II Pf, 


M- j=1 


(30) 


where the a,’s are any non-negative integers. Then, just 
as before, Lemma 1 holds. The only alteration in the 
proof is the replacement of the pair of projection 
operators NV, and (1—N,) by the infinite set P;, 
n=0, 1, -->. 

Next, we define equivalence classes of a: a and a’ 
belong to the same equivalence class if they differ in 
at most a finite number of a;. With this definition, 
Lemma 2 holds also in the case of the commutation 
rules, with the analogs of the equations of the Lemma 
being 
(31) 


(32) 


;"Eajag:++aj-+-(a;*)"= Eaiaz:- 


-aj—ness, 
(a;*)"Eajag:-+aj-++(0;)"= Farag: +-ajtn---, 


with the equality interpreted as in (27) and Eaja2:--=0 
for a; negative by definition. 

Lemma 3 is also true for the present case. The proof 
runs parallel to the one already given; we mention only 
the necessary alterations. The invariance of SN(a) and 
IM(a’) follows from (31) and (32). To prove that when 
the manifold of each of the E,’s is one-dimensional the 
representation is irreducible, we must either justify the 
free use of a; and a;* we have made before or work 
without them. It is easy to carry out the second alter- 
native as follows. Consider the representation of those 
U and V, zero except in the jth place, which is induced 
in the subspace of the projection }> n—«®Ea1:+-aj+n---. 
By von Neumann’s theorem this representation is irre- 
ducible. Thus any bounded operator, A, which com- 
mutes with all the U’s and V’s is a constant in this 
subspace. This applies for each j, but since the sub- 
spaces for different 7 intersect in the one-dimensional 
manifold onto which Eay---a;--- projects, the constant 
is the same for all the subspaces. Since the union of the 
subspaces is the whole space, A is a constant multiple 
of the identity and the representation is irreducible. 

When the manifolds of the Eg are greater than one 
dimensional, one chooses an orthonormal basis ®q; 
(i=1, 2, ---) in one of them, say that of E,, and applies 
suitable products of a’s and a*’s to get bases in the 
manifolds of the other Eg. One is permitted to apply 
these unbounded operators in this way because by von 
Neumann’s theorem the a’s and a*’s are always appli- 
cable to proper functions of the P;‘"’. Unlike the 
Jordan-Wigner case, here the [] a®,; are not necessarily 
normalized. (The products [Ja may contain the same 
a; several times but no a; occurs in [Ja for which a,* 
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also occurs). Once they have been normalized, the proof 
proceeds just as before. 
In summary, we have: 


Theorem 2.—Every discrete representation of the 
relations (22), (23), and (24) by unitary operators con- 
tinuous in the o’s and 7’s is a direct sum of irreducible 
representations. 

The inequivalent irreducible representations are Ni 
in number, there being one for each equivalence class 
[a] of sequences (aa203---), a; a non-negative integer. 
An equivalence class of a’s is a set whose elements differ 
from one another only in a finite number of a;. 

For just one of the irreducible representations, the 
one whose equivalence class contains the sequence 
(00: --) does a no particle state and an operator of the 
total number of particles, >> ;~:° @,*a;, exist. 


A concrete realization of the various irreducible 
representations is obtained by a construction similar to 
that for Theorem 1. Now, however, the annihilation and 
creation operators satisfy : 


(a;f)(8)= (6;+1)'/(’), 
where ’ differs from @ in the replacement of 8; by 6;+1, 
(a;*f)(8)= (6;)*f(6), 


where @’ differs from 8 in the replacement of 8; by 8;—1, 
f(6) being a probability amplitude for a “Bose occu- 
pation” 8=£,6.8;---, 8; a non-negative integer. 


(33) 


Continuous Representations 


The treatment of the continuous representations of 
the anticommutation and commutation rules requires 
somewhat less elementary mathematical tools than 
those used above. The following is a brief summary 
without proofs of results obtained by L. Garding and 
the first named author. A full account will be published 
in a mathematical journal. 

Consider first the case of the anticommutation rules. 
One can then define the operator 


F=)) 2-N,, 


n=l 


where V,=<a,*a,. F is self-adjoint and its spectrum 
fills the closed unit interval; [0,1]. (The consideration 
of this operator was suggested by V. Bargmann.) In 
the manifold of vectors belonging to the discrete 
spectrum of F, the operators a, give a representation 
of the anticommutation rules, discrete in the sense 
defined above. In the manifold of vectors belonging to 
the continuous spectrum of F, the a, form a continuous 
representation. We confine our attention from here on 
to the continuous case. 

The unitary equivalence theorem for self-adjoint 
operators permits one to assume that the Hilbert space 
one is dealing with is a discrete direct sum of Hilbert 
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spaces of the following canonical form: for each 8, 
O0<f<1 there is a Hilbert sequence space 3C(8) of 
dimension »(@); the vectors in 3 are vector-valued 
functions f(8)«3C(@) with the scalar product 


(f,g)= f du(8)((8),¢(8)), 
0 


({(8),g(8))e being the scalar product in 3C(@) and u(@) 
being a Borel measure on the unit interval. The 
operator F is just multiplication by 8. »(@) is a constant 
almost everywhere with respect to u. A necessary con- 
dition for the equivalence of two representations is the 
equivalence of their measures yu. 

As a consequence of the commutation rules of F with 
the a,, the measure uw is quasi-invariant under binary 
translations, i.e., if 7, is the operator of changing the 
kth binary digit of a number, then u(S)=0 implies 
u(T,S)=0 for any Borel set, S, of the unit interval. 
In general, uz will be a weighted sum of Lebesgue measure 
and a singular measure concentrated on a set of 
Lebesgue measure zero. In no case does an operator of 
the total number of particles exist. 

In such a representation the a, and a,* take the 
form: 


an f(8)= (1—Bn) In(B)Cn (8) f(T 28) 

X(du(Tn8)/du(s)}', (34) 

dn* f(B)=BnGn(8)Cn(8) f(T n8)LduLT n8)/du(s) }'. (35) 

In terms of the somewhat more convenient operators, 

A,=a+a,*, Be=t(a,—a,*), 

these formulas are 

Axf(8)= §x(8)Ci (8) f(Tx8)du(Tr8)/du (8) J}, (36) 

By. (8) =i Juss (8)Ce(8) f(Ti8)Ldu(Ti8)/du(s)}. (37 


The C;(@) are operators satisfying 
Ci(B)Cx*(8)=1, (38) 
Ci(8)Cx(Tx8) = 1, (39) 
Ci(8)Ci(Ti8) =C1(8)Cx(T 8). (40) 


Two representations are unitarily equivalent if and 
only if their measures are equivalent, their dimension 
functions are equal and their C; are related by 


C;’ (8) = U(8)C;(8) U(T:8)*, 


where U(@) is unitary. Equations (39) and (40) deter- 
mine C;(8) on the interval [2-*,1] if it is known on 
[0,2-*]. On [0,2-*], C.(@) is an arbitrary unitary 
operator. 

Given two sets of C’s, C;,’(8) and C;(@), it is not™ 
difficult to find an operator U,(8) which satisfies (41) 


(41) 
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for km. An explicit formula for such an operator is 
1/,(8)=C’s-1(0,82,83, - «+ )C2’-62(0,0,83,---)-** 
XC’ 5-89(0,0,++-O0,Bny1)°°*)Vn 
XC n*(0,0,- + -O,Bn4.1)* « *C1°1(0,82,83,° °°), 


where V, is an arbitrary unitary operator and we have 
wed the binary fraction expression for 6. As this 
formula indicates, U,(@) is arbitrary on the interval 
(0,2-"]. Necessary and sufficient conditions for the 
equivalence of two representations of the anticom- 
mutation rules are (a) equivalence of the operators F; 
(b) existence of a sequence of unitary operators of the 
frm (42) which converges almost everywhere to a 
itary operator. 

The number of inequivalent representations is vast 
indeed. Rather than spell out in detail the meaning of 
the aforementioned condition (d), we give three classes 
of examples. 

Example 1.—Let 5C(@) be one dimensional and yu be 
Iebesgue measure. Then define 


C;.(8) = 0,0xP (4 iBk) 


(42) 


|_| =1. 


For each sequence of numbers 6), 42, ---, there is an 
ireducible representation. A necessary and sufficient 
condition that two representations be equivalent is 


> |0,—0;" |?<00. 


k=1 


Example 2.—Let 3C(8) be infinite dimensional, /(@) 
being a vector, f(7y,8), with an index y, a number whose 
binary expansion has only a finite number of ones. Let 
ube Lebesgue measure. Then define 


Axf (7,8) = Ju(8)f(Tv,Tr8), 
Bef (v8) =1 Gers (8) f(Tev, Ti). 


This example has been extracted from a construction of 
von Neumann." In his terminology the ring of operators 
generated by the A, and B, of (43) is a factor of Class 
Il. This representation of the A; and B, is not irre- 
ducible, nor is it reducible to a discrete direct sum of 
of irreducible representations. Rather it is a continuous 
direct sum of some of the irreducible representations of 
Example 1. 

Example 3—To construct this example we need a 
singular measure quasi-invariant under binary trans- 
lations. We can give such a measure implicitly by 
defining the measures of all subintervals of the unit 
interval under division into 2" parts. Let 0<a<1 and 
a}. Divide the unit interval in halves; let the first 
half have measure a and the second 1—a. Subdivide 
each half interval in halves again and let each left half 
Bhave a of the total and each right half (1—a) of the 
e707 


“J. von Neumann, Ann. Math. 37, 116 (1936); see especially 
pp. 192-209. 
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total. Passage to the limit with this procedure enables 
one to define the measure of any subinterval of the 
unit interval and by the usual extension process any 
Borel subset. Call the resultant measure ua. Then ua 
clearly is zero for any set consisting of a single point. 
For if B=) n=1” 2-"Bn, then 


ua(8)=[] a*i(1—a)-#=0, 


j=1 


since the successive partial products in this expression 
give the measures of intervals enclosing 8. Actually 
Ha(S) is zero for any set S consisting of sequences, 6, 
such that >> ;~1" 6;/N does not converge toa as N>~, 
Since there are sets, 5, of Lebesgue measure 1, ya is a 
singular measure. 

The formulas (36) and (37) with C;,(@)=1 and uw=we 
then define an irreducible representation. On the other 
hand, the formulas analogous to (43): 


Arf (y,8) = x(8) f (Tey, T:8)Ldu(Tr8)/du (8) }, 
Br f(y,8) =*7 Se+1(8) f(Tey,T18)L du (Tr8/du(8) J}, 


define representations such that the rings generated by 
the A; and B, are of class III. These representations 
are again continuous sums of irreducible representa- 
tions. They have been extracted from another construc- 
tion of von Neumann.* 

These examples show that the representation theory 
of the anticommutation rules leads naturally and simply 
to examples of the most delicate distinctions in operator 
theory. Furthermore, they make evident the great 
variety of the inequivalent representations of the anti- 
commutation rules. 

For the commutation rules the analysis is very 
similar. The operator F is replaced by 


(44) 


G= z. >» Q-k-ni—n2- + —nkP ni... Py mk, 

k=1 ning- - -nk=0 
This operator is self-adjoint and has a spectrum which 
fills the closed unit interval. The wave functions of its 
discrete spectrum span an invariant manifold in which 
the representation of the a, and a,* is discrete in the 
above defined sense. 

By an argument completely parallel to the case of 
the anticommutation rules we conclude that the con- 
tinuous representations are unitarily equivalent to 
discrete direct sums of representations of the following 
form. The Hilbert space is that previously described ex- 
cept that the correspondence between the unit interval 
and the occupation number distribution is given by 


B=> mes “ei, B;=0, i, 2, ae 
k=1 


4 J. von Neumann, Ann. Math. 41, 94 (1940); see especially 
pp. 124-161. 
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The formulas analogous to (34) and (35) are 
ax f (8) = (8. +1)*Ci.(8) f(T.*8)Ldu(Ti*8)/du(8) J, 
a,* f (8) as (8;.) *C;. ( TB) f ( Ti-B) [dp (T-B)/ dp (6) }}, 


where 7;+ are the operations of increasing (decreasing) 
6; by one. The measure yu is quasi-invariant under the 
T,*. The C;,(8) are unitary and satisfy 


Ci(B)Ci(Tx*B) =Cr(8)Ci(Ti*8), 


the analog of (40). It turns out that C;(@) can be given 
arbitrarily on the interval with points 0, 0, ---0, 
Br, Bi+1, ***. Just as in the case of the anticommutation 
rules, there is a large variety of inequivalent measures 
and there are irreducible representations for every 
finite dimension of the C;,(@), the inequivalent ones in 
each dimension being at least continuum many. There 
are also continuous sums of irreducible representations 
which generate rings of the various classes defined by 
von Neumann. 


(45) 


Practical Applications 


In the usual discussions of the foundations of 
quantum field theory, formal equations between fields 
are written down and it is assumed that the repre- 
sentation of these relations by operators is unique up to 
unitary equivalence. Or, at least, it is assumed that it 
doesn’t make any difference in the physical predictions 
which representation is used. Our discussion above 
makes it clear that one way to secure the uniqueness is 
to require the existence of a single no-particle state. 
However, as we shall see, this choice of representation 
will in general be inconsistent with the equations of 
motion. The examples we discuss also show that the 
commonly used hypothesis that several of the sets of 
fields existing in the theory, e.g., the Heisenberg fields 
and the (in) and (out) fields, possess no particle states 
may be untrue. That is, the equations of motion may 
imply that if one of the sets of fields has a no particle 
state another of the sets will not. 

Our illustrations of these points are based on the 
fundamental work of van Hove, and our discussion 
may be regarded as an alternative explication of his 
results. 

Consider the Hamiltonian: 


a > €;(a;+a;)*(aj+a)), (46) 
fol 

where the e; are real numbers and the a; are annihilation 

operators satisfying the commutation rules (18). The 

a; are numbers and therefore the a;++a; also satisfy the 

commutation rules. Suppose the a; possess a no-particle 

state. Will the a;+a; also possess a no-particle state? 


48L. van Hove, Physica 18, 145 (1952). Compare also K. 
Friedrichs, reference 38, pp. 139ff, and R. Haag, CERN lectures, 
1953 (unpublished). 
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If such a state exists, it satisfies 
a; =—a,?, j=, 2, ats 


In the aforementioned standard representation for the 
a;, this equation is 


(8;+1)! f(T;*8) = —a;f(8). 
=I] Sites (0,0,- ++) 
f6)=1 (3;!)3 f ~ | ? 
and the condition that f(@) be of finite length is 
ze (aj)*|? 


Bip2---|j=1 (B;!)3 


Thus, 


exp(X |aj|*)<<, 
i=1 


DLla;j|’<o. 
ra 


Thus, the a; and the a;+-a; will simultaneously possess 
no-particle states if and only if }°j-1°|a;|"<. If the 
series }|a;|? diverges, it can be shown that a;+a; 
always is a continuous representation, when a; has a 
no-particle state. This example shows that the “‘other” 
representations of the commutation rules are not patho- 
logical phenomena whose construction requires mathe- 
matical trickery. They occur in the most elementary 
examples of field theory. 

Following van Hove, one can discuss the application 
of perturbation theory to the Hamiltonian (46). 
Suppose, for simplicity, that a; is a function of the 
coupling constant, g, a;=a;(g)=ga;(0), and ¢; satisfies 
€;>«€>0. (These conditions are satisfied for a neutral 
scalar meson interacting with external point-nucleon 
sources.) Then it is clear that perturbation theory in 
the usual sense cannot be formulated, because it rests 
on the assumption that to the no-particle state of the 
uncoupled system, ®o, there corresponds a no-particle 
state of the coupled system ®,. The procedure in the 
usual perturbation theory is to represent the a; opera- 
tors in a fixed Hilbert space and then to compare the 
proper functions of >> ¢;(a;+a;)*(a;+ea,;) with those 0 
> «¢,a;*a;. This procedure is impossible in the present 
case since, if > ¢a;*a; exists, > ¢;(a;+a,)*(a;+a)) 
cannot, being bounded below by € >: (a;+a,)*(a;+a:) 
=o. Thus, to make the Hamiltonian into a well- 
defined operator, one is forced to choose a different 
representation of the a; for each value of the coupling 
constant. In the present example, this corresponds to 
taking the proper functions and proper values of H 
independent of g. 

We can state the preceding results as follows: if the 
unitary equivalence class of the a; be given in advanct 
and >-|a;(0)|2= 0, the Hamiltonian (46) exists for 
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just one value of the coupling constant. Thus the 
sample gives a precise but somewhat trivial illustra- 
tion of a phenomenon whose existence has been con- 
ectured in more interesting cases: nonanalyticity of a 
eld theory in its dependence on a coupling constant. 

Our discussion can be related to that of van Hove as 
follows: van Hove uses a fixed definition of a;, but ina 
nonseparable Hilbert space % which is the direct 
product of the state spaces of a denumerable infinity of 
harmonic oscillators. Then >> ;~1" €;(a;+a,;)*(a;+a;) is 
defined on a dense subset of 3C. However, its limit as 
\> which is (46) exists only on a dense subset of a 
tiny separable subspace 3C, of 3C. 3C, is orthogonal to 
ity if gg’. If the a; satisfied > ;1°|a;|?< ~~, then all 
the 3C, would coincide. Thus, the impossibility of per- 
tubation theory for >> ;~:1°/a;|?= © is displayed in 3C 
particularly clear-cut form; the perturbed wave func- 
tions are always orthogonal to the unperturbed. 

As a concrete application of a somewhat more prac- 
tical nature, we mention the construction of the S 
matrix from the (in) and (out) fields of a theory.**~*® 
Recall that starting with the Heisenberg representation 
ields, say ¥(x), o(x) (we use a theory of spin-one-half 
charged and spin-zero neutral fields, for example), one 
constructs two sets of fields y‘™(x), @%™(x) and 
yt) (x), p4t)(x), both of which satisfy the free-field 
equations and commutation rules. It is then argued 
that they must be related by a unitary transformation, 
5: 

YW (x)= SYK ()S, GHY(x) = S166) 5, 


which equations are supposed to define the S matrix. 
The argument as it stands is inconclusive in two 
respects: S need not exist, and if it does, it need not be 
unique. On the other hand, if it is true that there is a 
unique no-particle state of the (in) fields and also of the 
(out) fields, and these fields provide a complete de- 
scription of the system the argument is correct. A set 
of fields is said to provide a complete description of the 
system if any operator which commutes with all 
operators of the set for points on a space-like surface is 
a constant multiple of the identity. To prove the 
existence of S from the above hypotheses, we actually 
need a slight extention of our preceding discussion of 
amihilation and creation operators to the case where 
several sets of them exist simultaneously. This is not 
difficult to carry out and we spare the reader the details. 
The proof of uniqueness goes as follows. Suppose there 
were two .S’s, S; and S». Then S;S2-! would commute 
with all the fields and therefore would be a constant 
multiple of the identity 


S,)So7=al. 


By the unitarity of S, and S», a is a number of modulus 
one. Thus S;=.S2, apart from a constant phase factor. 


“C. N. Yang and D. Feldman, Phys. Rev. 19, 972 (1950). 

“G. Kallén, Arkiv. Fysik 2, 371 (1950). 

“C. Bloch, Kgl. Danske Videnskab. Selskab, Mat.-Fys. Medd. 
P7, No. 8 (1952). 
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The preceding discussion enables us to answer an 
important question raised earlier in this section. Con- 
figuration space methods based on interaction or Heisenberg 
representation fields are not of general applicability in 
field theory. The assumption that a field theory possesses 
such a configuration space representation may contradict 
the equations of motion of the theory. 


2. OBSERVABLES OF PARTICLE POSITION, AND 
MOMENTUM AND SPIN; REPRESENTATION 
OF THE FIELD OPERATORS?’ 

In Sec. 1, we have defined operators of the number of 
particles in all of space. Now for each number of par- 
ticles we define position, momentum, and where neces- 
sary spin observables to complete the particle inter- 
pretation. Configuration space amplitudes may then be 
constructed as the matrix elements of a state with 
respect to the proper vectors of the number and par- 
ticle observables. Of course, there are also configuration 
space amplitudes labeled by numbers which cannot be 
regarded as the proper values of a complete commuting 
set of particle observables. We shall construct and use 
both types in the following. 

We illustrate these remarks with the simple example 
of the one-particle amplitude in position space for a 
free spin-zero neutral field. Usually, such an amplitude 
is a complex-valued function of x, f(«), satisfying 


(_J+m*) f(x) =0, 


the associated scalar product is 


oft hy 
(Adar f dors] —C f02)— hla) | 


Because f(«) must describe positive energy states, it 
can have a nonvanishing Fourier transform only for 
four-momenta in the forward light cone. This condition 
is also necessary to make the scalar product positive- 
definite. Now x surely cannot be a position observable, 
since it is not Hermitean in this scalar product. The 
easiest way to see this is to go to momentum space. 
There x becomes i(V,—p(m?+p’)~), but the scalar 
product is 


f nse (p) 
(me+pyr 


so that the adjoint of iV,—ip/(m?+ p’) is iV. The most 
obvious operator to try in place of x under the circum- 
stances is then the Hermitean part of 7V,, i.e., 


q=i(V,>—3p/(m’+p’)). 


This is indeed a satisfactory position operator. In coor- 
dinate space it is 


exp(—m|x—y|) 





1 
af)=xf+— f Vy fly,a%)ay. 
4a 


|x—y| 
47 This section overlaps somewhat with some work of F. J. 


Belinfante, Phys. Rev. (to be published). We thank Professor 
Belinfante for a preprint. 
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This operator was first derived by Pryce. However, 
his derivation of it, not to speak of ours, could give 
rise to some doubts of uniqueness. 

The straightforward method of clarifying this situ- 
ation is to write down what is required of the position 
operator and then solve the mathematical problem of 
finding all operators satisfying the requirements. This 
was done by Newton and Wigner,”* who gave a set of 
axioms for “‘localizability in three-dimensional space at 
a given time” which are more or less inevitable if 
position is to be an observable in the usual sense of the 
quantum theory of measurement.** Their result was that 
for a free particle of arbitrary mass and spin (with a few 
exceptions) the position operator was uniquely deter- 
mined by the transformation properties of the wave 
function under the inhomogeneous Lorentz group. In 
the exceptional cases, mass zero and spin greater than 
or equal to one, no position operator exists. As a result 
of this analysis, the alternatives are clear. One either 
accepts the Newton-Wigner position operator when it 
exists or abandons his axioms. We believe the first 
alternative is well worth investigation and adopt it here. 

It should be reiterated”* that the concept of position 
to which one is led by their axioms is a thoroughly non- 
covariant one.” A particle localized here and now has 
a small but nonzero probability of being found ten 
light years away one second later. This is not only not 
a relativistic paradox but quite reasonable if one thinks 
of the pair production of particles identical to the one 
observed which is likely to accompany a measurement 
of position. 

To be explicit, we give the x- and p-space repre- 
sentation of the (continuum) wave function describing 
a spin-zero meson localized at q at time q°: 


Vo(p) = (2)—4e*? *2(m?+-p*)?, in momentum space, 


and 
in x space. 


a(x) = (21)![0/ag? 1AM (q—x) 

The probability amplitude to find the particle at q 

at time g° can be computed from the aforementioned 
f(x) as follows: 


1 of( 
so(ea=- f dor] dos 


f(a) — a(x) 


OY, (x) 
a 


ee Ox 


in position space, or 


bY (9,q) = (2r)-4 f wp ip -9(m?+ p*)' f(p) 
¥: 


in momentum space. 


This statement does not apply to their last postulate which 
was made primarily on grounds of mathematical convenience. It 
can be shown that a mathematically more precise version of the 
remainder of their postulates, which does not alter the physical 
content, makes their last postulate dispensible. 

The fact that the theory treats localization only on space-like 
planes and not on arbitrary space-like ¢ should be mentioned. It 
is not unreasonable that the theory of Newton and Wigner has 
an analog on an arbitrary space-like o but so far it has not been 
worked out. 
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A second example of the difficulties in obtaining con- 
figuration space amplitudes labeled by the spectra of 
observables is the one-particle amplitude in the spin- 
one-half case. Here the amplitudes f,.(x) satisfy 


(—iy"0/dx"+m) f(x) =0, 


and the scalar product is (f1,f2)= JSdo*(x) fi(x)y,fo(x). 
The difficulty is that x carries a positive-energy wave 
function into a mixture of positive- and negative-energy 
wave functions.® Schrédinger proposed that the even 
part of x be taken as an observable: 





1 a-ptimr — a-p+im 
g(x)=x—— >| 
2% m+p? L m+ p? 


Whatever the merits of this suggestion, it cannot satisfy 
the axioms of Newton and Wigner since the three com- 
ponents don’t commute. The unique solution for this 
case was found by a number of authors*~’; its proper 
functions were first given by Newton and Wigner. 

A spin observable which acted within the manifold 
of positive-energy states was obtained approximately 
by Becker* and exactly by Pryce,™ Mgller,”® and Foldy 
and Wouthuysen.”” To our knowledge no axiomatic 
analysis of the uniqueness of this operator has yet been 
published. 

The wave function localized at q at time ¢° in the 
spin-one-half case may be obtained from the paper of 
Newton and Wigner, Eq. (21b). The probability 
amplitude to find the particle localized at q at time ¢, 
is then the scalar product 


f cor Waa (a) raf 0)= Warf 


We have dwelt in such detail on these simple examples 
because we believe they illuminate one of the most 
confusing points in the literature on configuration 
space. 

Using the results for the one-particle case, one can 
give a method for constructing a general m-particle 
position configuration space amplitude. One merely 
uses the product of m localized wave functions, one for 
each particle, as a transformation function from the 
ordinary x (or xa in the spin-} case) to the q (or q, 
in the spin-} case) representation. 

We shall deal later also with momentum configuration 
space amplitudes. As usually constructed, these are 
already configuration space amplitudes in our restricted 
sense explained above, so no further analysis is neces: 
sary. However, it would be desirable to have uniqueness 
theorems for n-particle localizability in both position 
and momentum space. Such theorems would presum- 
ably result from a general analysis of the concept of 3 
particle interpretation in relativistic quantum me. 
chanics, which we shall not undertake here. 


8 E. Schrédinger, Berl. Ber., p. 63 (1931). 
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With these remarks about physical interpretation 
out of the way, let us recall briefly the standard con- 
struction of the x amplitudes. The manifold of x 
quantum states at time x° for a neutral spin 0 field is 
ganned by the 


(n!) “3p +* (223) ses -PH* (xn) Bo, 


--m) at time x, (47) 


all x; (i=1, 
where ®p is the no-quantum state. A general state of 
the mesons is then of the form 


(+) 


v=" (0) Bo+- -f done) (x)¥ (x30) 


ay 1\3 
—(e 0) fot aaa -(-) 
nN 


ag 
fm femal 
o co ™ 


— (xj) 
0 
—p)*(x;) {wom cas "*%nj0)Po. (48) 
Ox Hi 


Selita 


V(41,+++4n30) is symmetric in the x’s. It is inter- 
preted as giving probability amplitudes of finding n 
particles on o. This is checked by taking the scalar 
product of the basis (47) into W as given by (48). 

The expansion analogous to (48) in the charged 
spin-one-half case is 


V=VOMD 4 +--+ (nlm!)-3 


«J dovi(3) (YP (xv) 


{=I 


. I do**(y.) (Ye(y4)108) 


KY") (e1+ + ams V1 Ynj F)Po, 
where it is understood that the m-particle, m-anti- 
particle amplitude ¥“"™) has a four-valued spin index 
for each of its arguments, on which the 7 matrices act. 

Table II contains a summary of the basis vectors 
and expansions for the various spin zero and one half 
theories. Table III gives the explicit representation of 
the field operators in configuration space. 

In the remainder of this section, we discuss questions 
telated to the number density of quanta or more pre- 
cisely to the operator of the number of quanta in a 
finite volume of 3-dimensional position or momentum 
space. It is clear that a particle interpretation leads to a 
unique expression for this operator, but it is not obvious 
at first sight how to express it in terms of fields. We 
first obtain an expression in terms of the observables of 
the particle interpretation. 

Denote by Sy; the set in 3m-dimensional position 
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configuration space for which 7 of the quanta are in V 
and the other n— j anywhere outside. Then the operator 
Yj-1" jE™ (Sy;) gives the number of particles in V if 
n-particles are present altogether. The operator of the 
number of particles in V is then 


¥ ¥ jE (Sy). 


n=0 j=1 


(49) 
In momentum space, the expression is 


od JF (Ty,), 


n=0 j=] 


(50) 


with Ty; the analog in momentum configuration space 
of Sy; in position configuration space. When one has 
two kinds of particles and is interested in the total 
number of both kinds, one is given the projection 
operators E(1-"2)(Svj1j2) which give the probability 
of finding ™ particles of the first kind and mz of the 
second such that j, of the first kind are in V and m— j1 
outside it, while 72 of the second kind are in V and 
N2— j2 outside it. The operator of the number of par- 
ticles of either kind in V is then 


re) ni n2 
DY Dd DX ({Atj)EO™ (Svirie). 
ni1,n2=0 j1=0 j2=0 


An analogous expression holds in momentum space. 

It is well known that (50) has a very simple ex- 
pression in terms of field operators. For example, in the 
neutral spin-zero case it is just 


Nv (8) = f = _ sp, 
Ny (x)= | ————0"(p,2°*), 
: (m?+p’)} , 

I"(p,a°) = *(p,2")6 (,2"). 


Let us recall the idea of the proof. Acting on the basis 
elements (47), Ny°(x°) gives 


(51) 


where 


ap 
(+)* (+) (+)* . 
| Peng (n)s on (p:) 


XoM* (pr)Po 


aE f amorneonnd- 


Xo* (pe_1)5(p— pelo O* (pers) + + -OO* (Pn) Po. 


Suppose that 7 of the p’s are in V and the remaining 
n—j outside. Then precisely j identical terms 
(n!)—*p H*(p)- + -6*(pp)Bo will survive in the sum 
on the right-hand side of (52). This is the same result 
as that obtained by applying >°j.1"jF™(Ty;), so the 
proof is complete. The proof is the same for the spin-3 
case except that the anticommutation rules result in 
certain minus signs. However, those minus signs are 


(52) 
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just canceled by others arising from the commutations 
necessary to restore the basis element to the standard 


A 


order of momentum arguments. 


Evidently, the proof of the identity of (50) and (51) 
rests on nothing but the requirement that the creation 


and annihilation operators satisfy commutation or anti- 


commutation rules with zero or a 6 function on the 


M(x) =- 
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right-hand side. For this reason, we should suspect that 
Sv N(x)d*x, with 


(x)o (x) —* (x) 


Ox? Ox? 


| 0g) 


| (53 


is not the operator, Vy, of the number of particles in 


TaBLE II. Configuration space amplitudes and scalar products. 








Type of field 


Basis vectors and amplitudes 


Scalar product 





Spin zero 
neutral®> 


Spin zero 
charged* > 


(n!)-9GY* (xy) - + -GH* (eq) 


Linear manifold spanned by these basis vectors for all 
x; on o comprise all states in which there exist exactly n 
interaction-representation quanta on o. 


The amplitude Y(x,---x,3;¢) is symmetric in 
X1,°**4n, and satisfies: 
0 
W™ (44,--+¢n3pa)= | do"(x;')} AM (x;—x;’) 
Ox;/" 
0A (x;—4;') 
ia aaa ates WO (x4,- ‘. -x;',° Se y= o). 
Ox;/* 

A state WV is expanded: 

4 1 n 
VW=VOG+ DT i «++ II doi(x;) 

n=l (n!)3 j= 


ag* r) 
x —(xj)— 9 O* (xj) —_ 


ox; Ox; 


UW (41,+++4nj 7) Po. 


(mn !)-¥GO* (a) - + -GO* (em )>O* (1) + -C* (no 


These for all x and y on o span the states in which 
exactly m interaction representation (+)-quanta 
and m(—)-quanta exist. The amplitude ¥™»™ (a,-++4m; 
X1,°**¥nj3@) is symmetric in the x and y separately 
and satisfies 


Wm”) (xy,- **Em3 Vis? °° In} c) 
te) 
= | do*(x;’)} AM (4j—x;/)——— 
ox;/" Ox;'* 
Xv,” (x1,- ° -xj’,° . "Xm; ¥1,° . "Vn; 
9 IAM (yj;—¥;’) 
= | do*(y;')) AM (yj—9;') 
dy,’ dy;'™ 
Xv) (x),- **¥m; V1,°° -¥9;',° -*Vn3 oc). 
The expansion of a state W in terms of the ¥“™” is: 


0A (xj;—2;’) 








v= 5 (min!) f «TI do"i(x;) II do”*(yn) 
i=l k=1 


m,n=0 


agh)* té] 
{- (xj) —@* (x;) 
pe 


Ox;Hi ox" 
(9x) G°O* (ye) 
Oy” ay’ | 
Xm.) (x1,- **Xm591,°** Yn; 7) Pp. 


(W1,F2) =F, Ow, +4 2 mf om do"! (x1)- ‘ da” (xn) 
n=l 


—————-_(9 3 
X] Wi ™ (a1, ° + 423 0) ——— see 
Ox,"! Ox," 


+ 


ferential operators acts. 


(¥1,¥2)= 2 pint f ie -do"! (x1): ° -do*™ (xm) 


m,n=0 


Xdo"!(y;)-- eon] Be *Xm5 M19 nj oF 


a fi) 3 f) 
x = so: a a 
Oxy"! ax," Oyn”™ — Ayn”” 


XW2(a1,- **Xm3 V1y°° *Vnjo) f 








a fi) 
x == Wo (x,°° anja |, 
ox," Ox?” 


The arrow indicates the function on which the dif- 


wi 
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Taste II—Continued. 





Type of field Basis vectors and ampliudes Scalar product 





The basis vectors, 

(n!)~WOT (xy) + POR (an )o, 
for all x on o span the states in which there exist exactly 
n interaction representation quanta on o. The amplitude 
W™ (x101,+**Xnan;o) is antisymmetric in the xa; and 
satisfies 


Spin one-half 
neutral> 


(11,2) =V,OW,4 5 f. + Wy (x4, aaj @) 
n=1 


x II do*i (xj) (yorp;)¥2™ (a1,- * +n; 0). 
q7@=1 


In these equations, and those of the charged spin one 
half case, the y matrices act on the spinor indices 
associated with x; or y, as indicated. 


1 
VO) (x1,° + a5 0) = eters Gairnn) 
7 


XV (x1,- + -20;j/,°° + 4nj oe). 


The expansion of a state W in the basis vectors is 


j=ljeoon. 


V=VH+ (n!)-# f ay doi (xj) (WT (2; )yuj) 
n=l Fe | 
XV (x1,+ + + ¥nj oP. 


The basis Vectors 
(m In!) YOE (a1) + POT (em WOOT (M1) + Yet (yn )Bo 


for all x and y ono span the states in which there exist 
exactly m interaction representation (+)-quanta and n 
(— )-quanta on o. The amplitude 


Ym") (XyaL1,+ + + Xmom 5; W181," * + YnBn} o) 
is antisymmetric in the x;a;’s and ¥,8;’s separately. It 


Spin one-half 


eo -_ 
charged>-¢ (Wiwe2)= 2 f. + WH) (41,+ + +m; V1," Inj 7) 
m,n=0 


II do* (xi) yom) IT da** (yx) (yore) 
771 =) 


Ko” (x4, -*Xm5 V1 Yn so). 


satisfies 
Wm) (41, . *Xm3 V1y° e “Vn3 a) 


a 


i 
= [eens 


KYM) (y+ aise ms My Ingo) 


1 
vi” f do" (yx) (S (k= Ye’ yu) 


7 


XY m2) (4,- **Xm5 N1,° . “yk . “Vn3 a). 


The expansion of a state W in the basis vectors is 


w= 3 


m,n=0 


f. . il dot(x3) TH do?*(yu) (0 (xs) r) 
j-1 = 


XK (YEH T (yp ye WO” (01, + +m; Vays Ins T)Do. 








® See reference 15. 
> See reference 3. 


the volume V, but rather Vy= /y9U(q)d*q, with 


Kg) =G1*(g,x") bi (gx). (54) 


Here 

o*(aq)=— OP in ag (p)(m?-tp)! 
b* (ago) = f ei -0g*(p) (m?-+p? 
ce Oats (eeD 





is the creation operator, for a meson localized at the 
point q at time q°. 

The equality of (49) and (54) is proved by using the 
commutation rules, 


[o:*(q,9°), 1° (q’,9°) ]=5(a—9’), 


which are readily deduced from 
[o*(p), 6 (p) ]=5(p— p’) (m?+ p?)}. 
It should be noted that unlike the expression (53), 


¢ See reference 2. 
4 See reference 13. 


e See reference 14. 


Ny as defined by (54) satisfies 
[Nv,Nv-]=0, 


if V and V’ don’t overlap.» 

It is of considerable interest to relate the number 
operators for a volume in position space, Vy‘) to the 
operator of charge in the volume, Qy, for one is then 
able to test the validity of elementary physical pictures 
to which one is accustomed in the nonrelativistic 
theory. In the nonrelativistic case, a state for which a 
volume V is occupied by a definite number of particles 
is one with a definite value of Qy: the sum of the 
charges of the particles in V. This statement is invalid 
in the relativistic case for at least two reasons. 

51 As far as we are able to tell, Eq. (54) differs from the particle 
density given by any other author who has discussed the subject. 
See, for example, K. J. Le Couteur, Proc. Cambridge Phil. Soc. 


44, 229 (1948). However, Osborne’s formalism (reference 17) 
should give the same result if it were applied to this problem. 
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TABLE III. Representation of operators. 








Type of field 


Representation of operators 





Spin zero neutral* > 


o(x)=9 (x)+-9%* (x) 


Spin zero charged*> 
o(x) =o (x) +o (x) 
“(x)= o*(x) 

o-* x)= e(+) (x) 

oO (x)=g°e(x) 


Spin one-half neutral® 


v(x) =y (x)= Cy (x) 
¥*(x)=y(x) 


Spin one-half charged>-¢ 
¥(x)=y (x) ty (x) 
v(x) = Cy (x) 

yO (x)=ypoMe(x) 


9 dA (x—x’) 





fase cana **Xn30) 


(@ (x)¥)™ (x1,° + +405 0)= (ot f deren] acre) 
Ox'# Ox! 


= (n+1)Wv OD (4,41,40,°* + tn5 0) 
1 [n 
(@M* (x )W)™ (24,- -*Xn;5 o-—| Zz AM (4;— 2) OY (x1,- . “X"5° **Xny c) , 
ind | i=) 


x;* means omit x; 


rs) aA) 
(OM (x)H) (x1, + + +25 Vy np o)y= ime f arte)} 0-2) — 


e/B x’ 
XY mt”) (x! 471,20, = **Xm5 W1y° °° Vn} o) 


= (m+1) RY 1) (x 4,0, ° * "Xm; V1y° °° Yn; o) 


-2)| 


i +» 
(9Y* (eH) (a4,--- ea a are Nl Mi ali P+ m5 Nye Ins o)} 


i(m) 





8 dIAM(y—y’) 
(p(y) (a1,- + - 


+ *Yn3 o)=(n+1)t | do*(y’)) AM (y—y’} 
oy’ Oy’ 
KY mt) (x4, + m5 M1 V2y* * Yn} 0) 
= (n+ 1) OD (x1, + + + Xm5 Y,1V2y° + n5 7) 


1 » 
(G°* (yh) -™ (ea, + m5 Yay Inj a gi (yj WW (Hay + m5 ay" WS" + Inj )}- 


i(n 
In the equations below, a space-time variable x; is always accompanied by a 4-valued spinor index q; 
even where this is not explicitly indicated. 


1 
(War? (x WH) (a1,+ + nj 0) = (n-+1)4- J dot (x')(SH (x— 2! yp )¥™ (x! a1 202,° + +n5 @) 
. a 


= (n+1)WO*D(x,4,1+ + +205 0) 


1 n 
Wa" (HY (aay 05 0) =— B (1S a) pa Y (ay, -tg50) 
nj im 


1 
(Wea (x)W)™-™ (4, + +225 Jy" ++ In5 7) = (m1) J do*(x!)(S(x—x' yy) 
4 
NS. faut) (feo 
= (m+1)hy Hn) (x00,%1,° °° Xm N1;° . “In3 o) 
1 m 
-*Vnj 0) =— B ce 1)*#1 (SM (x;—x)aja) 
=1 


Wa" (eH) (xy,- ++ 
mii 


KVM) (41, + + + 00;%, 
f do*(y')(SM (y—y' yy) 


KY MHD (ay,+ + am; YN, 
— (n+1)4(— We dae hd C2 Pe **Xm 5 YO,V1,V2,°°* Yn; o) 


m 


(4) 
Wat (yW) Om") (7), ++ «nj 0) = (n+1)t—§ 
i 


1 a 
Wate" )H)™™ (iy m5 ny Ini) =— B (—1¥ (SH (95— 9) Bi 
nig I~ 


XV ™n-D (x), - **2m3 V1y°° “95%,° . “nj 0) 








® See reference 15. 
b See reference 3. 


In the first place, Qy¥e(Ny“— Ny), and 


Oy ze f (a) f m-(a)ex) 
Vv Vv 


© See reference 2. © See reference 14. 


4 See reference 13. 


even though the total charge (Q satisfies 


(55) Q=ENY-NO}=e f aafn()—20()] 
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the left hand side of (55) contains fluctuation terms 
which are the product of two creation or two anni- 
hilation operators. It is one of the results of the analysis 
of Bohr and Rosenfeld, that these terms are essential 
to make Qy correspond to what one actually would 
measure in the laboratory with classical charge and 
current distributions as measuring equipment. 

In the second place, the quanta of our particle inter- 
pretation do not behave like point particles. This is 
most easily seen by writing out the charge density in 
terms of annihilation and creation operators of q space. 


ow== ff Badal] i *(: A) 


e. ee 
x | Hale (0) le) Yo | 


; 0 
$gth or o"(a| —Helaver() 
0x 


0 
—Va" vail” iol (2) [+ uctuation terms . (56) 


It is evident that the first two terms define a nonlocal 
operator in q space so that a state of one quantum 
localized at gq, 1°+*(q,q°)®o, yields an expectation 
value of the charge density: 


(b:°* (q) B0,0 (x) bi* (q) Bo) 
e 
1 


a ‘. 0 
|—y (x) a(x) — Hq (=) ve (x) | (57) 


which is nonzero even though q~x. This means that, 
in some sense, what we have called one quantum is an 
extended charge distribution whose ‘‘center” is de- 
scribed by q. 

We remark, in closing, that in our heavy emphasis on 
“observables” which are at least formally observable 
(although perhaps not actually in the laboratory) as 
opposed to “‘observables” which are by definition unob- 
servable such as position operators with noncom- 
muting components, we are not trying to disparage the 
second type. We are merely trying to show the formal 
consistency of a conservative point of view which 
insists on the validity in relativistic quantum me- 
chanics, of the principles of the quantum theory of 
measurements already so successfully applied in non- 
relativistic quantum theory. In our opinion, only 
further investigation can show whether or not it is 
necessary to abandon these principles. 

3. RELATIVISTIC TRANSFORMATION PROPERTIES 

OF FIELDS AND CONFIGURATION 
SPACE AMPLITUDES 

We make first a few general remarks about relativistic 
invariance. For convenience, we carry out the initial 
part of our discussion in the Heisenberg representation. 


®N. Bohr and L. Rosenfeld, Phys. Rev. 78, 794 (1950). 
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In any relativistic quantum theory there is for any 
state, ®, a corresponding transformed state U(a,A)®, 
where U(a,A) is a unitary or antiunitary operator cor- 
responding to the inhomogeneous Lorentz transforma- 
tion {a,A}. Here A is a four-by-four real matrix of the 
homogeneous Lorentz group and a is a real four-vector 
specifying a space-time translation. The law of com- 
position of the inhomogeneous Lorentz group requires 
that 


U(a,A)U (b,M) =w(a,A; 6,M)U(a+Ab, AM), 


Jo] =1, 
(58) 


and it can be shown that w can be taken as +1 without 
loss of physical generality.** Evidently, these definitions 
of relativity transformations are of the “Schrédinger 
type” in which the wave function is transformed. It is 
more usual, to use the ‘Heisenberg type” in which the 
operators are transformed. We believe that the 
“Schrédinger type” has technical and pedagogical ad- 
vantages. Its relation to the “Heisenberg type” is 
explained later. 

By definition, the Heisenberg representation vacuum 
state, Wo, and operators have simple transformation 
properties with respect to the U(a,A): 


U(a,A)Vo=WVo, 
and, for example, for a neutral scalar field, $(x): 
U(a,A)¢(x)U (a,A)1=$(Ax+a), 
and for a charged spinor field: 
U(a,A)W(x)U (a,A)*=S(A)-W(Ax+a). (60) 


These conceptions will be discussed in more detail 
below. What we are interested in at the moment is in 
the relativistic transformation properties of basic 
vectors and amplitudes under U(a,A). 

Note that the vector ¥a(x)Wo and the amplitude 
B) (x,a) = (Wa*(x)Wo,h) have very simple transforma- 
tion properties under U(a,A), viz: 


U (a,A)Pa(x)Vo= U(a,A)Wa(x)U(a,A)*U (a,A) Vo 


(59) 


=¥ SUA) esha eto (61) 


(U (a,A)®) (x,02) = (Ha*(x)Vo,U (a,A)®) 
= (U(a,A)“Pa* (x) Vo) 


=5"(5(A) asbs* (A1("— a) ob) 


B=1 


=¥ S(A)ag (0-"(8—0),8), (62) 


Equation (62) holds when U(a,A) is unitary ; for U(a,A) 
antiunitary see below. 


8 E. Wigner, Ann. Math. 40, 149 (1939), and later unpublished 
work. 
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On the other hand, the interaction representation 
vectors and amplitudes with which we have been 
working so far have no such simple transformation 
properties under U(a,A) (provided that there is some 
interaction) ; their transformation properties are simple 
under Uo(a,A) which define the relativistic transforma- 
tions of the free fields. In fact, if &p is the no-particle 
state, 


Uo (a,A)Ppo = Po, 


while (in the next five equations the field operators are 
in the interaction representation) 


Uo(a,A)y(x)Uo(a,A)*=S(A)“y (Ax+a), 
Uo(a,A)(x)Uo(a,A)*=$(Ax+a), 


so that, for example, 


Uo(a,A)Wa(®)bo= E S(Ayaaba Atay 


(Y*(x)P0,U o(aA)P)=2 S (A) ap (Wa* (A (x— a) )o,®). 


On the other hand, if we attempt to find a simple 
expression for 


a" (x)®o, U (a,A)® (c)), 


we are led to expressions whose evaluation requires a 
detailed knowledge of the solutions of the equations of 
motion. Thus, the examination of the relativistic trans- 
formation properties of interaction representation 
quanta leads into deep dynamical-questions, so we may 
expect that the full exploitation of relativistic invariance 
will be easier in the Heisenberg representation. 

There is one further general point, which may be 
somewhat confusing although it is perfectly straight- 
forward in principle. That is the transformation law of 
the bases of Table II under antiunitary transformations 
such as time inversion. Consider, for simplicity, the case 
of no interaction and the one-quantum state p_‘t* («)®p. 
Then the corresponding time-reversed state is 


U (0,in\Pa* (x) Bo 
=U (0,i)ba* (x) U (0,1) 7U (0,11) Bo 


=> 5 (i)“eabe* (ia). (63) 
B=1 


The right-hand side looks deceptively like a linear 
operator acting on one-quantum states, which the 
left-hand side is not. On the other hand, (63) is just 
what is required to make the one-quantum amplitude 
transform according to the law: 


Wa *(2)bo,U 0,i)¥)= TO) Va *o¥) 


=D S (it) ap Wa * (ix) Po). 
p=1 





It should be noticed that we are using the Wignerian 
definition of time inversion in which the time-reversed 
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state of a particle is a state of the same particle. (There 
are other transformations under which many important 
theories are invariant, charge conjugation for example, 
in which the transformed state of a particle is a state 
of its antiparticle. We return to charge conjugation 
later in this section.) 

The next few paragraphs we devote to a discussion 
of the relationship between the transformation proper- 
ties of fields and the physical characteristics of field 
quanta. We consider only the case of free fields and 
particles and deduce the transformation properties of 
the fields from those of the particles. The resulting 
transformation laws are then taken as definitions in the 
Heisenberg representation when interaction is present. 
It is not our intention to make an exhaustive treatment 
for all particles whose relativistic transformation proper- 
ties differ. Thus, we take the usual transformation laws 
for free n-particle amplitudes for granted. 

Consider the case of a neutral spin-zero field. The 
transformation law of the n-particle amplitude is 


(U (a,A))™ (21, + + Xm) 

=6(™)(A(41—a@), ---A7(4m—a)) (64) 
for restricted Lorentz transformation, i.e., those without 
space or time inversion. For space inversion, 7,, we have 
(U (0,7.)b)™ (a1,- + +m) 


a | yale -sistn); (65) 


while for time inversion, i;, we have 
(U (0,4:))™ (21, + + Xm) 


= O™ (tx, ‘2 44iXm 5 66 
lcd. 
The 1 and (—1)” in (65) and (66) represent alternative 
possibilities for the transformation law of m particles. 
These factors are not determined by the transformation 
properties of the states of a single particle alone in the 
world. Furthermore, they do not represent the only 
possibilities but only those which lead to the conven- 
tional transformation law of the field. 

To derive the transformation law of the field, apply 
U(a,A) to o(x)® and get: 


(U (a,A)p(x) ae (a,A)U (a,A)®)™ (x1, anit Xm) 
= (o(x)b)™ (A (#1—a), ++ -A“(%'m—a)) 
= (m+1)'®") (vA (41—@), «+ AT (4#m—a)) 


1 mt 
m i=1 1 


(A“(x1—a), i -A'(x;1—@), 
A“ (2j41—@), +» -A7"(%m—a)) 


= (o(Ax+a)U (a,A)®)™ (a1- + Xm), (67) 





In 


Th 
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(U 
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where we have used the property A“(Ax)=A“(x), (m,n) amplitude to be 

which is valid for restricted Lorentz transformations. 

The transformation law of (x) is therefore (59). (U(a,A)®)™™ (2101, + *Xmom; V1B1,° + YnBn) 
Similarly, for space and time inversion we have the 4 ema 

equations : = LY ILI S(A)aja;S (A) prsy 


a! p’=1 j=1 k=l 


Te Oh a A 
U (0,i.)¢(x)U (0,i.)"' = i loci, Xb") (AV (4 —a)ay’, «++ AT (X2m—a)am 5 


A“ (yi—a@)B1', «++A(yn—@)Bn’) (70) 


: fe os ee vs Xt 
U (0,i:)o(x)U (0,i:) "= | “a lo it). and apply U(a,A) to ¥(x)®. We get 


In the case of time inversion, one uses the identities: (U (a,A)Pa(x)U (a,A)1U (a, Av) ™™ 


AM (x)=A(x) and AM (ie)=—A (x). (X1041,* * *XmOm; V1B1,°* *YnBn) 


The manipulations for the charged spin-zero field are S(A) ajaj’S (A) B18’ (Wa (x)¥) o™™ 
precisely those written above for the neutral field and ; 

yields the same laws of transformation. However, two (A“!(4,—a)ay’, «+ -AW(Yn—@) Br’) 
new features come in. First, (64) is replaced by 


(U(a,A)®) (m,n) (x1, 2° *¥m3 V1? Vn) i S(A) ajaj’S (A) 618%’ 
=O.) (A“1(x,—a), «+ -A(X¥m—a) ; 
A“(y:—@), -+-A7"(yn—a)), (68) X 4 (m+1) Ne Ot (xa, A (41 — a) a’, 


for restricted transformations; and (65) and (66) by ; 1 2 
»+AT(Yn— a) Bn’) + ’ pO ad allen 


(U(a,A)®) 0") (404, + m5 V1y** Vn) i(n)* i= 
X (SM (A (9; @) — 2) C)6;’a 
KY Om) (A(x —a)ay’, ++ AT(X%m—a)am’ 5 
A“ (y1— a) 81’: + - (A(yj— 0) B;')* 
-+-A(yn—a)Bn’) 


Jem (arena), ay -A1(%m—a); 
(ya), ---A(y.—a)), (69) 


for transformations containing space and time inver- 

sion (the bar is omitted except where A includes a time 
inversion). Second, the states of different charge are , 
separated by the charge super selection rule which = > Saa’(A)— (Wa (Axa) U (a,A)¥) ”) 

asserts the physical insignificance of phase relations a! =1 

between states of different charge. The relative phases (20101, ° + *XmOm}; ¥1B1,°**VnBn), (71) 
of 6") and &(™.") are physically meaningless and 

therefore mathematically arbitrary unless m—n=m, where we have used 

—m, i.e., the wave function (x) =~ (x) +OVMt(x), 


Item 


vee ih ah un the formulas of Table III, and the identity 
\ % \ 
tae 4 sii ksi oes S(A)SH (A“(y;— a) — x) C 
aay _— —1T 
20) ‘Ben, ‘per, Poa: = S$) (y;— (Ax+a))CS(A)7!”. 


i % Thus, for restricted Lorentz transformations we have 





J 4 

U(a,A)Wa(x)U(a,A)7= 4 S(A) aaa (Av+a). (72) 
has physically meaningful phases only between the am- a’=l 
plitudes connected by the dashed lines. Now the , , . 
operator @(x) carries a state labeled by (m,n) into a shes! San congo ) ea tay aan 
linear superposition of a state labeled by (m+1,”);and PTO¥? a ee MEE Ena aM 
astate labeled by (m, n—1). Thus the over-all phase of voS +) (i,.(y—a)—x)C= —S (y— (ign+a))Cyo", 
¢(x) is without physical meaning, although its phase 
relative to another operator may be meaningful. , 

To deduce the transformation law of the charged ? hi —— , 

spinor field, we assume the transformation law of the U (0,4. Wa(x)U (0,40) = Si) aaar(ist). (73) 


so that 
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With this definition the wave function of positronium 
in an S state has opposite parity to the vacuum.™ 

It is well known that the definition of space inversion 
for single-particle wave functions is arbitrary up to a 
phase factor. We can ask what happens to the above 
argument when we change (70) by a factor w™*". An 
examination of the steps in (71), shows that y (x) and 
Cy°t(x) no longer transform in the same way so that 
the transformation law (73) is no longer valid. How- 
ever, it can be reinstated if we agree to transform the 
amplitude 6.” with a factor w"#". With this alter- 
ation, the relative parity of the S states of positronium 
and the vacuum is the same as before, but (73) acquires 
an @ on the right hand side. So our remarks constitute 
an elementary verification of the fact that the “relative 
parity” of particle and antiparticle is fixed by the 
transformation law of the field and is independent of 
the phase chosen for the space inversion transformation 
of the field. 

In the case of time inversion, i;, the transformation 
law of the field is similar (ys=yov17273) 


4 


U(0,t:)Pa(x)U 0,1) = a (iC—Y5) aaa’ (ir), (74) 


but one must watch out for the complex conjugation 
operator in the calculation. We assume the amplitudes 
transform under time inversion as follows: 


(U (0,i,)¥) ™™ (x101,- + -YnBn) 


IL (tvsC)aja;'(iysC) 8.8’ 


1 k=1 


+ m 
. a’ ,B’=1 j= 
XV) (igeion’, ++ +ienBn’). (75) 

The calculation is then: 


(U (0,t:)Wa(x) U (0,t:)*U (0,02) ¥) ™™ (101, + - YnBn) 


a 
= + (tysC) a1a1’" ne (t¥sC)B nbn’ 


a’ ,p’=1 


x | (m+ 1) Np (mt1.n) (x0r,i 40101’, + *iVnBn’) 





1» 
—— 2X (-1)F*(S (695-2) C) oj 
i(n)* i= 


KY (mn ) (ixeyan’, cee 1¢XmOm! : 
iyiBr’, ++ + (ivysB;')*, + - ign.) | 


4 
= 2, (t7sC) aa" (War (ie) U (0,i1)) 
a’=1 
XYv™” (x104,° ‘ -WnBr), 
54 C. N. Yang, Phys. Rev. 77, 242 (1950). 


(76) 


S. WIGHTMAN AND S. S. SCHWEBER 


where we have used 
ys (SM (ixy—x)C)=S (y—ix)C((ysC)7)1. 


Just as in the case of space inversion, we have here 
the possibility of inserting a phase factor on the right 
hand side of (74), if we want to change (75) by inserting 
«eas 

In passing, we note some consequences of the trans- 
formation laws (72), (73), and (74) which will be of use 
later. For all Lorentz transformations we have 


U(a,A)pt(x)U (a,A)1=yt(Ax+a)S(A), 
while for restricted Lorentz transformations 
U (a,A)¥*(x)U (a,A)1=S1(A)y*(Ax+a). (78) 


Equation (78) holds also for space and time inversion 
provided S(i,)=+iyo and S(i,)=iysC. For S dif- 
fering from these choices by a factor w, we get (78) with 
@ as an additional factor on the right hand side. 

Now we turn to the neutral spin-} theory of Majorana. 
As we have defined it, it is a theory of a spinor field, 
y(x), satisfying 

¥(x)=y"(x)=Cp' (x). (79) 


By using the transformation laws (72), (73), (74), and 
(78) it is easy to see that while (79) is invariant under 
restricted Lorentz transformation, it is invariant under 
space and time inversion only for a special choice of 
phase, w= -+7.° Are we then to conclude that it is only 
with this special choice of phase that the Majorana 
theory is a consistent relativistic quantum theory? It 
should be clear from what we have said before that we 
cannot accept this conclusion without further examina- 
tion. Each side of (79) is an operator which connects 
states belonging to one subspace of a super selection 
rule with a different subspace. If it were true that the 
only consequences of the failure of (79) to be rela- 
tivistically invariant were statements about unov- 
servable quantities, our question should be answered in 
the negative; a theory is relativistically invariant if its 
observable consequences are. 

In order to show that the noninvariance of (79) is 
physically objectionable we realize the Majorana 
theory in configuration space, with the amplitudes and 
scalar product given in Table II. The field operator is 
defined as follows: 


(Wa(x)&)™ (x101,- * *XnOQn) 
= (n+ 1)§b (+) (xa,2101, oe *XnQn) 


1 


(77) 


$F (—1)4(S (a 2)C)aj 


i (n)} i= 


XB) (x10, ° = (x;0;)*, « < *LnOQn). (80) 


55 For space inversion this remark is due to G. Racah, Nuovo 
cimento 14, 322 (1937). See also E. Caianiello, Phys. Rev. 86, 
564 (1952). The following argument constitutes an explicit 
verification of one of Caianiello’s contentions. 





80) 


10V0 
86, 


plicit 
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With this definition (79) is satisfied. For the trans- 
formation law of the m-particle amplitude under inver- 
sions we take 


(U (0,is)®) ™ (x10, + + nn) 


n 
=[I (ty) ajay (ignyar’,- 


j=l 


(U(0,i1)®) i») (x10, seh % nn) 


is isUnOQn’), 





n 
=I] (t78C) aja;'P™ (ix 10’, ee “41XnQn’); 


7=1 
this yields the field transformation law: 


U(0,i.)¥(x)U (0,i.) "= —tyop (ex), 
U (0,ie)b (x) U 0,i1) 7 = i (C75) (ix), 


consistent with (79). If now we try to introduce phases 
in the transformation law of the amplitudes so as to 
obtain a phase factor w in the transformation law of the 
field, we find this impossible. The physical reason for 
this is that the definition of ¥(«) involves connections 
between ®*-)) and 6+) independent of the over-all 
phase of ¥(x). In order that ¥(x) may satisfy a well- 
defined transformation law these connections must be 
preserved under Lorentz transformation. This is pos- 
sible only with plus or minus the above phase. The 
simplest consequence of this result is that two Majorana 
particles in an S state have odd parity relative to the 
vacuum. 

It is in the bilinear and quadrilinear quantities 
formed from spinor fields that the physical significance 
of the arbitrariness of phase usually appears. If certain 
of these quantities are observable it may imply that 
the relative phase of two spinor fields is fixed. In fact, 
it has been found convenient to try to assign fixed 
phases to various spinor fields in just such a way as to 
guarantee that certain bilinear and quadrilinear com- 
binations are observable while others are not. This is 
the point of view of Yang and Tiomno.*® 

We do not want to develop the analysis of the bilinear 
and quadrilinear quantities further at this point but 
only to give one concrete result on which the literature 
may be somewhat confusing: the time inversion proper- 
ties of the bilinear covariants. From (74) and (77) we 
readily derive that under time inversion, 


U(0,i) Yt (xox) U 0,1) =H (ex W(x), 


U (0,1: bt (x) veh (x) U (0,14) 1 = — Yt (ie) ys (ix) ; 
while 
U (0,5) Yt (x) a) Vt (a) yh (2) }U (0,1, 
= {Vi (ix) yW(iex), —Wt (ex) yV(ix)}, 
U (0,1) (Vtivsyv (x) Wtivsy' (x)}U (0,i,)7 
= (Pi (ix)ivsyV(i,2),-Vt (iw)ivsyW(ix)}, 
°C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950). 
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U (Oyie) {V1 (a2) op (x) Wt (ax) o7*p (x)} U (0,i2) 7 
= {Vi (iex)o (ix), —Pt (dex) (ix)}, 
in complete agreement with the results of Liiders.*” 
All our discussion so far has used the “Schrédinger 
type” relativity transformation in which the wave 
functions rather than the operators are transformed. 
We now give the connection between the two. 
If under the relativity transformation, x—2’=Ax+a 
the states transform as 
W—U (a,A)¥=W’ (Schrédinger type), 
then for a field observable, O(x), 
O(x)—0’(x) (Heisenberg type), 


where the connection between the two transformations 
is given by 
(W,0" (x)¥) = (W’,O(x)¥’). 


If U is unitary, we have then 
O’ (x) = U(a,A)0(«) U (a, A). 


On the other hand, if U is antiunitary, say the product 
of V, a unitary operator, and K, a conjugation, we have 


(W,0' (x) ¥) = (VKV,O(x)VKY), 


(81) 


and so 
(O* (x) VW) = (KV,V—O(x)VKY), 


(¥,0"* (x)¥) = (¥,KV—0(«) VKW), 





where the conjugation property, (®,KV)= (K®,W), has 
been used. Therefore, for antiunitary U, 


O” (x)= U(a,A)0(x)U (a, A), 


O' (x) = U (a,A)“0* (x) U (a,A). (82) 
Notice that because of the adjoint operator in (82), 
O1(x)O2(x)—>LO1 (x) O2(x) J’ = Oo! (x)O1' (x). 


Consider, for example, a spinor field (x). It satisfies 
equation (60). Consequently, for Lorentz transforma- 
tion without time inversion, the Heisenberg type 
transformation is: 


¥(x)—y' (x) = U(a,A) W(x) U (a,A) = S(A)Y(A"(x—)). 
On the other hand, in the antiunitary case 
v(x)’ (x) =U (a,A) p(x) U (a,A) F* 

=S(A)¥*(A“!(x—a)) 
=yt(A“!(x—a))y°S(A)?. 

Similarly, the transformation law of yt is: 

V(x)" (x) =U (GA) Yt (x) Ua, A) FF 

=[vt(A(x—a))S(A)" * 
=S(A)“7y°y (A (x—a)). 


Thus, for the Heisenberg type transformation, the 


57 G. Liiders, Z. Physik 133, 325 (1952), Table I. 
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argument that ¥1(«)y(x) is a scalar would go as follows: 


¥' (a)p (x) (a) (x) 
=i (A (x—a) )yS(A)7S(A) 79 (A (x a) 
=y'(A“"(x—a) )W(A(x—a)). 


It seems to us that the preceding discussion shows 
that the “Schrédinger type’ of transformation has at 
least pedagogical virtues in the discussion of anti- 
unitary transformations. 

To close this section, we want to discuss charge con- 
jugation or, what is the same thing, particle—anti- 
particle interchange. This operation is usually defined 
as a Heisenberg-type transformation.*® We want to 
obtain a corresponding Schrédinger-type transforma- 
tion and display it explicitly in configuration space. 

Charge conjugation defines a mapping of all ob- 
servables onto charge-conjugate observables. The in- 
variance of a theory under charge conjugation asserts 
the equality of each observable and its charge con- 
jugate. The charge conjugate of an observable is ob- 
tained by expressing it as a function of the fields and 
replacing all fields by their charge-conjugate fields. In 
addition, in certain cases one has to change a number of 
signs. For example, in electrodynamics the required sign 
changes are obtained by replacing e by —e. In meson 
theory, where all the bilinear covariants may be used, 
the coupling constants of vector and tensor quantities 
change sign while the others do not. In many cases the 
e occurs together with the electromagnetic vector 
potential A,(~), so that one can replace e>—e by 
A,——A,. (In this case, U.A,(x)U-1=—A,(x). See 
below.) This is the definition of charge conjugation 
which yields the simplest derivation of the selection 
rules arising from charge conjugation invariance. 

When the observables of a theory are invariant under 
a mapping such as charge conjugation, it often happens 
that the mapping is given by a unitary or antiunitary 
transformation. To establish this result, one need only 
show that the mapping of the observables leads to a 
mapping of states which preserves transition proba- 
bilities. Then a theorem of Wigner® shows that the 
mapping can be represented by a unitary or by anti- 
unitary operator. We shall see that no such operator 
exists for charge conjugation unless the set of ob- 
servables excludes such operators as the current so that 
Wigner’s theorem cannot be applied without further 
justification. However, in all the standard field theories 
there is a unitary operator, U., which, when accom- 
panied by the change c——e, produces charge con- 
jugation. Furthermore, U, has a simple and intuitively 
satisfactory form in configuration space. The reason 


58 W. Pauli and F. J. Belinfante, Physica 7, 177 (1940), contains 
a clear account of the basic definitions. Compare also G. Liiders, 
nis — Videnskab. Selskab, Mat.-fys. Medd. 28, No. 5 

1954). 

59. Michel, Nuovo cimento 10, 319 (1953). 

6 E. P. Wigner, Gruppentheorie und ihre Anwendung (Vieweg, 
Braunschweig, 1931), pp. 251-254. 
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why the observables odd in the charge are not invariant 
under U, is very simple physically; transition prob- 
abilities into proper vectors of such observables are not 
invariant (positons bend one way, negatons the other 
in an external field). 

There may be several ways to define the charge con- 
jugate of a field,®® we shall assume the definitions of 
Table I. If there is a unitary or antiunitary trans- 
formation, U., which generates charge conjugation, it 


must satisfy the analog of Eq. (81): 
(¥,0°%) = (UW,0OU®), (82) 


where O is an observable, W an arbitrary state and 0° 
the charge conjugate observable. Since the O and O¢ are 


Hermitean, there follows from this equation: 
Oc=U-"0U,. (83) 


Equations (82) and (83) may be expected to hold except 
in case O is odd in the charge, when there is a change in 
sign. We suppose that 


¥°(x) =U (x) U.. 
If U, were antiunitary we could derive from this: 
UW (x)Ue=wt (x), 
instead of the desired relation: 
Ut (x)U =v (x). 


Even though this can be arranged by a special choice of 
representation (7°7°=1), we may rightly suspect that 
the trouble will crop up again elsewhere. This may be 
verified by examining the bilinear covariants; the 
requirement that the covariants be invariant (up to a 
sign) excludes that U, be antiunitary.“ In the spin- 
zero case the argument is even simpler. There 


U1o(x)U-=¢$* (x), 
and consequently 
U.'¢* (x) U-=$(*). 


The current vector, 


(84) 


(85) 


(86) 


ag* dp 
jul(x) =| cia) 0) 
Ox" Ox# 


i 


would be invariant under antiunitary U,, whereas it 
should change sign. If U, is unitary we get (86) from 
(84) in the spin-} case and the current transforms 
correctly in the spin-zero case. 

In the charged spin-one-half case, the representation 


® An alternative derivation of the unitary property of U- can 
be based on (84), and the assumption that no negative-energy 
states exist. 
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of U, is configuration space is 


(U&)™™ (104, - e *XmAm5 181, ° . “VnBn) 
4 n 
IT (—7°C)ajaj"(—7°C)ei8e’ 


1 j=1 k=1 


a’! 
(87) 


XB ™ (381, - 7 “VnBr § %1011’,° : *Lalim’). 


The calculation to check that (87) does indeed satisfy 
(84) is completely analogous to the preceding calcu- 
lations for relativity transformations. In the spin zero 
case (87) stands if the spin indices and y matrices are 
dropped. 

One final remark: neither (74) nor (84) is invariant 
in form under gauge transformations of the first and 
second kind. Nevertheless, they are correct and theories 
in which they hold can be gauge-invariant. Form in- 
variance of such spinor field equations is not always 
a physical requirement. 
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Example of the Cascade Decay of a 
Negative Hyperon* 


W. H. Arnoxp, J. BAttam, G. K. LINDEBERG, 
anp V. A. J. Van Lintt 


Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 
(Received March 16, 1955) 


N example of the cascade-type decay of a nega- 
tively charged hyperon has been found in a 
magnetic field cloud chamber operated at Echo Lake, 
Colorado. This event is reproduced in Fig. 1. Track 1 
is unmeasurable both as to momentum and sign. It de- 
cays into a slow-moving light meson, track 2. A V° 
particle (tracks 3 and 4) is seen to decay at a point 
1.1 cm from the hyperon decay point. All four tracks 
are ionizing at less than twice minimum. The pertinent 
measurements on this event are given in Table I. 





Fic. 1. A negative hyperon, track 1, decays into a light meson, 
track 2, and a A° which then decays into a positive and a negative 
particle, tracks 3 and 4. The blob at the point of first decay is a 
delta ray. 
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TABLE I. Momenta, signs, and space angles of particles 
observed in the cascade decay. 








Momentum 
Sign (Mev/c) 


? ? 
tee 116+ 6 


220+ 25 
+ 1540+200 


Space angle 





41.3°+0.3° 


26.7°+0.7° 








The measured Q value of the V° decay on a A° 
scheme is 33-6 Mev. 

Since most of the uncertainty is in the momentum of 
track 4, the following procedure was used to obtain 
the Q value of the cascade particle. The Q value of the 
A°® was assumed to be 371 Mev, which is within the 
value quoted by several observers.! 

The momentum of track 4 was raised to 1690 Mev/c 
so as to give this Q value in conjunction with the central 
value of the momentum of track 3. The momentum of 
the A° itself and its position in space was then calcu- 
lated from the corrected data of track 4, the measured 
values of track 3, and the space angle between them. 
This turned out to be 1890+-175 Mev/c, and the error 
reflects only the error in the momentum of track 3, in 
the total angle between 3 and 4 and in the assumed un- 
certainty in the A° Q-value. The momentum of the A° as 
calculated from transverse momentum balance with 
track 2 was consistent with the above value, but has 
very large errors due to uncertainty of the space position 
of a line drawn through the two decay points. 

The Q value of the cascade was then calculated on 
the assumption that track 2 was a x~ meson. The result 
then is the decay scheme: 


Y——A°+2-+6349 Mev 
\ 
pt+a-+3741 Mev. 


The Q value for the cascade is in good agreement with 
the two previously published values.” 

The blob seen at the apex of the first decay, when 
viewed in stereo, is a spiral whose axis is in the direction 
of the magnetic field in that part of the chamber. It is 
therefore assumed to be a delta ray. 

A search was made for visible origins of the A° other 
than the decay point of the cascade. The only such 
origin was that of the cascade itself, but this was not 
consistent with the two-body decay of the A°. 

* Supported by the joint program of the Office of Naval Re- 
search and the U. S. Atomic Energy Commission. 

+ Now on active duty with the U. S. Army. 

1R. W. Thompson, Proceedings of the Second Rochester Con- 
ference (University of Rochester, Rochester, 1952); Bridge, 
Peyrou, Rossi, and Stafford, Phys. Rev. 91, 362 (1953); Van Lint, 
Trilling, Leighton, and Anderson, Phys. Rev. 95, 295 (1954); 
ao Keefe, Menon, and Merlin, Phil. Mag. 45, 333 

1954). 


2 W. B. Fretter and F. W. Friesen, Phys. Rev. 96, 853 (1954); 
E. W. Cowan, Phys. Rev. 94, 161 (1954). 
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Fine Structure in the (y,p) Reaction 
in Oxygen* 
W. E. Stepuens, A. K. Mann, B. J. Patton, 
AND E. J. WINHOLD 
University of Pennsylvania, Philadelphia, Pennsylvania 
(Received March 8, 1955) 


N several light nuclei, the width of the “giant” 

resonance in the cross section for photodisintegra- 
tion is comparable with or less than the spacing of the 
low-lying levels of the residual nucleus. It is therefore 
possible in such cases to observe photoprotons associ- 
ated with transitions from intermediate resonant states 
in the excited nucleus to individual known states in 
the resultant nucleus. Identification of such transitions 
and measurement of their relative intensities provide 
evidence of the character of the resonant states. 

This technique has previously been applied to the 
photodisintegration of carbon! and the proton energy 
distribution, in conjunction with the known angular 
distribution of photoprotons from carbon,’ furnishes 
support for attributing an independent-particle char- 
acter to the resonant state in carbon.’ 

Oxygen provides an even larger separation of residual 
nucleus states and affords better resolution through the 
use of a gas target. Therefore an oxygen gas target was 
bombarded with 25-Mev bremsstrahlung and the photo- 
protons were observed with nuclear emulsions.4 The 
equivalent half thickness of the oxygen target varied 
from 0.2 Mev for 2-Mev protons to 0.05 Mev for 10- 
Mev protons. The resolution was limited by the range 
straggling to about 0.2 Mev, a value which was con- 
firmed by calibration with monoenergetic protons from 
(d,p) reactions in N", C'8, and C’”. The distribution in 
energy of 1123 protons ejected at angles between 30 
and 150° relative to the x-ray beam is shown in Fig. 1. 
Protons of energy greater than about 6.5 Mev can be 
emitted only by transitions to the ground state of N'. 
Protons of energy below 6 Mev can be emitted either 
in transitions to excited levels in N' or by absorption 
of photons of energy less than about 18 Mev with 
transition to the N' ground state. Recent measure- 
ments by Spicer’ at the University of Illinois of the 
(y,p) cross section in oxygen up to 18.7 Mev indicate 
only a single resonance at 14.7 Mev. Hence the proton 
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Fic. 1. The energy spectrum of 1123 photoprotons from oxygen. 
The dashed curve shows the results of a shift of 0.1 Mev in the 
grouping of the tracks and indicates that the structure is largely 
independent of such grouping. 
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Fic. 2. Cross section as a function of energy for transitions to 
the ground state of N'*. The cross represents the value reported 
by H. Waffler and S. Younis, Helv. Phys. Acta 22, 614 (1949). 


groups at 4.5 Mev and 3.5 Mev may be identified with 
transitions to the 5.3-Mev and the 6.3-Mev levels, re- 
spectively, of N'®. The 2.4-Mev group appears to be 
produced, in part at least, by transitions from the 
14.7-Mev resonance observed by Spicer to the ground 
state of N'. 

With these assignments it is possible to transform 
the spectrum of Fig. 1 into a cross-section curve for 
photon absorption giving rise to transitions to the 
ground state of N' as shown in Fig. 2. This involves 
the bremsstrahlung distribution, recoil and binding 
energies, solid angle data, and the observation of 
approximate isotropy in the angular distributions. The 
main resonance at 22.4 Mev and the fine structure at 
19.6 Mev and 20.6 Mev appear to comprise what is 
usually considered a photonuclear “giant” resonance. 
Their location and magnitudes are consistent with ob- 
servations of the oxygen (7,7) reaction.® 

If it is assumed that the “giant” resonance involves 
absorption of a photon by a single proton and its sub- 
sequent emission (independent-particle model), then 
transitions are possible only to those states in N’® 
which are “parents” of the ground state of oxygen.’ 
Since transitions may involve either the #; or ; shells 
of O'6, there are two parent states on both 77 and LS 
coupling, namely, the }~ ground state and the first $— 
excited state of N'. The fact that transitions are 
observed to at least three states in N' is indicative of 
coupling between the independent-particle and com- 
pound-nucleus aspects of the resonant states. The 
presence of several narrow closely spaced resonances 
confirms mixing between states involving single-particle 
excitation and those in which the excitation energy is 
shared among several particles. 

* Supported in part by the joint program of the U. S. Atomic 
Energy Commission and the Office of Naval Research, and the 
Air Research and Development Command. 

1W. E. Stephens and A. K. Mann, Phys. Rev. 98, 241(A) 
CN) Halpem and A. K. Mann, Phys. Rev. 83, 370 (1951). 

’ Mann, Stephens, and Wilkinson, Phys. Rev. 97, 1184 (1955). 

4M. E. Toms and W. E. Stephens, Phys. Rev. 82, 709 (1951). 

5 We are indebted to Dr. Spicer for informing us of these results 
before publication. 

6 Katz, Haslam, Horsley, Cameron, and Montalbetti, Phys. 
Rev. 95, 464 (1954); A. S. Penfold and B. M. Spicer, University of 
Pennsylvania Photonuclear Conference, 1954 (unpublished). 


7 We are indebted to Dr. D. H. Wilkinson for discussion of 
this subject. 
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New Relativistic Two-Body Equation 
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NFORMATION on properties of coupled fields may 
be obtained by considering equations satisfied by 
quantities of the type 


(out|O(x)|in) (1) 


[O(x) Heisenberg operator, |in) state of incoming par- 
ticles, | out) state of outgoing particles ]. 

The main difference between such quantities and 
“covariant wave functions” previously used!“ is that 
(1) contains only one Heisenberg operator and several 
creation and annihilation operators for outgoing and 
incoming particles. 

As an example, let us consider two Dirac fields yp(x) 
and yw(x), interacting through a pseudo-scalar field 
A(x), corresponding to particles of rest-mass uw. The 
interaction term in the Lagrangian is then 


L1=gA (x) dvb (x) +o (x) J. 
We introduce the quantity of type (1) 
o(x,y)=(0|dn*(x)Wr(y) | P), 


where |0) is the true vacuum, and | P) is an eigenstate 
of the total energy-momentum four-vector of the inter- 
acting fields, corresponding to eigenvalues P,,. It is easy * 
to show that 


o(x,9) = o(x—y)e*Ps, 
where o(x)=(0|yw™*(x)~r(0) | P). 
The equation satisfied by g(x) will be nonlinear. The 
interaction of lowest order in g gives, however (as is 


most easily seen by starting from the Bethe-Salpeter 
equation), a linear equation, 


2m, 


5 
(Puy — puy"+m) p x(p) = Om 





«fo (p) vw YP x(q)do(q) 
(p+9)?+n? 


where 
yy ty y= — 2g", g#=—1, Qw(p) = (m— pyuy")n/2mn, 
_ x(p) is defined by 


(x)= (2x4 f expLipxx(p)do(?), 


do(p)=@/E,, Eq” =(E p2-+my?). 
i=1 


Using nonrelativistic notation, ¥(—p)=x(p)/E,* 
and working in the center-of-mass system (P!=P? 
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= P'=(0, P‘=M), we obtain 
2 


into 


(ap+mB+£," — (2m)8 





Py(— p)Bn Ben vp Pw(—@)¥(q) 
f #9, (3) 


(p—q)?+ (Ep"— E,")?+u? 


where Py(p)= (E,"+ap+m§)y/2E,%. 
Equation (3) may be checked by applying it, suitably 
modified, to the problem of the hydrogen atom. It then 


reads 
2 


é 
(ap+mB+E,?)y(p)= ‘ie 


Tv 


v(q)d*q, 





xf Pp(—p)(apa.—1)Pp(—q) 
(p—q)*+(E,?—E,?)? 


where the subscripts e and P indicate electron and 
proton quantities, respectively. 

The first term of a development with respect to 
m./mp gives, in the coordinate space, the familiar 
Dirac equation for a particle in a Coulomb field. 

The advantages of Eq. (2) are: first, it contains the 
eigenvalue parameter M linearly; second, it is mani- 
festly covariant; third, it can be handled, in principle, 
by the same methods as the usual one-body Dirac 
equation; fourth, it can readily be extended to many- 
body problems. 

In a forthcoming paper, Eq. (2) will be discussed in 
more detail, and higher-order equations for g(x) will 
be considered. 

1. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 

2M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 


3 W. Macke, Z. Naturforsch. 8a, 599 (1953). 
4S. M. Dancofi, Phys. Rev. 88, 382 (1950). 


Rotation of Polarization Vector and 
Depolarization in p-p Scattering*} 


T. Ypsmtantis, C. WIEGAND, R. Tripp, E. SEGRE, 
AND O. CHAMBERLAIN 


Radiation Laboratory, Department of Physics, University of 
California, Berkeley, California 
(Received February 21, 1955) 


T has been pointed out by Wolfenstein! that triple- 
scattering experiments can give information beyond 
that obtainable with simple double-scattering polar- 
ization measurements. The difference between these 
varieties of experiments can be stated as follows: in a 
typical double-scattering experiment a polarized beam 
is incident on a hydrogen target and the intensities of 
the scattered protons in various directions are measured, 
whereas in a triple-scattering experiment the change in 
the state of polarization caused by the tt on 
hydrogen is measured. 
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Fic. 1. Scale drawing of targets and counters for measurement 
of the depolarization parameter D. Target 1, a beryllium target 
inside the cyclotron, is not shown in this figure. 


The two simplest independent cases are those in 
which the triple-scattering experiments are performed 
as indicated schematically in Figs. 1 and 2. In the con- 
figuration represented. by Fig. 1 all the scattering 
processes occur in the same plane and, in an over- 
simplified schematization, one measures the probability 
of flipping the spin in the collision occurring at target 2. 
Targets 1 and 3 act as a polarizer and analyzer, respec- 
tively. The asymmetry e3, observed after the scattering 
on target 3 is connected with a coefficient D (for 
depolarization) defined by Wolfenstein as 


€sn= P3(P2+DP;)/(1+PP2), (1) 


where P; is the polarization generated by scattering an 
unpolarized beam on target i. 

Figure 2 represents the triple-scattering experiment 
in which the second scattering plane is perpendicular to 
the first. The scattering on target 2 rotates the spin in 
a complicated way and by analyzing the polarization 
by scattering on target 3 we find the component of the 
spin P, in the direction m3 perpendicular to the plane 7”. 
The asymmetry after the scattering on target 3 is 





Fic. 2. Perspective drawing showing the orientations of the 
successive scattering planes in the triple-scattering experiment to 
measure the rotation parameter R. The positions of targets 1, 2, 
and 3 are indicated by spheres 1, 2, and 3. The plane of scattering 
at target 2 (indicated 7’) is perpendicular to the plane of scattering 
at target 1(r). The plane of scattering at target 3(7’’) is per- 
pendicular to the plane x’. The figure is not to scale. 
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Fic. 3. Depolarization factor D plotted against center-of-mass 
scattering angle @ for proton-proton scattering at 310 Mev. 
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given by 


€ss= P1P3R, (2) 


which defines the rotation parameter R. 

The experiments have been performed by use of the 
polarized beam of the 184-inch Berkeley cyclotron and 
will be described in a later paper. The average energy 
of the protons incident on target 2 was 310 Mev in the 
laboratory system and their polarization was 0.74. 

Figures 3 and 4 give graphs of D and R as obtained 
in our measurements. The differential cross section J, 
the polarization P, R, and D are connected with the 
elements of the p-p scattering matrix as indicated by 
Wolfenstein! [Eqs. (3) and (5) ]. 

The information obtained from our investigation 
should be sufficient to determine the phase shifts of 
the various partial waves up to and including F waves. 
Expressions for the observable quantities in terms of 
the phase shifts have been obtained by Stapp” and the 
numerical calculation with an electronic computing 
machine has been initiated. 

The two varieties of triple-scattering experiments 
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. 4, Rotation factor R plotted against center-of-mass scattering 
angle @ for proton-proton scattering at 310 Mev. 
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discussed here have in common the property that, 
(a) the beam incident on the second target is polarized 
perpendicular to the direction of incidence, and (b) the 
direction of analysis of the polarization is perpendicular 
to the scattering direction. Other independent triple- 
scattering experiments would involve auxiliary mag- 
netic fields that would alter in a known fashion the 
relative orientation of the directions of the beam and 
of the polarization. 

* The contents of this letter were presented at the 1954 Winter 
7 of the American Physical Society (Berkeley, December, 

¢ This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1L. Wolfenstein, Phys. Rev. 96, 1654 (1954). 


2H. P. Stapp, University of California Radiation Laboratory 
Report, UCRL-2825 (unpublished). 


Scattering of High-Energy Neutrons 
and Johnson-Teller Type Nuclei 


YOsHIHIRO NAKANO 
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(Received December 6, 1954; revised manuscript 
received March 7, 1955) 


ik ew model of Johnson and Teller,! which deals 
with the neutron and proton distributions in 
nuclei, requires direct experimental evidence, which 
should be possible by using suitable probe particles. 
Courant? offered the first method to determine its 
reality from the interactions of high-energy pions with 
Pb nuclei. His proposal, however, has not been verified 
experimentally. 

This report gives evidence for the Johnson-Teller 
(J-T) type model from the analysis of the total cross 
sections for scattering of high-energy neutrons (275-410 
Mev). The experimental data in these regions do not 
agree with the Fernbach-Serber-Taylor® (F-S-T) theory 
as discussed by Nedzel,t who suggested that the diffi- 
culties originate from the assumption of uniform nuclear 
densities in the usual models. The author has extended 
the optical method of F-S-T to the J-T type non- 
uniform nuclear model, and derived the corresponding 
formulas for o;, oc, and og for the neutron scattering. 
The division of a nucleus into an inner zone with radius 
R, and an outer zone extending to the whole radius R 
is the same as that of Courant. We use the usual nota- 
tion of the optical model, with quantities in the inner 
and outer zones described as K, hi, and K, k, respec- 
tively. Putting Ri/R=(Z/N)!=y, we will define 

K=C(¢nptonn)3Z/4a(yR)’, : 

K=Conn3(N—Z)/4nR*(1—7'), @) 
whereas in the usual F-S-T theory K is given as 
K rp=C(ZonptNonn)3/4rR®. C is a common factor 
(independent of elements) of order unity, which reflects 


the character of many-body problems and upon 
the basic structure of the optical model itself. The 
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Fic. 1. o; vs mass number A (best fit). The curves NV, F, and H 
are based respectively on our formulas (2)-(2d), the Fernbach- 
Serber-Taylor theory (uniform), and Heckrotte’s theory (para- 
bolic distribution). R= roA*X 10-8 cm, where ro>=1.36 for the 
curve N and F. The values of K (in 10% cm) for the curve V (Ky) 
are given in Table I, and for the curve F the value of K (Kr) is 
taken to be 0.33. For the curve H Heckrotte’s values were used: 
ro=1.6, Ko=0.32, and ki=0. The dots are the experimental 
values (reference 4). 
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fact that for incident neutrons K/K=(34+24) mb/ 
24 mb=2.4~2 permit us to determine the sasisadie 
analytical formulas. 

o,=7R*{2—T.— T+ (1— ~yr (T-+Ta)/2}, (2) 
where the outer zone gives the term 7; and the core 
gives the other terms. In the limit of y—1 (uniform 
distribution), 7, gives the well-known F-S-T formula, 
while the other terms vanish. og and oq will not be 
considered here. The complete expressions for the terms 
in (2) are too bulky to be listed here. High-energy 
neutron scattering experiments show that the total 
cross sections are nearly constant for the energies con- 
sidered; hence, we may put &i:=0 in our present 
analysis. With this simplification, the formulas are as 
follows: 


To=4(KR)~*{[1+3(1—7*)'KR] 
Xexp[—3(1—y?)!KR]J—[1+4(1+7)KR] 
Xexp[—3(1+7)!KR]}, 
Ty= 16(KR)~*{1—[1+3(1—7?)!KR] 
Xexpl[—3(1—7?)!KR]}, 
. | 1 __ KR 
eee 2(1—*)! 





exp[—}(1—7)!KR] 





exp[—H(14+7)KRI, 


-| 1 R 
(i+y)? 2(1+7) 


a= 


(KR)? pitnKr 
J (e*/x)dx. 


4 (I—y)1KR 
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Figure 1 indicates a better fit with experiment, 
especially in the heavier elements, of the curve N based 
on our theory than either the curve F based on the 
usual F-S-T theory or the curve H based on the recent 
theory of Heckrotte’ (parabolic distribution). The 
parameters used in our analysis are shown in Table I, 
where the variety of values of Ky is due to the charac- 
teristic ratios y of nuclei in our model, while the value 
Kr is almost constant throughout the elements and is 
taken to be 0.33 except for hydrogen. When y=1, 
Ky=Kr. 

The nuclear radius in our model (r= 1.36) is quite 
near to that of the original F-S-T theory*® (7o>= 1.37) 
and to the lower limit (r>=1.35) estimated recently 
from a@ scattering.® The ro of the proton core in our 
model is then ro,= 1.367; hence it is 1.17 for Th and U, 
and 1.18 for Pb. These values of nuclear electromagnetic 
radii are in good agreement with other estimates.7—!? 
Moreover, recent studies of Coulomb excitation of 
nuclei also give information about proton cores. Al- 
though our treatment has a defect at first sight of 
using a well-shaped distribution without tail, we may 
regard the outer zone as a kind of diffused region 
as is indicated by recent work," and our uniform proton 
density in the core itself is inconsistent with the revised 
results® about the scattering of high-energy electrons by 
nuclei. Hence the Johnson-Teller model may be re- 
garded as a more nearly correct model for real nuclei. 

Finally we shall discuss the values used for the ab- 
sorption coefficient K. Those given in Table I for the 
curve N as well as the value K r=0.33 for the curve F 
and K»=0.32 (Heckrotte’s value) for the curve H are 
slightly too large by a common factor ~1.2 to repro- 
duce the free-nucleon interactions observed in this 
energy region when we take the definition of K rigor- 
ously along the line of the F-S-T theory or Courant’s 
theory. This may partly be caused by the omission 
of i, but chiefly it indicates that the interactions 
between free nucleons are not fully applicable to bound 
nucleons. Recent reports*:!5:'° of p, d, He*, and a scat- 
tering by nuclei, giving considerably larger cross sec- 
tions for the complex projectiles, may favor our choice 
of parameters. These points will be discussed in a de- 
tailed account to follow. 


TABLE I. Absorption coefficients K = Ky (in units of 10~ cm™) 
used in the curve N, for the nuclei considered in the analysis. 
The values of Ky are calculated from Eq. (1) with parameter 
C=1.2 and coincide with Ky when y=1. 








Kn 





0.4 
0.33 
0.37 
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Deuteron Pickup by High-Energy 
Polarized Protons* 


B. J. MALENKA 


Washington University, St. Louis, Missouri 
(Received March 14, 1955) 


XPERIMENTS with deuteron pickup from large 
nuclei by high-energy polarized protons have been 
proposed.!:? We can obtain some preliminary idea of the 
consequences of direct deuteron pickup by considering 
a simple two-dimensional classical model of the type 
employed by Newns for the stripping reaction.* 
Referring to Fig. 1, we consider a proton incident 
from the left whose spin is polarized perpendicular to 
the plane of scattering and pointing out of the plane of 
the paper. In accordance with the nuclear shell model, 
we will assume that the neutron is picked up from some 
definite 7=/+}3 state‘ and that no spin flip is involved 
in the capture process. Since the deuteron is in a triplet 
state, for capture to occur, the neutron spin and orbital 
angular momenta must point in the same direction as 


Fic. 1. Deuteron pickup by a proton with spin out 
of the plane of the paper. 
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the spin of the incident proton. Then, the linear motion 
of the neutron will lie along the path indicated by the 
dashed line in Fig. 1. With conservation of momentum, 
in the pickup process, the deuteron has the momentum 
hK=hk,+hk,, where hk, and hk, are the respective 
linear momenta of the incident proton and captured 
neutron. It is evident then from Fig. 1 that deuterons 
scattered into the angle ¢ originate on the right-hand 
side of the nucleus and —¢ on the left, the latter being 
essentially shielded from the observer by the nucleus 
itself. Since the pickup process leaves the nucleus ex- 
cited by the presence of a neutron hole, we would 
expect very little chance of a deuteron leaving the 
nucleus intact if it has to pass through a large part of 
the nucleus before getting out. This argument leads us 
to expect a positive asymmetry e(¢) in the observed 
pickup deuterons, which in terms of the differential 
cross section o(@) is defined as 


o(¢)—o(—¢) 
Pa, (1) 
o(¢)+o(—¢) 


An approximate quantum mechanical treatment of 
this effect can be made by considering a modified Born 
approximation for the scattering amplitude® 


fn(8)= = | [—iK-4(ry+1,)] 
Juu\) = — exp| —1K-3(rottn 


Xw*(rp— rn)Xw* (ono p) V@p— In) 
XW iu(Enjn) exp[ik,- Tp Ixy; (op)drpdtn, (2) 


where V(r,—r,) is the m-p interaction potential with 
the final deuteron space and spin wave functions to the 
left, and the initial bound neutron and free proton wave 
functions to the right. The magnitudes of the proton 
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and deuteron propagation vectors k, and K are related 
to the initial neutron and final deuteron binding 
energies by conservation of energy. In Eq. (2), as in 
Fig. 1, we have taken the proton spin parallel to the 
z-axis which is perpendicular to the plane of scattering 
so that the azimuthal angle ¢ is the scattering angle. 
The modification consists in restricting the azimuthal 
integration in the neutron space to the angles —}7<¢, 
<4, thereby approximating the condition that the 
scattered deuteron waves are strongly attenuated when 
the pickup deuteron passes through the nucleus by 
assuming that no outgoing deuteron waves can originate 
in the hemisphere of the nucleus upon which the protons 
are incident. 

The cross section is proportional to | f,,(¢) |? summed 
over the deuteron and bound-neutron magnetic quan- 
tum numbers v and wu. However, to determine e(¢), it 
is unnecessary to evaluate o(@) completely since all 
factors common to o(¢) and o(—¢) cancel. If we make 
a change in variables from rp, r, to r=fp—Tn, Tn, We 
need only evaluate 


ful) =C J : f ‘ f “tenes 


Xexpl—i(K—kp)- tn Win (tn,on)x14 (op) 
X don Sin nd6 nF n7d7 n, (3) 


the internal structure of the deuteron being absorbed 
into the common factor C. 

By using the approximation technique described in 
reference 3, comparatively simple expressions for o(¢) 
and o(—@) can be determined from Eq. (3) for the 
particular scattering angle @o defined by the relation 
(K—k,)-k,=0 or cos¢o>=k,/K. The asymmetry at ¢ 
then is given by® 





+P > m 
m>0 


(l—m) | 
(l+-m)! 


29/4 s 
rg (-—m)+1 31 oe 





€(¢0) = 
(e) (l—m) fT 


’ 





3(j+2) L 


where m is the orbital magnetic quantum number and P 
the fraction of polarization of the original proton beam. 
We take the + signs for j7=/+}4, respectively. For 
small /, ($0) has the following values: 


1 zZ 3 
16.7P 13.3P 18.8P 
0 —33.3P —20.0P —25.0P 


Owing to the crudeness of the approximations made, 
the exact numbers obtained above cannot be expected 
to be very significant. However, our results have the 
rather useful property that any simple experimental 
determination of the asymmetry at ¢o would yield 


2/4 | 
m>o (+m)! P[3(I—m) +1 ]0[3(1—1—m) ] 





information about the nature of the spin states involved 
in the direct deuteron pickup process since the sign of 
e(@o) alone suffices to distinguish between neutron 
capture from a j7=/+3 or j=/—} state. 


* Supported in part by the Office of Naval Research and the 
U. S. Atomic Energy Commission. 

1 P, Hillman, Harwell (private communication). 

2B. J. Malenka, Bull. Am. Phys. Soc. 30, No. 1, 17 (1955). 

3H. C. Newns, Proc. Phys. Soc. (London) A66, 477 (1953). 

4 The case for j7=/—} follows analogously. 

5 We are specifically neglecting Coulomb effects, the d-state 
contribution to the »-p interaction, as well as the interaction of 
the proton with the nucleus. 

6 This result also could be obtained from reference 3 by a careful 
application of detailed balancing since the approximations made 
are comparable. 





is s 
pol 
for 
wer 


LETTERS TO THE: EDITOR 


“Knee” of the Cosmic-Ray 
Latitude Curve* 


H. Victor NEHER AND Epwarp A. STERN 
Norman Bridge Laboratory of Physics, California Institute of 
Technology, Pasadena, California 
(Received March 14, 1955) 


PHENOMENON of considerable interest in the 

study of the distribution of cosmic-ray intensity 
over the earth has been the apparent absence of low- 
energy particles in the primary radiation. At sea level 
the ‘‘knee”’ is probably due to atmospheric absorption 
and has been placed at 40° to 45° geomagnetic north. 
At high altitudes a number of divergent results have 
been obtained by various observers.! We wish to point 
out that some of this seemingly contradictory evidence 
may be due to the fact that the data were taken at 
different times. 

In Fig. 1 is given the ionization vs air mass overhead 
taken in the summer of 1954 near the north geomag- 
netic pole. The instrument reached an altitude of about 
95000 feet. The increased rate of ionization with de- 
crease of pressure at the highest altitudes appeared on 
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Fic. 1. On an expanded scale the ionization vs air mass overhead 
is shown for the two years, 1951 and 1954, near the geomagnetic 
pole. The increased slope in 1954 at the low est pressures is evidence 
for low- -energy particles (150 Mev if protons) present in 1954 that 
were absent in 1951. 


all five flights that went to sufficient height. They were 
made from geomagnetic latitude 81°N to three degrees 
north of the geomagnetic pole and extended over the 
period July 28 to August 19, 1954. 
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In Fig. 2, the ionization vs geomagnetic latitude is 
given for the two years 1951! and 1954 at the atmos- 
pheric depths shown. It is evident that large changes in 
the radiation took place in the intervening three years 
at the northern latitudes at these high altitudes. While 
the change in 1951 from 58° to 68° was less than 1 per- 
cent at 20 g cm~’, we found in 1954 a change of about 
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Fic. 2. The increase in ionization with increasing latitude in 
1954 up to at least 68°N shows a lack of cutoff of primary particle 
down to at least 150 Mev, if protons. 


6 percent at the same depth, covering the same range 
of latitude. This difference we interpret as being due 
to low-energy particles present in 1954 that were 
absent in 1951. 

From geomagnetic theory, we find that 150-Mev 
protons can get in at the vertical at geomagnetic lati- 
tudes north of 65°. The evidence from Fig. 2 is that 
particles (if protons) were present in 1954 in the 
primary radiation down to 150 Mev. The increase in 
the ionization from 68° to 90° shown in the curves of 
Fig. 2, amounting to 12 ions cm~? sec~! atmos“! of air 
at 20 g cm~?, was the same in 1954 as in 1951. Since no 
new particles, admitted by the opening of the Stoermer 
cones, can reach our instrument north of 68°, we 
interpret this increase as due to the opening of the 
shadow cones? for both occasions. 

From Fig. 1, the continued increase in the slope of 
the 1954 curve at 15 g cm™ leads us also to believe that 
particles were present which had ranges equal to and 
less than this value. 

These two pieces of evidence indicate that there was 
no cutoff of the primary particles down to at least 150 
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Mev (assuming protons) in the summer of 1954 at 
northern latitudes. In contrast, the apparent cutoff for 
protons in 1951 was estimated at 800 Mev. 

The present experiments give added weight to the 
suggestion of Forbush* that there exists an inverse 
relationship between solar activity and cosmic-ray in- 
tensity. During the summer of 1954 the sun was at its 
lowest ebb in 22 years. The sun was permitting particles 
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of low energy to arrive at the earth which at other times 
were excluded. 
Further details will be published at a later date. 


* Assisted by the joint program of the Office of Naval Research 
and the U. S. Atomic Energy Commission. 

1See Progress in Cosmic Ray Physics, edited by J. G. Wilson 
(North-Holland Publishing Company, Amsterdam, 1952), p. 323, 

2 Neher, Peterson, and Stern, Phys. Rev. 90, 655 (1953). 

3S. E. Forbush, J. Geophys. Research 59, 525 (1954). 











